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The Proof of Theorem 1: When UPa is applied to GP prior
to UPb, suppose UPa w UPb. Then, according to the definition
of an elimination relationship of Type I, Can N (UPa) w
Can N (UPb), namely, for any node ni ∈ Can N (UPb), ni

is also in Can N (UPa). When UPb is applied to GD prior
to UPa, suppose UPa and UPb do not have the elimination
relationship. Then, there is at least one node ni such that
ni ∈ Can N (UPb) and ni /∈ Can N (UPa). However, this
contradicts ni ∈ Can N (UPa) when UPa is applied to GD.
Therefore, Theorem 1 is proven. 2

The Proof of Theorem 2: When UDa is applied to GD

prior to UDb, suppose UDa � UDb. Then, according to
the definition of the elimination relationships of Type
II, Aff N (UDa) ⊇ Aff N (UDb), namely, for any node
ni ∈ Aff N (UDb), ni is also in Aff N (UDa). When UDb is
applied to GD prior to UDa, suppose UDa and UDb do not
have the elimination relationship. Then, there is at least one
node ni such that ni ∈ Aff N (UDb) and ni /∈ Aff N (UDa).
However, this contradicts ni ∈ Aff N (UDa) when UDa is
applied to GD. Therefore, Theorem 2 is proven. 2

The Proof of Theorem 3:
• If Va and Vb are in the same partition (Va, Vb ∈ Pi), and

there exists another path from Va to Vb in the data graph,
the length of which is less than SPD(Va, Vb).
a) Suppose OB(Pi) = ∅. Then based on the Dijkstra’s
algorithm, there exists at least one edge e(Vc, Vd) in the
shortest path with Vc ∈ Pi and Vd ∈ Pj , which contradicts
to OB(Pi)=∅;
b) Suppose OB(Pi) 6= ∅. Since we recursively combine
the partition of the node in OB(Pi), for the combined
partition, there is no outer bridge node. Therefore, there
exists at least one edge e(Vc, Vd) in the shortest path
where Vc is in the combined partition and Vd is not in
the combined partition, which contradicts that there is no
outer bridge node in the combined partition.

• If Va and Vb are in the different partitions (Va ∈ Pi, and
Vb ∈ Pj).
a) Suppose OB(Pi) = ∅, which means any of the nodes
in partition Pi cannot connect with any of nodes in Pj .
Then the shortest path length between these nodes in Pi

and Pj is infinity;
b) Suppose OB(Pi) 6= ∅, and there exists another
path from Va to Vb in the data graph, the length of

which is less than SPD(Va, Vb). Because we first com-
pute SPD(Va, Vc) (Vc ∈ IB(Pi) and Vc ∈ OB(Pj)),
SPD(Vc, Vd), and then get the least value among the
summation of SPD(Va, Vc) and SPD(Vc, Vd). So, there
exists at least one edge e(Vc, Vd) in the shortest path with
Vd /∈ Pj , which contradicts that Vc is one of the outer
bridge nodes in Pj .

Therefore, Theorem 3 is proven. 2


