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Introduction

The goal of this paper is to give an account of classical Tannaka duality [C]in such a

way as to be accessible to the general mathematical reader, and to provide a key for entry to
more recent developments [SR, DM] and quantum groups [D1]. Expertise in neither

representation theory nor category theory is assumed.

Naively speaking, Tannaka duality theory is the study of the interplay which exists
between a group and the category of its representations. The early duality theorems of
Tannaka-Krein [Ta, Kr] concentrate on the problem of reconstructing a compact group from
the collection of its representations. In the abelian case, this problem amounts to
reconstructing the group from its character group, and is the content of the Pontrjagin
duality theorem. A good exposition of this theory can be found in the book by Chevalley
[C]. In these early developments, there was little or no use of categorical concepts, partly
because they did not exist at the time. Moreover, the mathematical community was not yet
familiar with category theory, and it was possible to avoid it [BtD].

To Grothendieck we owe the understanding that the process of Tannaka duality can
be reversed. In his work to solve the Weil conjectures, he constructed the category of
motives as the universal recipient of a Weil cohomology [KIl]. By using a fiber functor from
his category of motives to vector spaces, he could construct a pro-algebraic group G. He
also conjectured that the category of motives could be recaptured as the category of
representations of G. This group is called the Grothendieck Galois group, since it is an

extension of the Galois group of Q/Q. The work spreading from these ideas can be found

in [SR, DM]. For other aspects of this question, see [Cb].

An entirely different development came from mathematical physicists working on
superselection principles in quantum field theory [DHR] where it was discovered that the
superselection structure could be described in terms of a category whose objects are certain

endomorphisms of the C -algebra of local observables, and whose arrows are intertwining
operators. Reversing the duality process, they succeeded in constructing a compact group
whose representations can be identified with their superselection category [DR].

Another impulse to the development of Tannaka duality comes from the theory of
quantum groups. These new mathematical objects were discovered by Jimbo [J] and
Drinfel'd [D1]in connection with the work of L.D. Faddeev and his collaborators on the
quantum inverse scattering method. V.V. Lyubashenko [Ly] initiated the use of Tannaka
duality in the construction of quantum groups; also see K.-H. Ulbrich [U]. We should also
mention S.L. Woronowicz [W]in the case of compact quantum groups. Recently, S. Majid
[M3] has shown that one can use Tannaka-Krein duality for constructing the quasi-Hopf
algebras introduced by Drinfel'd [D2] in connection with the solution of the Knizhnik-
Zamolodchikov equation.

The theory of angular momentum in Quantum Physics [BL1] might also provide
some extra motivation for studying Tannaka duality. The Racah-Wigner algebra, the 9-j
and 3-j symbols, and, the Racah and Wigner coefficients, all seem to be about the explicit

description of the structures which exist on the category of representations of some
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compact groups like SU(2) or SU(3) [BL2]. Here the theory of orthogonal polynomials and
special functions comes into play [AK]. Also, the g-analogues of the classical orthogonal
polynomials show up as spherical functions on quantum groups [Ko].

Another essential aspect of the picture that should be mentioned is the connection
between knot theory, Feynman diagrams, category theory, and quantum groups. It was
discovered by Turaev [T] that the new invariants found by Jones [Jn1] could be constructed
from Yang-Baxter operators. The method was formalised by showing that certain categories
constructed geometrically from tangles of strings or ribbons could be given a simple
algebraic presentation [T, FY2, JS1]. It is remarkable that notation, introduced by Penrose
[Pn] for calculating with ordinary tensors, has the right degree of generality to express
correctly the calculations in any tensor category [JS2]. What is emerging here is a new

symbiosis between algebra, geometry and physics, the consequences of which are not yet
fully under-stood. A good review of the recent research on the whole subject is given by P.
Cartier [Ct].

After a brief review of Pontrjagin duality and Fourier transforms for locally compact
abelian groups, we give a treatment in Section 1 of the classical Tannaka theory for compact
(non-abelian) groups. In the compact case, representations must be considered, because
characters are no longer sufficient to recapture the compact group. There is also a notion of
Fourier transform applying, and we examine this in detail. Where possible we work with a
general topological monoid M. A central object of our analysis is the algebra R(M) of
representative complex-valued functions on M. In Section 2, we show that R(M) is a
bialgebra and compute it in the case where M is the unitary group U(n).

Section 3 and Section 4 begin the modern treatment of Tannaka reconstruction,
motivated at each stage by the example of a topological monoid. Instrumental here is the
Fourier cotransform which can be seen as the continuous predual of the Fourier transform.
In fact, the Fourier cotransform provides an isomorphism between the reconstructed object
and R(M).

Section 5 is an introduction to Tannaka duality for homogeneous spaces [IS]. The
proof of the duality theorem of Section 5is independent of the proof of the one appearing
in Section 1.

Sections 6 and 7 are devoted to the characterization of the category of comodules
over a coalgebra. Sections 8 and 9 study extra structure which is possessed by the coalgebra

EndV(X) of Section 4.

Section 10 introduces the concept of braided tensor categories and Yang-Baxter
operators at the appropriate level of generality. Section 11 is a brief description of the
categorical axiomatization of the geometry of knots and tangles.

Section 12 is a too brief introduction to quantum groups. There are many important
aspects of the theory of quantum groups which could be mentioned, such as the work of
Lusztig [Lu], Kashdan-Lusztig [KL], Rosso [R], and Deligne [D]. Our goal here is a modest
one (the paper is already much longer than our editors expected), and we apologize to those
whose work we have not mentioned.

Contents:  Section 1:  Classical Tannaka duality.
Section 2:  The bialgebra of representative functions.
Section 3:  The Fourier cotransform.
Section 4:  The coalgebra EndY(X).
Section 5:  Tannaka duality for homogeneous spaces.
Section 6:  Minimal models.
Section 7:  The representation theorem.

Section 8:  The bialgebra EndV(X) and tensor categories.
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Section 9:  Duality and Hopf algebras.

Section 10: Braidings and Yang-Baxter operators.
Section 11: Knot invariants.

Section 12: Quantum groups.

§1. Classical Tannaka duality.

Before describing Tannaka duality, we briefly recall Pontrjagin duality. Let G be a
commutative locally-compact group. A character y of G is a continuous homomorphism
x:G—T
where T is the multiplicative group of complex numbers of modulus 1. The characters
form a group GV which is given the topology of uniform convergence on compact subsets
of G. It turns out that GV is locally compact. There is a canonical pairing

(,Y: GYxG —T,
and we obtain a canonical homomorphism
i: G—— (G

Theorem 1 (Pontrjagin). The canonical homomorphism 1 is an isomorphism of
topological groups.

The group G is compact if and only if the dual group GV is discrete. We have
Tv=Z, Zv=T, RV=R, (Z/n)V=Z/n.
Many groups are self dual, such as the additive groups of the local fields.

Pontrjagin duality goes hand-in-hand with the theory of Fourier transforms which
we briefly describe. There is a positive measure dx on G called the Haar measure. Itis the
unique (up to scalar multiple) Borel measure which is invariant under translations. Using
it, we can define the spaces Li(G) and L2(G) of integrable and square integrable functions.
The Fourier transform

F: L(G)NL2(G) —— L2(GQY)
is defined as follows

(Ff)(s) = J.Gf(x)(s, x)dx .
The set LI(G)NL2(G) is a dense subspace of L2(G) and we have:

Theorem 2 (Plancherel). With correct normalisation of the Haar measure ds on GY, the
mapping t —— Ff extends uniquely to an isometry

F: Lo(G) — L2(GV).

The inverse transformation #-1 is given by
Flg)(x) =]  g(s)Ts,x] ds.
G

The measure ds on GY which produces the isometry is unique, and is called the measure
associated to dx. When G is compact, we often choose dx so that the total mass of G is 1.

In this case, the corresponding associated measure ds on the discrete group G assigns
mass 1 to singletons.

It is an open problem to formulate and prove a general duality theorem for non-
commutative locally compact groups such as Lie groups. Even the case of simple algebraic
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groups is not well understood despite the enormous accumulating knowledge on their
irreducible representations. However, when the group is compact, there is a good duality

theory due to H. Peter, H. Weyl and T. Tannaka. In this case, the dual object GY is discrete
and so belongs to the realm of algebra. In order to describe this theory, it will be convenient
to introduce some of the needed concepts in a more general setting.

Let M be a topological monoid. A (finite) representation of M consists of a finite-
dimensional complex vector space V together with a continuous homomorphism

Ty : M —— End(V)

into the monoid End(V) of linear endomorphisms of V. Real representations are
defined using real vector spaces. We denote by Rep(M,C) [respectively, Rep(M,R)] the

category of all complex [respectively, real] finite representations of M. There is a forgetful
functor

U : RepM, C) —— Vectc
where Vectc denotes the category of all complex vector spaces. Recall that a natural
transformation u : U——U is a family of maps uy : V—V indexed by VeRep(M, C)
such that the square
Uy

> V
h Jh
> W

W

Uy

commutes for all morphisms h : V— W of representations (“intertwining operators”).

Clearly, each element xeM produces such a natural transformation n(x):U—U whose
V component is the element my(x): V—> V.

There is a topology on the set End(U) of natural transformations from U to U. Itis
the coarsest topology rendering all the projections utr—uy € End(V) continuous.
Composition and addition of natural transformations turns End(lU) into a topological
algebra. There is a conjugation operation

End(U) —— End(U), ur— 1,
given by

ﬁV(x) = uv(i)

where V denotes the conjugate representation of V (the elements of the vector space V
are the same as those of V but the identity map V — V, denoted x+— X, is an anti-
linear isomorphism).

We would like to characterize the natural transformations of the form m(x). Recall
that a natural transformation u is tensor preserving (or “monoidal”) when we have

Uyew= Uy®uy  and up =1

where I denotes the trivial 1-dimensional representation of M. We say that u is self-
conjugate when u = . The set of tensor preserving self-conjugate transformations is a
closed subset of End(U) which is also closed under composition. We call this subset the
Tannaka monoid of M and denote it by 7(M). For any x € M, the natural trans-

formation w(x)eEnd(U) belongs to 7(M). We have a continuous homomorphism



T:M——T(M).
Proposition 3. 7(M) is a topological group if M is.

Proof. Suppose that M is a topological group. Then any representation

ny : M— GL(V)
has a dual, or “contragredient”, representation
Tyv : M— GL(VY)
where VV is the dual vector space of V and
Ty (x) = try(x).
We have a morphism of representations € : VV®V ——1 = C defined by &(s® x) =

(s, x). From the naturality of ue7(M), we have the equality

€ Uyvgy = UI €.
Using the equalities

Uyvgy = Uy ®Uy and u = 1;,
we see that
(uyv(s), uy(x) )= (s, x).

This shows that wuyv is the contragredient transformation of uy,

uyvotuy=1yv,
and implies that uy is invertible. geq

When M =G is a compact group, the algebra End(U) has a particularly simple

structure. Let GV be the set of isomorphism classes of irreducible representations of G. Let
us choose a representation (V,, m,) in each such class A. For any ueEnd(U), let us write

u, for the V, component of u, and put

qu) = (u, [Ae GY).
Proposition 4. The map

q : End(lU) ——— H End(V,)
reG”’
is an isomorphism of topological algebras.

Proof. Using naturality, we have the commutative diagram

Uy
Vv > V
} A

VeWw " > VW

/ VoW 4
W - W

u

W



for any V, W € Rep(G, C), which shows that uygw = uy ® uy. This implies that u is
entirely determined by q(u) since any representation of G decomposes as a direct sum of
irreducibles.

To prove that q is surjective, let t=( t, | Ae GY) be a family of elements t € End(Vx).

We want to construct an element u € End(U) so that u, = t, for every A e GY . Let

A
Se Rep(G,C). There is a unique decomposition of S as a direct sum of isotypical

5 = ZS;“

re G

components

Moreover, for each Ae GV, the canonical map
v, : V, ® Homg(V,, S,) —— S,

is an isomorphism of G-modules. We put
Ug =V, e (t, ® Doy, !

and

It is not difficult to verify that the family

u = (ug | Se Rep(G,C))
defines a natural transformation u:U —— U having the required property. The continuity
of q! is a consequence of the fact that the topology on End(U) is the coarsest rendering

continuous all the projections u —— u, ,AeG. geq

Remark. The proof of Proposition 4 is based on the fact that the category Rep(G, C) is the
closure under direct sums of its subcategory of irreducible representations.

Proposition 5. 7(G) is compact if G is a compact group.

Proof. Any representation V of a compact group admits a positive definite invariant
hermitian form g: V®V—— C. We can view g as a C-linear pairing

h: VV—— C, h(x, y) = g(x, y).
For any ueEnd(U), we have

hou— =u, o h.
VeV I

But, if u is tensor preserving and self conjugate, we have

u— =u—®u
\Y

T uI:1, uv(i) =u_(x).

v’ v

This means that

h(u 6,1, (y)) = h(%, ) ;
that is,
gluy(x), uy(y)) = gx y),
which means that uy belongs to the unitary group U(V, g). It follows from this that 7(G)
is a closed subgroup of a product of compact groups. geq



To better understand the structure of 7(G) we need to take account of the
*—involution
()*:End(U) —— End(U).
Its definition can be given in terms of two other involutions:
o= @ = (W)
where, by definition, T is the conjugation operation considered earlier and
W)y = (u )"

A better description, valid only for compact groups, is to say that it transports across the
isomorphism q of Proposition 4 to the canonical C*-algebra structure on each End(V,)

for AeGY: the adjoint h* of an element heEnd(V,) is defined by the equation
g(h*(x), y) = g(x h(y))

and does not depend on the choice of g since g is unique up to a scalar multiple (by
Schur’s Lemma applied to the irreducible representation V, ).

Remark. The algebra End(V,) does not depend on the choice of V, in the class A. For, it

follows from Schur’s Lemma that the algebras End(V;) and End(V,) are canonically
isomorphic for any two isomorphic irreducible representations Vi, V,.

An element u e End(U) is unitary if u*u =uu®=1. The group of unitary elements
is isomorphic to the product
[T vy

re G’
where U(d,) < End(V,) is a unitary group of dimension d, =dimV, . We have proved

that 7(G) is a closed subgroup of this product.
The theory of Fourier transforms on compact groups can now be described. The

Fourier transform of a continuous map f: G — C is an element #fe End(U). Itis
defined by the integral

(70), = [ 10700 dx .

It is easy to see that
F(txg) = (F£) (Fg),

where f g is the convolution of f and g given by
(Fxg)(x) = [ fxy™) gly) dy .
G

Also, we have
F£* = (7)"
where f* is defined by f*(x) = f(x1).
It follows from Proposition 4 that 7f is entirely determined by its effect on
irreducible representations

(7 = ij(><> T (x) dx

so that ¥ defines a map



F: (G, €) —— [] End(Vv,)
re G”
on the algebra (G, C) of complex-valued continuous functions on G. We would like to
describe an inverse to #. It should be noted that # cannot be surjective because we have

| rell < £l
where the norm on the C*-algebra End(Vx) is used on the left hand side. This shows that

F lands in the set of elements of bounded norm

[ul = supv||ux||<+oo.
re G

This set forms a genuine C*-algebra

HdedEnd(Vx) c H End(Vx) .
re G reG’

We begin by describing a partial inverse 7-1 to 7:

-1.
F .szvEnd(Vx) — ¢(G,C)

(Flg)x) = Y Tr(g) m,(x)7) d, .
Ae G
But, to prove anything about this inverse, we need the orthogonality relations.

Lemma 6. If A,0€ GV and AeHom(VS, Vx) then

- Tr(A). .
[ =, 0Am (0 dx = { id if 2=

G 0 otherwise .

Proof. This is a classical lemma, but we give the proof for completeness. The left hand side
is an operator obtained by averaging the function x—— m,(x) A T (x)"1 over the group. Itis

therefore an invariant map from V5 to V, . By Schur’s lemma, it must be equal to 0 if A

# 8 and a scalar multiple of the identity if A =8. To check the equality, we just need to take
the trace on both sides. geq

Lemma 7. If A,0e G and veV,, weVg then

d,

B WOV i A=5
J T, (V) ® mg(x) (w) dx = .
G 0 otherwise .

Proof. It is enough to prove that, for any linear form ¢ : V,— C, we have

- wo(v) Lo g
| w000 00 w) dx - { s

0 otherwise .

This equality is a special case of Lemma 6 with the operator A givenby A(y) = ¢(y) v . geq

Proposition 8 (Orthogonality Relations). If A,8e GY and AeEnd(Vx), BeEnd(Vs) then



B T
(i)j Tr(A m,(x)) Tr(B my(x71)) dx = { d,
G 0 otherwise .

d,

(i) | Tr(A m, () Tr(B my(x)) dx =
G 0 otherwise .

{ THAB) it =

Proof. It suffices to verify relation (i) when both A and B are of rank 1, since the
identity is bilinear in A, B and the rank 1 operators span all the operators. Put A(x) =
®(x) v and B(x) = w(x) v. The result follows from application of the linear form ¢ ® y :
V, ® Vs — C to the equality in Lemma 7. The second relation follows from the first and

Tr(Bny(x) = Tr(B'ny(x)) = Tr(Bny )7 . .4

Corollary 9.If ,8€ GY and AeEnd(V,) then the following identity holds:

A for A=3
-1 _
dKJ.GTr(AnK(X)) My dx = { 0 otherwise .

Proof. Since the pairing (A,B) = Tr(AB) is exact, it suffices to check the equation after
applying Tr(B —) on both sides. But then the orthogonality relations give the result. geq

On C(G, C) we introduce the inner product
(f,g) = JGf(x)g(x)dx i
Note that we have
(f,g)=e(f"*g)
where ¢: C(G, C) — C is the functional “evaluate at e € G” : &(f) = f(e).
On X ey End(Vx) we introduce the inner product

(g/hy= 2, Tr(g*(MhM)d, .
AeG’

Proposition 10. The following equalities hold:

(@) F¥lg=g,
(b) Fl(gh) =(71g)«(71h),

() F1(g")=(F1g)",
(d (Flg,71h)=(g,h).
Proof. We have

(F(FgNE) = Y, jG d, Tr(g(Wm, (x)7) myx) dx .
reG
But, by Corollary 9, we have

3 _ [g(N) for A=29
de.GTr(g(k)nx(x ))ms(x)d x = { 0 otherwise .
The equality 7¥1g = g follows. Similarly for (b). The equality (c) is trivial. To prove the

last, we note that



e(7'g) = Tr(g()d
re G

and therefore
(Flg,F1h) = e(( Flg)**(F1h))
= ¢ F1(g"h)
= Y Trg ()h())d,
re G

= <g/h>-qed

The domain of 71 can be completed by using the norm
2
lalf = ju ).
Its completion is a Hilbert space isomorphic to the Hilbert sum
hilbert
Y, End(V,)
re G
where End(V, ) is given the Hilbert space metric defined by

2 *
A" = d, Tr(A"A).
The continuous extension of #-! defines an isometric embedding

Foo Y"End(V,) ——L%G).
re G

Definition. Let M be a topological monoid. A function f : M — C is said to be
representative of (V, ny)e Rep(M,C) when there is a linear form
¢ : End(V) —— C
such that f=¢ oy .
Equivalently, f is representative of (V, my) when there is some A € End(V) such
that f(x) = Tr(Amy(x)) for every x € M. This means that f is alinear combination of the
coefficients ni]-(x) of my in some basis of V. We denote by R(V, my), or R(V), the set of

functions that are representative of (V, my). Let R(M) be the set of functions on M which
are representative of some representation (V, my).

Proposition 11. R(M) is a subalgebra of C(M, C) which is closed under conjugation f— f.

Proof. The result follows from the easy observations below.
R(V;®V,) =R(V)+R(V,y), R(V)R(V,) c R(V;®V,)

R(V) = R(V)

R(I) = { constant functions } qed

Theorem 12 (Peter-Weyl). For any compact group G and any xeG, x # e, there exists a
finite dimensional representation (V, my) such that my(x) #id.

Corollary 13. On a compact group any continuous function can be uniformly approximated
by representative functions.
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Proof. Let x, yeG, x #y. Theorem 12 says that there exists a representation my such that
ny(x y-1) # id; that is, my(x)# ny(y). But there exists a linear form ¢ : End(V) — C such
that

¢ (my(x)) = ¢ (my(y)).
This shows that the subalgebra R(G) separates points; and since R(G) is closed under
conjugation, the result follows from the Stone-Weierstrass theorem. geq

Theorem 14 (Plancherel theorem for compact groups). The Fourier transform F can be
extended continuously to an isometry

_‘}' : LZ(G) - Zhilbert
reG'

Proof. We have already defined an isometric embedding

End(VK)

7o Y'"End(V,) ——L%G).
e G

The subspace Im( #1) is closed since it is complete. But it contains the dense subspace
R(G); so Im( #1) = L?(G), and the theorem is proved. geq

The group G acts on the left and right of L2(G) via the equalities:

(xeof)(y) = f(x1ly), (fex)(y) = f(yx1).
Also, G acts on both sides of each of the Hilbert spaces End(V>b ):
xeA = m(x)A, Aex = Am(x).
The Fourier transform respects these actions:
Fxef) =xe(7F1), FEex) = (Ff)ex.

A function f e C(G, C) is a class function if it is constant on conjugacy classes of G;

or equivalently, if it is invariant under conjugation:

f=xefoxl
The class functions are exactly the members of the centre of the algebra C(G, C) with
respect to the convolution product.

Proposition 15. An element ueEnd(U) is central if and only if, for every Ve Rep(G,C),
the linear map uy: V—V isa G-homomorphism.

Proof. If u is central then, for every x € G, we have u n(x) =n(x) u, and so

uy Ty(x) = wy(x) uy
for every V. Conversely, if uy is a G-homomorphism then, for every weEnd(U), we
have the commutative square below showing that uw = wu; so u is central. geq

Uy

\Y

Vv
WV \WV
-V

\Y

Uy

We would like to restrict the Fourier transform to its central part. If fe C(G, C) is a
11



class function then xef = fex, and therefore
n(x) (7f)= ( 7f) n(x),

which shows that #f is central.
For any AeGY, the map (#f)(A) :V, — V, isa G-homomorphism. According to

Schur’s lemma, it must be a scalar multiple of the identity. Denoting this scalar by (Tf)(A),
we have

(THO) = - TrTH () = - ] £60 1,6 dx

where X;L(X) = Tr(n x(x)) is the character of the irreducible representation V, . From the
relation ( #f)(A) = (Tf)(A) id , , we deduce the relations
T(f+g) = (Tf) (Tg),
T(f") = Tf.
The centre of each algebra End(V,) is C «id ,. According to Propositions 4 and 15, the
centre of the algebra End(U) is equal to the product
H C * id;\’ = C G’ .
LeG’
We define the inverse Fourier transform of any function g : GY—— C of finite support by
(T7g)x) = X gWx,(x)d,
LeG’
It is a consequence of Proposition 10 that:

(@ TTlg=g,
(b) Tl(gh) = (T1lg)=(T1h),

() Tl(g*) = (T1lg)*,
(d) (Tlg, Tth)=(g,h).

In this last equality, the inner product on the right hand side is defined by
- 2
(g, h)y= 2 8WhM)d;
AeG
The spectral measure dA on GY assigns weight d,” to the singletons {A }. The Hilbert
space L*(GV) is the space of square summable functions with respect to the spectral

measure. We write C(G) for the space of conjugacy classes of G. Itis the orbit space of G
acting on itself by conjugation. There is a canonical measure on C(G) obtained by taking

the image of the Haar measure along the projection G — C(G). Obviously, L2(C(Q)) is
isomorphic to the subspace of L*(G) consisting of square integrable class functions.

Theorem 16. The Fourier transforms T and T-1 have continuous extensions to mutually
inverse isometries

L?(C(Q)) = L2(GV).

Proof. This isjust a description of the restriction of the Fourier transforms # and #! to
the central parts. geq

A collection X of representations of G is closed when it contains
(i) m, if m; is isomorphic to some w, € X,
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(ii) m, if m; is a subrepresentation of m, € X,

(iii) m{®m, if 1y, M€ X,

(iv) m;y®m, if m;,me X,

(v) m if me X,

(vi) L
The set of representative functions of the members of X is a subalgebra R(X) of the
algebra R(G).

Lemma 17. Let X be a closed collection of representations of G. Suppose that, for every
xeG, x#e, there exists a representation Ty eX such that my(x)#e. Then X= Rep(G,C).

Proof. If X # Rep(G,C), there will be an element Ae GY such that m,¢ X. The

orthogonality relations then imply that the representative functions of ©, are orthogonal

A
to the elements of R(X). In particular, x, isorthogonal to R(X). On the other hand, the

hypothesis implies that the subalgebra R(X) separates the points of G and is closed under

conjugation. According to the Stone-Weierstrass theorem, R(X) is dense in C(G, C). This
is a contradiction. geq

We would like to prove that, for any compact group G, the map
n: G— 7(G)
induces, via restriction, an isomorphism of algebras
™ : R(7(G)) —— R(G).
We shall obtain this from the next result.

Lemma 18. The restriction functor

n* : Rep(7(G), €) —— Rep(G, C)
is an equivalence of categories.

Proof. We define an extension functor

e : Rep(G,C) —— Rep(7(G), C)
as follows. For any VeRep(G, C), the map ur—uy is a representation of 7(G) on V.
The commutative triangle below shows that ©*(py) =ny. We put e(V, ny) = (V, py). For
any morphism h: (V, ny) — (W, my) in Rep(G, C) and any ue7(G), we have houy =
uyoh . This shows that h is also a morphism h: (V, py) — (W, py) in Rep(7(G), C).

> GL(V)

T
G \
x %
7(G)
It is easy to see that e preserves direct sums, tensor products and conjugate
representations. Moreover, from the same commutative triangle (above), if (V, my) is

irreducible then e(V, my) is irreducible. From this it follows that the image of the functor
e is a full subcategory whose objects constitute
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a closed collection X of representations of 7(G). We prove that X separates the elements
of 7(G). Let ueZ(G), u#e. There exists a representation V of G such that uy #idy .
This means that py(u) # idy and thus py separates u from e. By Lemma 17, the

collection X is all of Rep(7(G),C), and so e is an equivalence of categories. Finally, s

an equivalence since T oe =id . geq

Lemma 19. The restriction map
™ : R(T(G)) —— R(G)
is an isomorphism of algebras.

Proof. We define an inverse e: R(G) —— R(7Z(G)) in the following manner. Any feR(G)
has a unique representation in the form

f(x) = Z Tr(g(™) nk(x)) d,
re G

where g e ZXGGV End(Vk). (Infact, g = Ff.) We define
e(f)(w) = D, Tr@g()p,(n)d,
LeG’ '
According to Lemma 18, we have GY = 7(G)V from which the bijectivity of e follows.

Finally, ©* is bijective since T oe =id - qed

Theorem 20 (Tannaka-Krein). For any compact group G, the canonical map
n: G— 7(G)

is an isomorphism.

Proof. We first prove the injectivity of m . According to Peter-Weyl (Theorem 12), for any
xeG, x# e, there is a representation (V, my) such that my(x)#id. But then m(x)#e since
py(n(x)) =y . To prove the surjectivity of m, we first prove

(*) jm) f(w) du = jG f(n(x)) dx

for any fe C(Z(G), C). Itis enough to prove this equality when fe R(7(G)) since R(7(G))
is dense in C(7(G), C) by Corollary 13. Using Lemma 19, we see that a function fe R(7(G))

has a unique representation

fwy= Y Trg) p,()d,
reGY ’
so that

fr)) = Y Tr(g®) m,(x))d,
A eGY )
But the orthogonality relations give

JAGTr(gOL)TEK( uw) du = {8(1) for A=1

0 otherwise .

Similarly, W for
g(I or A=1

0 otherwise .

IT(G)Tr (g py(w) du = {
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Equality () follows.
To prove the surjectivity, let us suppose that Im(n) # 7(G). Let f be a positive

function whose support is contained in the complement of the closed subset Im(n). Then
we have

f(u)du>0 and | f(n(x))dx =0
7(G) G

which is a contradiction. geq
§2. The bialgebra of representative functions.

This Section provides a more complete description of the algebra of representative
functions on a compact group and, more generally, on a topological monoid. We shall see
that R(M) is a bialgebra, and we shall compute it in some special cases. We begin by giving
a simple characterization of representative functions on locally compact monoids.

Let M Dbe a locally compact monoid. For each yeM, consider the translation
operators ky(x) =yx and py(x) =xy. We enrich c(M, C) with the topology of uniform
convergence on compact subsets of M. The maps

(y, f) %>fopy and (£ vy) |—’f07uy

define continuous left and right actions of M on c(M, C).

Proposition 1. A continuous complex-valued function f on a locally compact monoid M
is representative if and only if the linear subspace of C(M, C) spanned by any one of the

three subsets
{fokylyeM}, {fopylyeM}, {fokyopzly,zeM}
is finite dimensional.

Proof. Let my : M — End(V) be a representation of M. The set R(V, my) of representative
functions for my is closed under left and right translation; for, if f(x) = Tr(A ny(x)), we have

foky op,(x) = Tr(A mty(yx2)) = Tr(ny(2) Ay (y) Ty (x)).
Conversely, let us assume, for example, that {fop, | yeM} generates a finite dimensional

vector subspace V. The continuous left action of M on C(M, C) restricts to a continuous
left action of M on V. We obtain in this way a continuous representation my : M
— End(V) of M. Let £¢: V— C be the linear form &(h) =h(e) where eeM is the unit.
We have

f(x) = e(fop,) = e(my(x)(f)) = Tr(A my(x))
where AeEnd(V) is the rank one linear function h +—— e(h) f . qed

For any topological monoid M, there is a bialgebra structure on R(M) which we
now describe. Let
A: cM,C)— c(M&M, C)

be the algebra homomorphism defined by

(Af)(x, y) = f(xy).
We have canonical inclusions
RM)®@RM)c cM, C)® c(M, C)c c(MxM, C).

Lemma 2. For all feR(M), Af € R(M) ® R(M).
Proof. It is enough to prove the result when f(x) = m; j(x) where n = (m; j) is some
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representation of M. In this case we have
Ty (xy) = 2y (0 Ty (y)
that is,
ATt ij = anik@)nkj - qed

Hence A gives a comultiplication for R(M). The counit & : ROMM) — C of the
coalgebra is given by &(f) = f(e).

When the monoid M is a topological group, the bialgebra R(M) becomes a Hopf
algebra. The antipode v : R(MM) — R(M) is defined by

v(f)(x) = f(x1).
To see that v(f)eR(M), suppose that f(x) = Tr(w (x)A). Then we have
f(x1) = Tr(r (x1)A) = Tr(tA tn (x'1)) = Tr(n" (x) tA)

where 1V (x) = tn(x'!) is the contragredient representation of w.

The algebra R(G) is easy to describe when G is a compact abelian group. In this case,
R(G) is the linear subspace of C(G, C) spanned by the set G¥ of characters of G. However,
the orthogonality relations imply that GVv is a linearly independent subset of C(G, C).
This shows that R(G) is isomorphic to the enveloping algebra C[GY] (usually called the

group algebra) of the dual group GY. For any xe GV, the relation
xOy) = %00 x(y)

implies the relation
Ay =X ®x.
This shows that the coalgebra structure A : C[GY]— C[GY] ® C[GV] is simply the linear

extension of the diagonal map A : GY — GY x GY. The antipode v is the linear
extension of the inverse operation GY — GY . Itis also worthwhile to identify the

operation corresponding to conjugation f —— f in R(G): itis the antilinear extension of
the inverse operation.
If G is the circle group T then R(G) is the ring of finite Fourier series:
R(T) = C[Z] = C[zz1]

where z=¢€1% and z=z1L

When G is not abelian, the following result is useful in identifying R(G). For any
representation my of G, let det(my) be the one-dimensional representation obtained as
the composite of my: G—— GL(V) and det: GL(V) — GL(1).

Proposition 3. Let G be a compact group, and let my be a faithful representation of G. The
algebra R(G) is generated by the coefficients of my together with det(my) L.

Proof. Let A be the subalgebra of R(G) generated by the coefficients of my and det(my)-1.
Let us verify first that A is closed under conjugation. But we have
det(n,) ' = det(n,,),
and also
R(r,) = R(ng) = R(n,.).

It is therefore sufficient to verify that the entries of the contragredient representation are
contained in A. This is true because of the familiar formula expressing the entries of an
inverse matrix as cofactors divided by the determinant.

To finish the proof, let X be the collection of representations whose coefficients
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belong to A. Then X is a closed collection, and, since my is faithful, we can apply Lemma
16. This gives X = Rep(G, C) so that A = R(G)-qed

We would like to apply Proposition 3 to compact Lie groups, but to do this we need
the following result.

Proposition 4. Each compact Lie group G admits a faithful representation.

Proof. We shall use the fact that the poset of closed submanifolds of a given compact
manifold is artinian. This means that any non-empty collection of submanifolds contains a
minimal element; or equivalently, that any decreasing sequence of submanifolds must

stop. For any Ve Rep(G, C), the kernel of my is a closed submanifold of G. Let ker(ny) be
a minimal element in this collection. According to the Peter-Weyl Theorem, for any x #e,
there exists Ve Rep(G, C) such that x ¢ ker(rmy). But we have

ker(ny @ my) = ker(myy) N ker(ny),
so that ker(my) & ker(ny), and so xeker(rmy). This proves that ker(ny) = {e}.qed

The last two Propositions have the following immediate consequence.

Corollary 5. The algebra of representative functions on a compact Lie group is finitely
generated.

We shall now give a complete description of R(G) for the compact Lie group G =
U(n) of unitary n x n complex matrices. Let C[(z;;)] be the ring of polynomials in the n?
indeterminates z;; (1<1i,j<n) and let d=det(z;;). If we map z;; into the coefficient p;;
of the standard representation
p : Un) = End(C™xn),
we obtain a homomorphism

1 Cllz), d1] R(U(n))

sending d-! to det(p)l.

Proposition 6. The homomorphism 1 is an algebra isomorphism, so that
R(UM)) = Cl(z;), d1]

Proof. Proposition 3 implies that t is surjective. To show that 1 is injective, let us first
remark that, for any P(z)eC[(zij), d-1], the function uP(z)) on U(n) is exactly the function

u — P(u). Therefore, if (P(z)) =0 then P(u) =0 for every ueU(n). We have to show

that this implies that P =0. This property is sometimes formulated by saying that U(n) is
Zariski dense in GL(n, C) (it is the famous “unitarian trick” of Hermann Weyl which he

used to reduce the theory of rational representations of GL(n,C) to the easier case of
continuous representations of U(n)). Although this is very classical, we give a brief proof.

The Cauchy transformation Z = C(A) of a matrix AeEnd(C") is defined by the formula

Z =(I+A)I-A)1.
Its inverse is given by

A= (Z-1)(Z+D1.
The Cauchy transformation is a birational correspondence which is well defined between a
neighbourhood of A =0 and a neighbourhood of Z =1 in C™n When A is anti-
Hermitian, Z is unitary, and conversely. As well as the Cauchy transformation, we shall
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use the invertible linear transformation A = L(B) defined by

A = (B-tB)+i(B+tB),
B - A -'A N A +'A
- 2 2

When B isreal, A is anti-Hermitian, and conversely. By hypothesis, the function

Q(B) = P(C(L(B)))
is a rational function of B which vanishes identically when B is real in some
neighbourhood of 0. This clearly implies that Q = 0 identically; and therefore P =0
identically since

P(Z) = QLNCY2)- ged

The Hopf algebra structure on C[(zij), d-1] which corresponds to the one on R(U(n))
is easy to identify. The comultiplication is given by
Azij = Xy 71 € 7y
and the counit by
ez;j = 8 (the Kronecker delta) .
The antipode is given by

vz =z1
where z = (zij) and vz = (v zi]-) . With this notation, we have
Az = 28 z

where Az = (Az;) and z2€ z = (X2, € 7).

We should also identify the conjugation operation ( ) on C[(zij), d-1] which
corresponds to the conjugation f — f on R(U(n)). Itis easy to see that () is the unique
antilinear ring homomorphism such that
z =tzl
where Z = (Zi]- .

For any commutative C-algebra A, we define its spectrum Spec(A) as the set of all
algebra homomorphisms x : A — C. We give Spec(A) the topology of pointwise
convergence. When A is finitely generated, say A = Cl[a;,...,a,], the mapping y +—
(x@y), ..., x@,)) isa homeomorphism between Spec(A) and a closed algebraic subset of
Cn . When A is enriched with an antilinear involution a+— a , we can define a
conjugation operation on Spec(A) by putting, for all acA,

x@) = x@)
The real spectrum Specg(A) of A is the set of yeSpec(A) such that ¥ =1y.

The spectrum of a finitely generated commutative Hopf algebra is a complex
algebraic group. If the Hopf algebra is enriched with an antilinear involution (respecting
the Hopf algebra structure) then its real spectrum is a real algebraic group. In the example
above we see that the spectrum of R(U(n)) is the algebraic group GL(n,C) and its real

spectrum is U(n). This is a special case of a more general result. For any compact group G,
consider the canonical map

G Specgr(R(G))
sending x € G into the homomorphism 7y, givenby y, (f) = f(x).

Theorem 7. For any compact group G, there is a canonical homeomorphism

G — Specg(R(G)) .

The proof of the above Theorem 7 will be delayed until the next Section. It follows
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from Tannaka reconstruction. We note immediately this striking consequence:
Corollary 8. Every compact Lie group is (real) algebraic.

Proof. If G is a compact Lie group then, according to Corollary 5, the Hopf algebra R(G) is
finitely generated. So Spec(R(G)) is therefore a complex algebraic group whose real part is
equal to G. geq

To end this Section, we prove the following result needed in Section 8. Let M and

M' be topological monoids. We have an obvious canonical map
i: RM)®RM') ——RM xM").

Proposition 9. The canonical map i (above) is an isomorphism.

Proof. Clearly i is injective. We prove it surjective. It suffices to prove that the matrix
entries 7,  of any representation my of M x M' belongs to the image of i. We have
TCrs (X, y) = Zt TCrt (X, e) TEts (e, y).
This shows that
Mg = 1 (Zt n1rt®n2ts)
where iy (x) =7y (x,e) and w2y (y) =y (e, y). qed

§3. The Fourier cotransform.

In this Section we shall describe a transformation which has the Fourier transform
as its dual. It is more fundamental than the Fourier transform in the sense that it behaves

better algebraically. Starting with a category C and a functor X: C— Vect. with values
in finite dimensional vector spaces, we shall construct a certain vector space End"(X)
whose dual is the algebra End(X) = Hom(X, X) of natural transformations from X to X.

When C=Rep(M,C) and X =U is the forgetful functor, the Fourier cotransform defines
an isomorphism

Fv . Endv(U) — R(M)

whose transpose is the (generalised) Fourier transform. In Section 4 we shall show that

Endv(U) supports a natural coalgebra structure and that 7V is a coalgebra isomorphism.

Let C be a small category. For any pair of functors X,Y: C— Tectc, let Hom(X, Y) be the
set of natural transformations between X and Y. Now Hom(X, Y) is a vector space
which can be described as follows. For any arrow f: A— B in C, let

P, q, : [[Hom(X(C),Y(C)) —— Hom(X(A),Y(B))

ceC

be the maps out of the product whose values at u = (uc | CeC) are given by
pe (W) = Y() up , qf (u) = ug X(f) .
Then clearly, Hom(X, Y) is the common equalizer of the pairs (ps, q¢):

u € Hom(X, Y) = forall fe C, pe(u) = g¢(u).

This construction can be dualised when X(C) and Y(C) are finite dimensional for every C
€ C (actually we just need Y(C) to be finite dimensional for every Ce C, but here we
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shall not consider this more general situation). More precisely, we want to construct a
vector space Hom" (X,Y) whose dual will be Hom(X,Y) (it is therefore suggestive to think

of HomY(X,Y) asa predual of Hom(X,Y) ). By definition, Hom" (X,Y) is the common
coequalizer of the maps

;. 'q; + Hom(X(A), Y(B))" —— Y Hom(X(C),Y(C))"

cec
into the direct sum. But, for any pair of finite dimensional vector spaces V, W, we have
canonical isomorphisms

Hom(V, W)* = (V*®W)* = W*®V = Hom(W, V) .
The pairing between Hom(V, W) and Hom(W, V) is explicitly given by

(S, T) = Tr(ST) = Tr(TS).

Taking this duality into consideration, we see that Hom" (X, Y) can be defined as the
common coequalizer of the maps

: Hom(Y(B), X(A)) ——> > Hom(Y(C), X(C))

cecC

if ’ jf
where, for any SeHom(Y(B), X(A)),
if(S) = (SoY(f),A), jt(S) = (X(f)oS, B).
In this description, the second component of a pair (SoY(f),A) indicates to which

component of the direct sum this element belongs. A handier description of Hom" (X, Y)

is the following. For any Ce C and any S € Hom(Y(C), X(C)), let us write [S] for the
image of S under the canonical map

Hom(Y(C), X(C)) —— Hom" (X, Y).

We have that Hom" (X, Y) is generated as a vector space by the symbols [S] subject to the

relations
(i) [aS + BT] = a[S]+B[T] for S, T eHom(Y(C), X(C)),
(i)  [SoY(f)] = [X(f)oS] for f: AF—B and S eHom(Y(B), X(A)) .
It is clear by construction that Hom(X, Y) is the linear dual of Hom" (X, Y). The
explicit pairing is
Hom (X,Y) ® Hom" (X,Y) — C, (u,[S]) = Tr(ucoS)
where S eHom(Y(C), X(C)).

Before continuing the general study of Hom" (X, Y), let us compute Hom" (X, X) =

End”(X) in the special case where C = Rep(M, C) and X =U is the forgetful functor. We
define the Fourier cotransform

F : Endv(U) —— R(M),
as follows:

F(z) x) = (n(x),z).
More explicitly, if z = [A] where A € End(V) and my: M —— End(V) then

F([AD ) = (m(x), [A]) = Tr(my(x) A).

Theorem 1. For any topological monoid M, the Fourier cotransform is an isomorphism
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F : End"(U) —— R(M) .

To prove Theorem 1, we shall need two Lemmas.

Lemma 2. If V,, V, € Rep(M, C), and if A e End(V, @ V,) is written as
A A
NN
Ay Ay,

then
[A] = [Aq1] + [Ay,].

Proof. Let j; : V;— V;®V, and p; : V;®V,— V; (i=1,2) bethe canonical
inclusions and projections. We have
[A] = [A (jip1 + j2p2)]
= [Ajip]l + [Ajp,]
= [p1Ajil + [p2Ajl
[A] + [AZZ]'qed

Lemma 3. Any z € End”(U) can be represented as z = [¢ ®v ] for some v €V and ¢ €

V* where my: M —— End(V). Moreover, this can be done in such a way that v generates
V as an M-module.

Proof. Each element z e EndY(U) can be represented as z = [A] for some A e End(W)

and W e Rep(M, C) . But we can express A as a sum of matrices of rank one:
A = Z ¢;® Vv ;
iel
so that,
zZ = 2 [¢1 ® Vi] .
iel
Let V be the representation obtained as the direct sum of I copies of W, and let
V:(Vi|i€I)/ ¢:2¢1Pi
iel
where p; : V—— W is the i-th projection. Using Lemma 2, we see that z = [0 ®V].
To prove the second sentence, let V’ be the submodule of V generated by v. The
inclusion j: V'—V is an arrow in the category Rep(M, C). Let B be the composite

V—2sc—vsv,

Then we have
[0@v] =[jB] =[Bjl=[@1V)eVv]. g

Proof of Theorem 1. The surjectivity of 7 is immediate from the definition of

representative function. Suppose that 7V(z) =0. According to Lemma 3, we can suppose
that z = [¢ ® v] and that v generates the M-module V. Then we have

o (ny ) (v)) = #F(z)(x) = 0
for every x € M. This shows that the submodule generated by v is contained in ker(¢).
Therefore ¢ =0 and z=0. geq
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At this point it might be worthwhile to explain why we call #* the “Fourier

cotransform”. Suppose G is a compact group. The continuous dual of the Banach space
C(G, C) is the space M(G, C) of bounded measures on G. The Fourier transform of U €

M(G, C) is the element Fue End(U) given by
(f)y = [ry() dpx).
G

The Fourier transform of a function f e C(G, C) is simply the Fourier transform of f dx
where dx denotes the Haar measure on G.

Proposition 4. If ze End¥ (U) and ne M(G, C) then
(Fu,z)=( u, ¥ z).

Proof. If z = [ A] where A € End(V) and 7y : G—— End(V) then we have
(Fu, [A])= Tr((Fu)yA)

= Tr(Jry0(0 A dpx))
G

- _[ Tr (my(x) A)dp(x)
G

[ #(AD 0 dux)

G

Cu, FUAD) - g

The above Proposition 4 shows that the Fourier transform

F: MG, C) End (U)
is the continuous dual of the linear map
F¥ : End”(U) R(G) c ¢(G, C).

At this point, it becomes possible to extend the domain of the Fourier transform. We
have a canonical inclusion
M(G, C) c R(G)"
since R(G) is dense in the Banach space C(G, C) (Section 1 Corollary 13). We shall extend
7 to the full linear dual of R(G):
7 : R(G)" End(U).
Let us write (h, f) for the evaluation pairing between R(G)" and R(G). The Fourier
transform of he R(G)" can be defined by the formula
(Fh)y = (h, Ty)
by which we mean that, if (Tci]-) is the matrix of my for some basisof V then (¢(h, Tci]->) is
the matrix of (#h)y for the same basis.
One might think of the elements of R(G)" as generalised distributions on G. More
precisely, when G is a compact Lie group, it can be proved that R(G) is a dense subspace of

the space C™(G, C) of smooth functions with the smooth topology [Sc]. The continuous

dual of C*(G, C) is the space D(G, C) of distributions on G. We thus have a canonical
inclusion
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D(G, C) < R(G)’,
showing that the Fourier transform is defined on distributions. Recall that there is an
algebra structure on D(G, C) given by the convolution product of distributions. There is
also an algebra structure on R(G)" (and more generally on each R(M)") which is the dual
of the coalgebra structure on R(G). It is easy to verify that this product on R(G)" extends
the convolution product of distributions. In particular, the universal enveloping algebra
U(g) of the Lie algebra g4 of the group G is a subalgebraof R(G)", since it is equal to the
subalgebra of D(G, C) consisting of distributions whose supports are concentrated at the

unit element eeG. The Lie algebra g c U(g) c R(G)" corresponds to the e-derivations
D : R(G)——C;
that is, the linear maps such that
D(fg) = D(f) e(g) + &(f) D(g)

where ¢ :R(G) — C is evaluation at eeG.

In defining the generalised Fourier transform there was no need to restrict to
compact Lie groups. Quite generally, we have:

Proposition 5. For any topological monoid M, the (generalised) Fourier transform is an
isomorphism of topological algebras

F: RM) — End (U).

Proof. As in the proof of Proposition 4, it can be shown that, for any zeEnd"(U) and
he R(M)*, we have

(#h,z)=( h, 7'z).
This proves that ¥ is an isomorphism since it is the transpose of 7' and we have

Theorem 1. Also this shows that # is bicontinuous since the topology on both sides is the

usual topology for linear duals (namely, pointwise convergence for linear functionals). To
finish the proof, we must verify that # is an algebra homomorphism. By definition of the

convolution product, we have, for all h, keR(M)" and feR(M),

n

(h#k, f) = X (h f)(k g)

r=1
where
n
AMf= ) fog .
r=1
If we apply this formula to the entries w;; of the matrix of a representation ny of M
(relative to some basis of V), we obtain

(hsk ) = (hm )(k ),

r=1
which means exactly that

F(h=k)y = (?h)v(fk)v-qed

When G is a compact group, we can combine the last Proposition 5 with Section 1
Proposition 4 to obtain:

Corollary 6. For any compact group G, the Fourier transform defines an isomorphism of
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topological algebras
F:RG) —=— [] End(Vv,) .
LeG”

We now return to the more general situation of a topological monoid M. Recall
that we have a canonical map
it M—— RM)"
defined by (j(x),f) = f(x). We might say that j(x) is the Dirac measure concentrated at
xeM. We have a commutative triangle

M R(M)

F

End(U)
since, for every Ve Rep(M,C),
FGi(x))y = (jx), my) =nyKx) =nk)y .
Let End®(U) denote the submonoid of End(U) consisting of the tensor-preserving
natural transformations (the product is composition). The Tannaka monoid 7(M) of M

is the submonoid of End®(U) consisting of the self-conjugate natural transformations.

Proposition 7. The Fourier transform F induces the following isomorphisms of
topological monoids:

Spec(R(M)) —— End®(U), Specg(R(M)) —— T(M).
Moreover, the following triangle commutes.

M j - SpecR(R(M))

(

T(M)

Proof. For any representations V, We Rep(M,C), let (ni]-) and (p,) be the matrices of
ny and Ty in some basis of V and W, respectively. If we express the equality

(FKk)y ® (Fk)w

(FKlvew
in matrix form, we obtain the equality
<k/ TCi]- prs> = <k/ 1'Ci]~> <k/ prs>

for all i, j, r, s. This proves that k is an algebra homomorphism if and only if
FkeEnd®(U) (we are using here the factthat R(M) is the linear span of the matrix entries
of the representations of M ). This establishes the first bijection. The second bijection is a

consequence of the formula -
Fk = Fk
where the conjugate k of an element keR(M)" is defined by
k,£) = (kf).

Bicontinuity of the bijections follows from that of the Fourier transform. geq
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Corollary 8. For any compact group G, there is a commutative triangle of compact group
isomorphisms:

G = SpeCR(R(G))
J
N /
T(G)

Proof. According to Tannaka-Krein (Theorem 20), © is an isomorphism. Hence, j = Flon
is also an isomorphism. qed

§4. The coalgebra End" (X).

In this Section, we shall introduce a coalgebra structure on End¥(X) for any functor

X : C— Vectc whose values are finite dimensional vector spaces. More generally, under
the same hypotheses on functors Y, Z, we shall describe a map
A : HomV (X, Z) Hom" (Y, Z) ® Hom" (X, Y)
which dualises the usual composition map. We shall also show that there is a coaction
vy X Y®Hom"(X,Y)
dualising the usual evaluation action
Hom(X,Y)® X ——Y.

We begin by giving another description of Hom" (X, Y) useful for many purposes. It

is based on the concept of tensor product [F]of a contravariant functor S : CoP — Vectc

with a covariant functor T : C — Vectc . The behaviour of this tensor product is similar

to that of the tensor product of right and left modules. To stress this analogy, we write o n
the right the action of f: A—— B on an element xeS(B):

S(f)(x) = xof
and similarly, we shall write on the left the action of f on yeT(A):
T(f)(y) = fey.
The required tensor product is based on the notion of bilinear pairing
q:SxT \Y%
where V is a vector space. This q is a family (qc | CeC) of bilinear pairings
qc : S(OXT(C) ——V
which respect the actions of S and T. More precisely, it is required that we have
dalxef,y) = qg(x, fey)
for all f: A—B in C, xeS(B), yeT(A). The universal recipient of such a pairing is a

vector space called the tensor productover C of S with T, and is denoted by S® .T. We

now formulate one of its fundamental properties. Note that a family ( qc | CeC) of
bilinear pairings
qc : S(OXT(C) ——V
corresponds to a family (q'c | CeC) of linear maps
q'c : T(C) —— Hom(S(C), V).
Let us denote by Hom(S, V) the covariant functor whose value at CeC is the vector space
Hom(S(C), V).

Proposition 1. The correspondence described above determines a bijection between linear
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maps S® T —V and natural transformations T — Hom(S,V).

Suppose now that the functors X, Y : C — Tectc take their values in finite
dimensional vector spaces. For any object C € C, the map
[,] : YO ® X Hom" (X,Y), [0,x] = [d®x]
is a bilinear pairing between the contravariant functor Y  and the covariant functor X
since we have, forall f: A— B in C, xeX(A), 0eY(B)’,
[¢ Y(E)@x] = [0 ®X(f)x]
Using this pairing, we obtain a canonical map
Y'®:-X —— Hom"(X,Y).
The verification of the next result is left to the reader.

Proposition 2. The canonical map described above is an isomorphism
Y'®-X — Hom"(X,Y).

We can now apply Proposition 1 to this situation using the canonical isomorphism
Hom .(Y", V) — Y®V.

We see that there is a bijection between the linear maps Hom" (X, Y) — V and the linear
maps X — Y®V. To describe this bijection explicitly, we need the natural transformation

Yy X Y®Hom" (X, Y)
defined as follows. For any C e C and any basis e;, ..., e, of Y(C), we put

yc(x) = .Zleic@[e?@x].

We leave to the reader the verification that y is natural.

X L Y ® Hom (X, Y)

1® 1

Y®V

Proposition 3. For any natural transformation n: X—— Y®V, there exists a unique linear

map A : HomY (X,Y)—— V such that the above triangle commutes.

We can now describe the map
A : HomV (X, Z)
whose dual is the usual composition map

Hom(Y, Z) ® Hom(X, Y)
We have A =1 where n is the composite

Hom" (Y, Z) ® Hom" (X, Y)

Hom(X, Z) .

X—L5 Y ®Hom"(X,Y) 215 7 ® Hom"(Y, Z) ® Hom"(X,Y) .

A short calculation gives
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n

Alpex] = Y [¢oy ]lely ex]

i=1
where xeX(C),$eZ(C)" and {y;,..., yo},{y1",...,y,} aredual basesof Y(C), Y(C)". In
particular, A defines a coalgebra structure on End”(X) = Hom" (X, X) :
A : EndY (X) EndY (X) ® End" (X) .
To compute A explicitly, recall that, for any vector space V, there is a coalgebra structure

on End(V) since End(V) is self dual and is itself an algebra.If e;, ..., e, is abasis of V
then the coalgebra structure & : End(V) — End(V) ® End(V) is given by

n
8(e;j) = 2 €ik® €y
k=1
=¢'® e the counit is the trace map Tr: End(V) — C. The canonical map

Y End(X(C)) —> End *(X)

CeC

where e;;

expresses the coalgebra End¥(X) as a quotient of the direct sum of coalgebras. This implies
that we have

n
A[ei]‘] = 2 [eik]®[ekj] ,
k=1
and that the counit € : End"(X) — C is givenby € [A]=TrA.

The following result supplements Section 3 Theorem 1.

Proposition 4. For any topological monoid M, the Fourier cotransform
F : End¥ (U) R(M)
is an isomorphism of coalgebras.

Proof. Let Ve Rep(M, C) and take AcEnd(V). The calculation
e F'[A] = Tr(ny(e)A) = Tr(A) = e[A]

shows that v preserves counits. If e;,..., e, is a basis of V then we have
,7'—\/( [el]])(x) = TI'(TEV(X) ei]') = e’ik(nv(x)ej) = TCij(X).
This shows that F preserves A since
n n
Amy; = 2 T ®my;, Aley;l= 2 [ejl® [ey1,
k=1 k=1

and EndY(U) is the linear span of the elements [ei]-] as V runs over the representations
of M. qed

When G is a compact group, we have a canonical map of coalgebras

i: Y End(V,) —— End"(U).
LeG’
It is an isomorphism since ti is the isomorphism q of Section 1 Proposition 4. We shall

use this map to identify End¥(U) with ZkEnd(Vx). With this convention, the following
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result is the dual of Section 3 Corollary 6.

Corollary 5. For any compact group G, the Fourier cotransform provides an isomorphism

of coalgebras:

F: Y End(V,) —— R(G)
LeG”

It is of interest to see the description of the inverse cotransform

771 RG) —— Y End(V,).
re G
The orthogonality relations imply that, for any feR(G), we have

FO0) = d, [ 7007 ) dx.

Recall that a (right) comodule over a coalgebra E is a vector space V equipped with

a coaction
o: V—VQ®E

which is associative and unitary; that is, the following diagrams commute.

o o
Vv V®E Vv > V®E
0‘] jot@E lV@e
V® E =——V QFEQE V
V®d

When V is finite dimensional, there is a bijection between comodule structures
o:V—V ®E and coalgebra maps

o:End(V) —— E..

If e;,..., e, is a basis for V then we have

n

n
oc(ei) = Zej® o
j=1
where (0j;) is a matrix with entries in E. Putting e;; = e, ® e;, we then see that the

coalgebra map determined by o is given by the equations

o(e;;) = oy .

We have the formulas

n
a(oev) = eD)a(v), ofv) =Y e ®dle,ev)
i=1
valid for all veV and ¢eV’. Expressedin terms of the matrix (0y5), the associativity and
unitarity conditions are very simply:
doo=o®o and eo =id
where
8 (045) = (80y5), (045) @ (0455) = (@ 0y), € (o) = (eay;), id = (§5).
The vector space V is canonically a comodule over the coalgebra End(V) via the coaction
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c: V——V®End(V), cx)=3;e o (e ®x)
the corresponding coalgebra map

¢ : End(V)—— End (V)
is the identity map of End(V).

Warning. The dual E of a coalgebra is naturally an algebra. However, the reader should

note that a right comodule over E has a natural structure of a left E -module (but not of a

right E -module). If o.: V— V®E is the coaction then, for all q)DeV* and veV, we have
dev = (1®0) a(v).

A morphism £ : (V, a) — (W, B) of E-comodules is a linear mapping f: V—W
such that the following square commutes.

(04
\Y% V®E
f f® E
W 5 W Q®E

The category of (right) E-comodules will be designated by ComodE, and its full subcategory
of finite dimensional comodules will be denoted by Comong(E.

It is instructive to compute the finite dimensional comodules over the coalgebra
R(M) for any topological monoid M. First, for any VeZRep(M, C), if we compose the map

Yv:V— V ®EndY(U) with the Fourier cotransform, we obtain a map ¢y : V—V ® R(M)
which is a coaction. To see this, pick a basis e, ..., e, of V. Then a short computation
gives

n
cyle) = D e o,
ji=1
where (7;;) is the matrix of 7y in the basis ey, ..., e,. The identities

m(xy) = kglnik(x) T ), m(e) =3,

mean that 6(n) =n®n, &(n) =id, and therefore that cy is a coaction. We have defined a
functor

U~ : Rep(M,C) Comoa}R(M).

Proposition 6. For any topological monoid M, the functor U~ is an equivalence of
categories.

Proof. It suffices to describe an inverse U™, Let (V,a) be a finite dimensional comodule
over R(M). We have

n
oc(ei) = Ze]@ o
j=1
where e, ..., e, is abasisfor V. The relations d(a) =a®0, €(a) =id mean that the
matrix (Ocij) determines a representation m of M which is continuous since the

29



functions oyj are. We put U™V, a) = (V,n). qed

Let C bea category. An E-comodule structure on a functor X : C— Vecty is a
natural transformation

a: X— X®E
such that o is a comodule structure on X(C) for all CeC. Using o, we obtain a functor
(X, o) : C— Comod(E)
by putting (X, 0)(C) = (X(C), a.c). This functor fits into a commutative triangle
Comod(E)
X, o)
U

X\ ‘Vectc

where U is the forgetful functor. What is more, it is clear that any functor X" : C

C

—— Comod(E) such that UX™ =X is of the form (X, o) for a unique comodule structure o
on X. When X takes its values in finite dimensional vector spaces, the natural trans-
formation 7 : X —— X ® EndY(X) defines an End"(X)-comodule structure on X. This
follows from the commutativity of the triangles

X(C) X(C) ® End (X)

N

X(C) ® End(X(C))

where ¢ is the End(X(C))-comodule structure on X(C) and where [ ] : End(X(C))
— End¥(X) is the canonical morphism of coalgebras.

Proposition 7. Let X: C —— Vectc be a functor whose values are finite dimensional
vector spaces. For any coalgebra E and any comodule structure n: X —X® E, there is

precisely one morphism @ : EndV(X) — E of coalgebras such that the following triangle
commutes.

Y v
X X ® End (X)

n X®n

X®E

Proof. To prove this Proposition, it suffices to verify that the linear map 7, whose existence
and uniqueness are assured by Proposition 3, is a map of coalgebras. The verific-ation is left
to the reader. geq
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§5. Tannaka duality for homogeneous spaces.

In this part we show how Tannaka duality can be used to obtain results on
homogeneous spaces. The proof given here is independent of the proof in Section 1. As in
Section 2, the results proved here can be used to show that any homogeneous space over a
compact Lie group is a (real) algebraic variety. This is the basis for the construction of
quantum homogeneous spaces such as quantum spheres [Pd].

Let G be a compact group. By a (left) G-space we mean a topological space X
equipped with a continuous (left) action Gx X—— X. A G-spaceis homogeneous when it

is non-empty and the action is transitive. For each closed subgroup HcG, the space G/H
of orbits for the action of H on the right of G is a homogeneous G-space. If KcG is

another subgroup, we shall write K\G/H for the space of orbits for the action of K on the
left of G/H.

Let X be a homogeneous G-space. For any representation V of G, we shall write
VX for the vector space Homg(X,V) of G-invariant maps from X to V. If we choose a

basepoint xpeX and H is the stabilizer of x,, then the map g —— gx, induces an
isomorphism between G/H and X, while the map a +— a(x)) defines an isomorphism
between VX and the subspace VHcV consisting of the H-invariant vectors. For all
Ve Rep(G, C), putting
UX(V) = VX and UH(V) =VH,
we obtain two isomorphic functors
UX, UH : Rep(G,C)

Let Y be another homogeneous G-space. We define the Fourier transform of a G-

invariant function fe C(YxX,C) to be the natural transformation
7f : UX —— UY
whose value at Ve Rep(G, C) is the linear map
(Ff)y : VX —— VY

Vectc .

given by the formula

(), (@) (y) = jxf(y,x>a<x>dx

where dx is the normalised Haar measure on X. Asin Section 1, it can be proved that the
projection
Hom(U*, UY) —— HvHom V3, V)
re G
is an isomorphism, so that we can view the Fourier transform as a map
F: (Y xX,C)° —— []Hom (V},V)).
Ae G

We now want to show that ¥ defines an isometry of Hilbert spaces. Let L2(YxX) denote
the space of square integrable functions on YxX with respect to the product dxdy of the
normalised Haar measures on X and Y. Also, let L2(YxX/G) denote the space of square
integrable functions on YxX/G with respect to the projection onto YxX/G of the product
measure dxdy. The space L2(YxX/G) is isometric to the subspace L2(YxX)G of G-
invariant elements of L2(YxX) in which c(YxX, C)G is dense. On the other hand, for any

AeGY, there is a canonical Hilbert space structure on Hom(V,X ,V,Y) that we shall now

describe. More generally, any G-invariant inner product on X induces an inner product on
VX given by
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(a,b) =( alxg), bx)
where the value of the right hand side does not depend on the choice of the basepoint
Xg€X since we have

(a(oxg), b(oxg)) = (0 alx),ob(xp)) = alxg), blxy)).
Using inner productson V,X and V,X which are induced by some G-invariant metric on
V, , we can define the adjoint f": V,Y — V,X of any map f:V,X —. V,Y. This adjoint
does not depend on the particular choice of the G-invariant metric on V,. On the vector
space Hom(V,X V,Y) we shall use the inner product
(fg)= d,Tr(f'g)
where d, denotes (as before) the dimension of V, .

Theorem 1. The Fourier transform extends continuously to an isometry

hilbe 1t

F: LAYxX/G)— Y"™"Hom(V},V}) .

re G
Proof. We can suppose that X =G/H and Y = G/K. Let py: V—— VH be the averaging
operator defined for any Ve RKep(G, C) by the formula

pulv) = JHh vdh

where dh is the normalised Haar measure on H. If ix: VK <V denotes the inclusion,
it is easy to see that the map f +—— ix f py defines an isometric embedding of

Hom(VXH,VXK) into Hom(V, ,V,). We obtain in this way an isometric embedding
o - zhi]bertHom(VI;, VI;) zhilbertHom(V }JVK)
reG’ reG’

whose image consists of the elements which are fixed under the actions of K on the left
and H on the right. On the other hand, the map g~ (y,, g X,) induces a measure

preserving homeomorphism between K\G/H and YxX/G (the measure on K\G/H is
obtained by projecting the Haar measure on G ). This defines an isometric embedding

B : LA(YxX/G)—— L*G)
whose image consists of the elements fixed by K (on the left) and by H (on the right). The
Theorem then follows from the relation
Fo B = Qo F
and the fact that the Fourier transform of Section 1 Theorem 14 respects the actions of G
on the left and on the right on both its domain and codomain. geq

When Y = G acting on itself by left translation, we have YxX/G = X. We can
define the Fourier transform of a function f e C(X,C) to be the natural transformation

Ff: UX u
whose value at Ve Rep(G, C) is given by the formula

(r)y(a) = [ (a6 dx.

Corollary 2. The Fourier transform can be extended continuously to an isometry

hilbe 1t

7. LAX) —> Y"™"Hom(V),V,) .

re GY
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At this point we want to have similar results for the Fourier transform of
generalised distributions on X. We shall let R(X) denote the set of elements of C(X,C)

whose orbits generate a finite dimensional subspace of C(X,C). According to Section 2
Proposition 1, this R(G) is the set of representative functions on G (as before). When X =
G/H, we have R(G/H)= R(G)H. Let us see that, for all Ve Rep(G, C), aeVX, and deV’,
the function x —— ¢(a(x)) belongsto R(X). But, if xyeX, then the function

g = b (algxp)) = ¢ (ny(g) alxo))
belongs to R(G) and is invariant under right translation of the stabilizer H of x,; this

proves the claim. We now define the Fourier transform #h of an element heR(X)". For

VeRep(G,C), let ey, ..., e, be abasis for V. Every element acVX can be written as
n

a(x) = z a;(x) e,

i=1
where a;(x)eR(X) since a;(x) =¢;"(a(x)). We put

(,{rh)v(a) = 2<htai>ei'

i=1
Proposition 3. The Fourier transform defines an isomorphism of topological vector spaces
F: RX)"—> [] Hom(V},V,).
reG’

Proof. We can suppose that X = G/H and consider the averaging operation
pu : R(G) R(G/H)

defined by
pu(f) = ij(xh) dh.

Composition with pyy determines an embedding
B : R(G/H)" —— R(G)”
whose image is the set of (generalized) distributions which are invariant under right
translation by the elements of H. Similarly, if we compose with the averaging operators
pu : V, — V,H we obtain a map
o : [] Hom(v},v,)—— [ Hom(v,,V,)
reG’ AeG’

whose image consists of the elements which are invariant under right translation by
elements of H. The result then follows from the identity

TFo B = 0o ¥
and Section 3 Corollary 6. geq

The next thing to do is to define the Fourier transform of G-invariant generalized
distributions on Y xX. We shall do this without choosing basepoints in X and Y.

Definition. Let G be a compact group acting continuously on a topological vector space V.
An element veV is G-finite when its orbit generates a finite dimensional subspace of V.

By definition, R(X) is the set of G-finite elements of C(X,C). Letus see that R(X) is
also equal to the G-finite elements of R(X)". To do this, let j : R(X) — R(X)" be the map
which associates to a function feR(X) the measure f(x)dx on X. For any geR(X), we
have
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(), g) = fo<x>g<x>dx.

The image of j consists of G-finite elements since j is G-equivariant and every element of
R(X) is G-finite. Let R(X)° denote the set of G-finite elements of R(X)".

Proposition 4. The mapping j determines an isomorphism
R(X) —— R(X)°.
Moreover, R(X)° is dense in R(X)".

Proof. We shall prove the result when X =G; the general result is proved similarly. If we
use the isomorphism

F: R(G)*—— [] Hom(v,,V,).
reG’
This reduces the problem to proving that, if an element
g€ H End(Vx)
LeG’
is G-finite (for the left action of G) then all except a finite number of its components are
zero. For each AeGY, let p, =(p,(8) | 8¢ G¥) be the projection operator, where

o < id it 8=
() =

0 otherwise .
Then the orthogonality relations imply that p, = #(d, x,) where y, is the character of V,.

A X?»
We have the formula
P, 8 = d, IGK (x) m(x) g dx

which shows that, if g is G-finite, then all its components p,g belong to the finite
dimensional subspace generated by the orbit Gg. This proves that p,g= 0 except for a

finite number of AeGY. geq

Let R(YxX) bethe set of GxG-finite elements of C(YxX,C). We have a canonical
isomorphism
R(YxX) = RX)®R(Y) .

For all elements he R(X)"Y, the pairing
€0 [ 8)(hy), Hdy

is a G-invariant bilinear form p(h) on R(Y)xR(X). Let us say that a generalized
distribution te R(YxX)" is right reqular when it is of the form p(h) for some he
c(Y,R(X)").

Proposition 5. Every G-invariant generalized distribution is regular. More precisely, the
map p defines an isomorphism
Homg(Y,R(X)") = Homg(R(YxX), C).

Proof. We describe an inverse to p. We compose the canonical isomorphisms
Homg(R(YxX),C) = Homg(R(Y)®R(X), C) = Homg(R(X), R(Y)")
= Homg(R(X),R(Y)?) = Homg(R(X), R(Y))
with the isomorphism
k : Homg(R(X),R(Y)) —— Homg(Y,R(X)")
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defined as follows. For any G-invariant operator u : R(X) — R(Y), we put

(k(u)(y), £) = u(f)(y).

We leave the reader to check that k is bijective and we have defined an inverse to p. geq

We can now describe the Fourier transform of teR(YxX)"G. According to
Proposition 5, t is right regular, so that t= p(h) for some heHomg(Y,R(X)"). For all
Ve Rep(G,C), we want to define the Fourier transform

(Ft)y : VX—— VY,

Let e;,...,e, be abasis for V. Forall acVX, we can write a = X a, e; where a,eR(X).
Then we have

n
(79,@)(y) = X (h(y),a e, .
i=1
Proposition 6. The Fourier transform defines an isomorphism of topological vector spaces

RX xY)"“= [T Hom(Vj},V,) .
AeG

Proof. If we exponentiate the Fourier transform of Proposition 3 by Y, we obtain an
isomorphism

R(X)"Y = Xl‘!} Hom (V),V)) .

Composing this with the isomorphism of Proposition 5, we have the Fourier transform as
defined above. geq

To complete these results, we should describe the Fourier cotransform
F : Hom"(UX,UY) —— R(YxX)G.

We shall suppose that Y = G and postpone the general case. We want to describe the
cotransform

F : Homv(UX,U) —— R(X).
For all Ve Rep(G,C), all peV™ and all acVX, we put
F([o®a]) = ¢poa.

Proposition 7. The Fourier cotransform F is an isomorphism
Homv(UX,U) —— R(X).

We now want to use these results to study the spectrum of the algebra R(X). Let us
first remark that, for all V, We Rep(G, C), we have a canonical pairing
® : VXWX —— (VW )X (a,b) — a®b
defined by (a®b)(x) =a(x)®b(x). We also have a unit element 1eCX=C.

Definition. A natural transformation u : UX—— U is tensor preserving when, for all V,

WeRep(G,C), acVX, beW X, the following equations hold:
uyew(@a®b) = uy(@)®@uy(b) and uy(1)=1.

Let Hom®(UX ,U) denote the set of tensor-preserving natural transformations. There is
also the notion of self-conjugate natural transformation u : UX—— U ; this means that
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us(a) = u(a)
for all VeRep(G,C) and all acVX. Let 7(X) denote the set of self-conjugate tensor-

preserving natural transformations UX— U .

For all xeX, we have an element m(x)e7(X) defined by m (x)y (a) = a(x) for aeVX
There is also the canonical map j: X — R(X)" defined by (j(x), f) = f(x).

Proposition 8. The Fourier transform Finduces the following isomorphisms of topological
spaces:

Spec(R(X)) —— Hom®UX,U), Specg(R(X)) —— T(X).
Moreover, the following triangle commutes.
j
X - SpecRR(X)

J

T(X)
Proof. Let heR(X)" and let V, W e Rep(G, C). Letus choose abasis e;,...,e, for V anda

basis f; ,..., f, for W. For any aeVX and beW X, we have a =2.ae and b= zjbj f.
The equation
(Fh)ygw(a®b) = (Fh)y(a)®(Fh)w(b)
means exactly that we have
(h,a;b;) =<(h, a; )(h, by).
Similarly, the self-conjugacy condition for #h means exactly that we have

(ha)=(ha,).

This proves the Proposition since the coefficients a; linearly generate R(X). geq

Let VeRep(G,C) andlet g:V®V — C be a positive definite invariant hermitian
form. Let us see that, for any ue7(X), the map uy: VX——V is an isometric embedding,
where the metric on VX is the one induced from g on V. We can view g asa C-linear
pairing h : V®V — C and we can repeat mutatis mutandis the proof of Section 1
Proposition 5. We obtain that

gluy (a), uy (b)) = g(a, b),
which means that uy is an isometric embedding. The collection of these embeddings is
compact, since it is a homogeneous space over the unitary group U(V,g). It follows that

T(X) is a closed subspace of a product of compact spaces. This proves:
Proposition 9. 7(X) is compact.

We next want to prove that X —— 7(X). For this we need some preliminaries.
Suppose that G acts continuously on some compact space S. Let Ac((S,C) be a
subalgebra which separates points of S and which is closed under conjugation.

Lemma 10. If A is stable under the action of G and every element of A is G-finite then
AG separates the orbits of G in S.
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Proof. Consider the averaging operator E : (S, C) — (S, C) defined by
E(f)(x) = jcf(g x)dg .

If feA then E(f)eA since E(f) belongs to the convex hull of the orbit Gf whose linear
span is a finite dimensional subspaceof A. Let p:S——S/G be the projection, and let ¢,

c' € S/G beany two distinct orbits of G in S. The space S/G is compact and so there is a
continuous function ¢ : S/G—— R such that ¢(c) =0 and o¢(c') =1. It follows from the

Stone-Weierstrass Theorem that A is dense in (S, C); so we can find fe (S, C) such that
[f-0op <
where we use the uniform norm. We have
5 0ep) = [E(E—0op)] = £ ~0op] <1
This implies that, for all xec and yec',
[E()x) -E(E)(y)| = 5.

So we have found an element E(f)e AG which separates the orbits ¢, c'. geq

Theorem 11. The maps =,j provide two homeomorphisms
n:X—— T(X) and j:X—— Specg(R(X)).

Proof. To prove that j isinjective is equivalent to proving that R(X) separates the points
of X. But this follows from Lemma 10 since we have X = G/H, R(X) = R(G)H and R(G)
separates the points of G (Section 1 Corollary 13). Let S = Specg(R(X)). Then S is compact
since 7(X) is (Proposition 9) and Fourier transform gives a homeomorphism S = 7(X).
The group G actson S since it acts on R(X). This action is continuous since S < R(X)"
and G acts continuously on R(X)". The algebra A =R(X) becomes a subalgebra of ¢(S,C)
if we put f(x) =y (f) for all feR(X) and xeS. Clearly, A separates the points of S and

the hypotheses of Lemma 10 are satisfied. This proves that AG separates the points of S/G.
But we have AG=R(X)¢=C, and so S/G must reduce to a singleton. This implies that j :
X — S is surjective since its image j(X) is an orbitof G in S. We have proved that j is

a homeomorphism. It follows that 7 is a homeomorphism, since 7= Foj . geq

§6. Minimal models.

A model of a representative function f on a topological monoid M is a pair
(0, v)eV'™xXV such that f(x) = ¢ (ny(x)v) where V is some representation of M. Such a
pair is far from being unique. A model is minimal if dimV is minimal. It is easy to see
that a given representative function has a minimal model which is unique up to a
(unique) isomorphism. In this part, we shall extend the concept of minimal model by
giving a description of the elements of the tensor product of any two functors which satisfy
some exactness conditions. This description is the key technical tool for proving the
Representation Theorem of Section 7.

Recall that a category C is C-additive when each of its homsets C(A,B) has the
structure of a complex vector space and composition is C-bilinear. Recall also that a functor
F:C— D between C-additive categories is C-additive when the maps

F : C(A,B) D(FA, FB)
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are C-linear.

Let C be an abelian C-additive category. We shall suppose that C is artinian,
meaning that each decreasing sequence of subobjects in C terminates. Let T : C — Vectc
be a left exact C-additive functor. We shall need the category el(T) of elements of T. An
object of el(T) is a pair (A,x) consisting of AeC and xeT(A). A arrow f : (A,x)— (B,y)
in e/(T) is an arrow f: A — B such that T(f)(x) =y. We shall say that xeT(A) is
contained in a subobject B— A when x isin the image of the map T(B) — T(A). From
the left exactness of T we see that, if x is contained in the subobjects B— A and
B'— A, then itis contained in their intersection BAB'— A. Using the artinian property

of the poset of subobjects of A, it follows that x is contained in a smallest subobject
Span(x) of A. When Span(x) = A, we say that x generates A. We also need the full

subcategory Span(T) of el(T) whose objects are the pairs (A, x) in which A = Span(x).
Observe that, between any two objects of Span(T), there is at most one arrow. To see this,
suppose f, g: (A,x)— (B,y); so x is contained in Ker(f — g) since T(f)(x) =y =T(g)(x).
Therefore, f=g since A =Span(x). Note also that, if f: (A,x) — (B,y) is an arrow in
Span(T), the map f: A — B is epimorphic. This is because T(f)(x) is contained in the
image of f and therefore Im(f) =B since T(f)(x) =y is generating.

We can now give a first description of the elements of the tensor product S ® . T for
any contravariant C-additive functor S. We suppose that the abelian category C is
artinian and that the covariant functor T is left exact. We shall write [¢ ® x] for the image
of a pair (¢,x) by the canonical map

S(A) x T(A) —— S®,T.

Proposition 1. Under the above hypotheses, any element of S ® T is of the form [¢p ® Xx]
for some (9,x) € S(A) x T(A) for which A = Span(x). Moreover, if (¢,x) e S(A) x T(A)
and (y,y)e S(B) x T(B), then the equality [¢ ® x]=[y ®y] holds if and only if there exists
an object (C,z) e Span(T) and arrows

(A, x) < —(C, 2) —*> (B, y)

such that S(f)(0) =S(g)(w).

Proof. We shall use some standard results from category theory [ML]. Since T is left exact,
the category el(T) has finite limits and is therefore filtered (or codirected). If p : e/(T)
—— C is the projection functor and y: CP — TVect:C is the Yoneda embedding then we
have the canonical isomorphism

T == ham>( (TP P y ‘Vectcc)
Tensoring this isomorphism with S and using the isomorphisms
S®.y(A) = S(A),
we obtain a canonical isomorphism

s@T—== lim (e(m)® L o c* 5

Vet )

The result is then a consequence of the standard description of colimits of directed
diagrams, and the fact that Span(T) is initial in e/(T). ged

To obtain a more complete description of the elements of S®_.T, we shall make
additional assumptions on the category C and the functor S. More precisely, we shall
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suppose that C is noetherian, meaning that each increasing sequence of subobjects
terminates; or equivalently, that CoP is artinian. We shall also suppose that S is left exact,
meaning that S transforms right exact sequences in C into left exact sequences of linear
maps. As before, for any ¢€S(A), there is a smallest quotient object Cospan(¢) supporting

¢ (we adopt this terminology to avoid confusion with the previous case of a covariant
functor T ).If Cospan(¢p)=A, we say that ¢ cogenerates A. We shall say that a pair (¢, x)

€ S(A) x T(A) is amodel of an element zeS ®.T when ze [¢p ®x]. A model (¢,x) is
minimal when Cospan(¢) = A =Span(x). An isomorphism between (¢,x) e S(A) x T(A)
and (y,y) € S(B) x T(B) is an invertible map f: A — B such that S(f-1)(¢) =y and
T(f)(x) =y. In this case we have

[0 ®x] = [S(E)w)ex] = [y T(f)(x)] = [y®y]
If two minimal models (¢,x), (v,y) are isomorphic, the isomorphism is unique since x
and y are generating.

Theorem 2. Suppose that the abelian C-linear category C is artinian and noetherian, and
that the functors S and T are left exact. Then every element of S ® . T has a minimal
model which is unique up to a unique isomorphism. Moreover, for any (0,x)eS(A)xT(A),
there is a minimal pair (¢',x') € S(A")XT(A') such that [¢0'®x'] = [¢p ®x] where A" isa
subquotient of A.

Proof. We begin by proving the last statement. Let
q j
Span(x) A Cospan(d)

be the image factorization of the composite

i p
Span(x) A Cospan(o).
By definition, there exist x, and ¢, such that S(p)(¢,)=¢ and T(@)(x,)=x. If we put ¢' =
S(G)(9,) and x'=T(q)(x,) then we have

[0'®x'] = [0'®T(q)(x)] = [S()d")®x, ] = [S(jq)(@,)®x,]
= [S(pi)(0,) ®x, ] = [S(D)(@)ex, ] = [¢6&T(>{)(x)] = [¢ ®x].

Moreover, x' generates A' since X, generates Span(x). Similarly, ¢' cogenerates A'.
This proves that the pair (¢',x") is aminimal model of [¢ ® x]. This proves the existence
of a minimal model for each element of S ® T since all elements of S ® -T are of the
form [¢ ®x] by Proposition 1. To prove the uniqueness, suppose that (¢,x) € S(A) x T(A)
and (y,y)e S(B) x T(B) are both minimal models of z. Let (C z), f, g be as in Proposition
1. The map f is epimorphic since T(f)(z) =x and z, x are both generating. If ¢ = S(f)(¢)
then Cospan(c) = A since f is epimorphic and ¢ is cogenerating. Similarly, g is
epimorphic and Cospan(c) = B since y is cogenerating. This proves that we have an
isomorphism i: A———B suchthat if=g and S@i)(y)=¢. We have also

T () = TA)T(f)(z) = TG £)(z) = T(g)(2) = y.
Hence i is an isomorphism between the pairs (¢,x) and (y,y). We have already
remarked that such an isomorphism must be unique. geq

Corollary 3. For all (¢,x) € S(A) x T(A), the equality [0 ®x]=0 holds if and only if there
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exists a monomorphism j:B—— A such that x e Im(T(j)) and S(j)(¢)=0.

Proof. Let (¢',x')eS(A"') X T(A') be aminimal model of [¢p ®x] where A' isthe image of
the map Span(x) — A — Cospan(¢) asin the proof of the Theorem. If [¢0'®x']=0

then A' =0 byuniqueness of the minimal model. This shows that the composite Span(x)
— A — Cospan(¢) is zero, and the result follows with B = Span(x). geq

To end this Section, we shall prove that, for any coalgebra E, we have an
Endv(U) where U : Commgﬂi — YVectc is the forgetful functor. We
have an obvious coaction o : U — U®E obtained by putting together all the coactions

isomorphism E

n

oy: V.—V®E where (V,a) € Comocng. Using Section 4 Proposition 5, we obtain a
morphism of coalgebras

o :End (U —— E.

In order to prove this morphism is invertible, we need the following Lemma whose proof
is left to the reader.

Lemma 4. Let (V, ) be a finite dimensional comodule over a coalgebra E. For each ¢eV’,
the comodule Cospan(¢) is obtained by taking the image factorization of the map

V2 3veE—2% g,

Proposition 5. For each coalgebra E, the map
o:End’(U)—— E

is an isomorphism of coalgebras.

Proof. We easily see that, for all xeV, ¢eV" and (V,a)e ComméfE,

o [oe x] = (9@ 1) o, (x).

To prove surjectivity, take xeE. There is a finite dimensional subcomodule VcE such
that xeV. Let ¢ be the restriction of the counit € : E—— C to the subspace V. Then we
have

o [0 x]= (0©1)8(x) =(e®1) 8(x)=x.

To prove injectivity, take z € EndY(U) in the kernel, and let (¢,x) € V'xV bea minimal
model of z. We have

(00 1) o, (x) = a(z) =0.

But Lemma 4 shows that the map (¢ ®1) oy is injective since ¢ is cogenerating. This
shows that x =0 and hence z =0. geq

§7. The representation theorem.

In this Section, we shall prove a representation theorem for an abelian category C
equipped with an exact faithful functor U with values in finite dimensional vector spaces.
We prove that C is equivalent to the category of finite dimensional E-comodules, where
E is the coalgebra Endv(U) constructed in Section 4. This result is basicin the theory of
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Tannakian categories in which the category comes first, or is given, and the group comes
second, or is constructed. There are many examples of Tannakian categories in nature,
especially from algebraic geometry in Grothendieck's theory of motives [DM]. The
representation theorem proved here is not needed in the rest of this paper.

We first recall a few properties of the category of comodules over a coalgebra C. For
any vector space V, the tensor product V ® C has a comodule structure obtained by left
comultiplication

Ved: VIC—— VRC®C

It is the cofree comodule over the vector space V. If a:V — V®C is a comodule

structure on V then o is also a morphism of comodules from V to the cofree comodule
V ® C. The set of subcomodules of V is closed under intersections and sums. If f:V
— W is a morphism of comodules then the direct and inverse images under f{ of

subcomodules are subcomodules. For completeness we include a proof of the following
classical result.

Proposition 1. Every comodule is the directed union of its finite dimensional subco-
modules. Every coalgebra is the directed union of its finite dimensional subcoalgebras.

Proof. Let E cV be afinite dimensional subspace of the comodule (V, o). There exists a
finite dimensional subspace F ¢ V such that o(E)c F® C. We have E c ol (F®C) and
o 1(F® C) is a subcomodule since it is the inverse image of the subcomodule F® C of the
cofree comodule V® C. Moreover, we have o1 (F®C)c F since

F®ROCc(1®e)l(F) and ol(lee)l(F)=(1ee)a)!l(F)=F.
This proves the first sentence of the Proposition, and the second sentence follows once we
add this remark: the subcomodules of C, as a comodule over CoP® C via left and right

comultiplication, are exactly the subcoalgebrasof C (where CoP is the opposite coalgebra of
O). ged
qe

We need to prove some results on the category Comocg(C of finite dimensional
comodules over a coalgebra C.

Definition. A full subcategory of an abelian category is replete if it is closed under finite
direct sums, subobjects and quotients.

In this definition it is explicitly assumed that any object isomorphic to an object of
the replete subcategory also belongs to it. For any subcoalgebra C' < C, we have an

inclusion Comocng' c Comocng since every comodule over C' is naturally a comodule

over C. Note that Comod,C' is a replete subcategory of Comod,C.

Proposition 2. For any coalgebra C, the assignment C't—— Comoa}C' defines a bijection
between the subcoalgebras of C and the replete subcategories of Commg[C.

Proof. We shall produce the inverse assignment. For any C-comodule (V, o), let Im(V) be
the image of the coalgebra morphism

o :End(V) — C.
So Im(V,0) isa subcoalgebraof C. For any replete subcategory D c Comoc[fC, let Im(D)
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be the sums of the subcoalgebras Im(V, o) as (V,a) runs over the objects of D. For any
subcoalgebra C' c C, we obviously have Im(?D) c C' if and only if D c C0m0£§(C'. This
shows that

Im(Como:ffC') cC' and Dc Comoag[(lm(@)).

To prove that C' c Im(Comoa}C') we can suppose that C'=C. Using Proposition 1, it will
be enough to show that every finite dimensional subcoalgebra V of C is contained in
Im(Comocg(C). Now the map

§ - End(V) —> V

corresponding to 8 : V—V ® V is surjective since

~

d(eov) = (e®1)d(v) = v.

This shows that Im(V,o) = V  and hence Im(Commg(C) > V. To prove that
Comocgf(lm(@)) c D, we can suppose that Im(P) = C. Then our task is to prove that D c
Comod,C. Letus first remark that, for any comodule (V,a), the subcoalgebra Im(V,a) is
generated by the images of the maps

v—svec—2%,c,

where ¢ runs over V'. This is a direct consequence of the identity
a(dex) = (¢el)ax).

If VeD then the images of the maps (¢ ®1) o belong to D since D is replete. Therefore
Im(V, a) belongs to D. By hypothesis, C is generated by the Im(V, o) for (V,a)eD. This
shows that every finite dimensional submodule of C belongs to D. Let us prove that each
(W, B)e Comwg{C belongsto D. If ¢;,...,0, isabasisfor W~ then the images W, of the
maps

B 0, ®1
W— WR®C—>C

belong to D since they are subcomodules of C. Combining the maps W —— W; together,
we obtain a map from W into the direct sum of the W;. This map is easily seen to be
monomorphic. So We D.ged

Suppose now that C is a C-additive categoryand U : C — Vectc is a C-additive
functor with values in finite dimensional spaces. In Section 4 we saw that the natural
transformation y:U—— U ® Endv(U) determines a lifting

u~:cC Comoa}EndV(U)
of U up into the category of Endv(U)-comodules.

Theorem 3. If C is abelian and U is exact and faithful then U" 1is an equivalence of
categories.

Proof. Obviously U~ is faithful. Before proving that U~ is full, let us see that, for any

object AeC and any subcomodule E c U7(A), there exists a subobject j: B — A such
that E=1ImU(j). Let e;, ..., e, bea basis for the vector space U(A) chosen in such a way
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that e, ..., e, generate E. For any x(€U(A), the coaction o :U(A) — U(A)®EndY(U) is
given by the formula

ax) = Y e olef®x].
i=1

The hypothesis o(E) c E® EndY(U) means that, for all i<k and j>k, we have
[e;f ®e;] =0.

We can now apply Section 6 Corollary 3 since End¥(U) =U ® U and both U and U™ are

exact ( C is both artinian and noetherian since U is faithful). This means that, for all i <k
and j>k, thereis a subobject B;;~— A such that e;eU(B;;) and ¢ (U(By;)) = 0. If we put
B. = MB.. and B = UB,
ji>k Y i<k
then we have e;,eU(B) forevery i<k, and ej* (U(B)) =0 forevery j>k. This shows that
ECcU(B), and U(B) c E since
E = MKer(e)) .
i>k J
To prove that U™ is full, let f: U (A) — U7(B) be a morphism of comodules.

Then the graph Iy of f is a subcomodule of UT(A)®@U(B)= UT(A® B) . Therefore there
is a subcomodule Cc A® B whose image can be identified with T';. We claim that C is
the graph of an arrow u: A — B whose image under U is f. To see this, let i be the
composite of the inclusion C < A®B and the first projection p;: A® B — A. Then
U(i) is the isomorphism T; < U(A)®U(B) — U(A). Since U is exact and faithful, it
follows that Ker(i) = Coker(i) =0; so i is an isomorphism. The arrow u is defined as the
composite

A—1_sC c A®B—"253B.

Obviously U(u) =f since U transforms this description of u into the description of f.
To finish the proof, we have to show that every object of ComocngndV(U) is

isomorphic to a comodule in the image of U™. If we let D be the full subcategory
consisting of the comodules isomorphic to those in the image of U™, we have to prove
that D = Comoa}EndV(U). But we have seen that the image of U~, and therefore 9, is
closed under subobjects. A similar argument shows that it is closed under quotients. Thus,
D is a replete subcategory, and, from Proposition 2, we have D = Comoné(C' for some
subcoalgebra C' < Endv(U). This implies that, for all AeC, the vector space U(A) has the

structure of a C'-comodule y',: U(A)— U(A)® C' which 'lifts' the coaction of EndY(U).
More precisely, we have the commutative triangle of natural transformations below.

v
U ueC

Y U®i

U ® End (U)

Using Section 4 Proposition 5, we have a unique coalgebra map
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~

Y : End"(U) —> C'
such that the following triangle commutes.
v

U U ® End (V)
Y'\ A@ Y
U®C

But then we have
iy =id

by the uniqueness property of Section 4 Proposition 5. This proves that i is surjective, and
therefore C' = Endv(U) since i is an inclusion. qed

For any coalgebra C, the dual algebra C* acts on the left of any (right) C-comodule.
For any Ve Comod(C), 0eC" and xeC, we write 0| x for the action of ¢ on x. We have

Ol x = (1y®d) oy (x).

Each element ¢eC* defines a natural transformation & |( ) : U — U where U :
Comod(C) — Vectc is the forgetful functor.

Proposition 4. For any coalgebra C, the map ¢ —— &| () is an isomorphism of algebras
C* —— Hom(U , U).

Proof. Using the fact that any comodule is a direct colimit of finite dimensional comodules,
we can replace the category Comod(C) by its subcategory Commg[(C). In this case, we have
defined a coalgebra isomorphism

o :End'U)—> C .

This induces an isomorphism C* Endv(U)*. According to Section 4 Proposition 3,

any natural transformation U — U (= U®C) is of the form (1®¢)y =¢ | ( ) for a

unique ¢eEndv(U)*; so the result follows. qed

§8. The bialgebra EndV(X) and tensor categories.

The tensor product M®N of two modules over an algebra A is an A®A-module,
but it is not in general an A-module. However, when A is a bialgebra, we can define an A-
module structure on M®N by restricting the A® A-module structure along the diagonal (=
comultiplication) map & : A— A®A. Similarly, the tensor product M®N of two

comodules over a coalgebra C is a C®C-comodule, and, when C is a bialgebra, we can
corestrict this comodule structure along the multiplication map u: C®C — C to obtain a
C-comodule structure on M®N. The category Comod(C) of comodules over a bialgebra C
is therefore a tensor category (also called a monoidal category). The main purpose of this
section is to reverse this process: starting with a pair (C, X) consisting of a tensor category
C and a tensor-product-preserving functor X : C — ‘Vectf , we shall show that the

coalgebra End¥(X) can be enriched with the structure of a bialgebra.
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In what follows, we let ‘Vectf denote the category of finite dimensional vector spaces.

In Section 4 we saw how to construct a coalgebra End¥(X) from a pair (C, X) where C isa
categoryand X : C — ‘Vectf is a functor. It is easy to see in addition that a commutative

triangle of functors
F
C D
& /{

Vect 5

gives rise to a map of coalgebras EndY(X) —— End¥(Y) which we might call the
corestriction along F (it is predual to the usual restriction map End(Y) — End(X) ).

When the functor F is an equivalence of categories, the corestriction map along F is an
isomorphism of coalgebras. It is useful to formalise this process by introducing the category

Cat/‘Vectf of categories over ‘Vectf. An object of Cat/‘Vectf is a pair (C, X) where C is a
(small) category and X: C— ‘Vectf is a functor. A morphism (F,a) : (C X) — (D, Y)
consists of a functor F: C—— D and a natural isomorphism o : X =— YF. Composition of
morphisms is the obvious one. We have a covariant functor

EndY: Cat/‘Vectf—> Coaly

with values in the category Coalj of coalgebras. We define the (external) tensor product of
X: C— Vect; with Y : D—— Vecty to be the functor

X®Y : CxD— ‘Vectf

where, for (A,B)eCx D,
X®Y)A,B) =X(A) ® Y(B).

Proposition 1. There is a canonical isomorphism

0 : EndY(X) ® End¥(Y) —— EndV(X ®Y).

Proof. For any (A,B)e Cx D, SeEnd(X(A)), TeEnd(Y(B)), we have S®TeEnd(X(A)®Y(B)).
We put 6([S]®[T]) = [S®T]. The best way to prove that 6 is well defined and an
isomorphism is to see that it is a special case of the following canonical isomorphism
between tensor products of functors

(H®X)® (K®pY) —— (HBK) Q¢ 5 (X®Y)
where H, K are contravariant functors on C, D, respectively. When H=X" and K=Y,
we have H ® -X =EndY(X) and K®,Y = End¥(Y). ged

Recall [ML]that a tensor (or "monoidal") category C=(C, ®, 1, a, [ 1) consists of a

category C, a functor ® : Cx C—— C (called the tensor product), an object IeC (called
the unit object) and natural isomorphisms
a=dappc: A®B)®C——A®B®C),
[=[ :I® A——A, r=ryt A®I—— A
(called the associativity, left unit, right unit constraints, respectively), such that, for all
objects A, B, C, D € C, the following two coherence conditions hold:
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aapcep© daecp = (A®apcp)o dapecpo (4apc®D) and
(A® [g) o ap1p = TA®B.

It follows [ML] that all objects obtained by computing the tensor product of a sequence A;
®A,® ... ®A, by bracketing it differently and by cancelling units are coherently
isomorphic to each other.

A tensor category is called strict when all the constraints a,gc, [y, 74 are identity
arrows. Each tensor category C is equivalent to a strict tensor category st(C). The objects of
st(C) are words w =A; A, ... A, in objects of C. An arrow f:w——w' is an arrow f: [w]

— [w'] in C where we define
[@]=1, [A]=A, and
[A1 A2 . e Am+1] = [Al A2 . e Am]® Am+1 .

The tensor ® for st(C) is given by v ® w = vw and by commutativity of the following
square fog
[v]® [w] [v]® [w]

*l 'l
[vw] [v'w']
feg
An example of a tensor category is the category Cat/‘Vectf with the external tensor
product described above. The unit object I in Cat/‘Vectf is the functor C : 1— ‘Vecff

where 1 is the category with a single object * and a single arrow (the identity of *)and C
denotes the functor assigning to * the one-dimensional vector space Ce ’Vectf.

Let C, D denote tensor categories. Recall [ML] that a tensor (or "strong monoidal")

functor F=(F, ¢, dy) : C— D consists of a functor F: C—— D, a natural isomorphism
0 =0ap: FA® FB —=— F(A ® B),
and an isomorphism ¢, : I =—FI, such that the following three equations hold (where
we write as if C, D were strict):
0 agB,c © (9 ®FC) = ¢ apec o (FA®OpC),
0o®FA = ¢1p0 F(0g®A) and FA®Py=0,10F(A®¢).

The tensor functor is strict when all the isomorphisms ¢,p , ¢ are identities. One
example of a tensor functor is the equivalence C—=—st(C) taking A to [A]. Another

example is the functor End": Cat/Vect;—— Coaly.

Recall that amonoid M =(M, 1, n) in a tensor category C consists of an object Me C
and arrows p: M®M —— M, n : I—— M such that the following diagrams commute.

UM neM M®&n
M&M &M M&M M M®M M
Meu : \ j”/
M&M u—> M M

A comonoid is a monoid in C°. For example, algebras are monoids in the category of
vector spaces, coalgebras are comonoids in the same category, and bialgebras are monoids
in the category of coalgebras. Monoids in Cat (where the tensor product is cartesian
product) are strict tensor categories. Monoids in Cat/‘Vectf are the pairs (C X) for which C
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is a strict tensor category and X: C— ‘Vectf is a tensor functor (not necessarily strict). It

follows from Proposition 1 that the coalgebra End¥(X) corresponding to such a pair has the
structure of a bialgebra since it enherits a monoid structure in the category of coalgebras.
More generally, if we have a pair (C,X) where C is a tensor category, not necessarily strict,

and where X is a tensor functor, we also have a bialgebra structure on EndY(X). To see
this, we can replace the pair (C,X) by a pair (C',X') where C'=st(C) is a strict tensor
category equivalent to C. We use the fact that the corestriction map EndY(X') — End¥(X)
along an equivalence C'—— C is an isomorphism of coalgebras. However, we shall
directly describe the algebra structure on End¥(X) without recourse to (C',X'). For any A,

BeC, SeEnd(X(A)) and TeEnd(X(B)), let us write S®T for the dashed arrow in the
square

X(A) ® X(B) SoT > X(A) ® X(B)

Also, let us write 1eX(I) for the element corresponding to 1€ C under the isomorphism C
= X(I). These notational abuses are harmless, not only because the context will dissipate
the ambiguity, but also because tensor functors satisfy a coherence theorem [Le]. We can
now specify the algebra structure on Endv(X). The product of the elements [S] and [T] of

End¥(X) is given by the simple formula
[SI[T] = [S®T].
The unit element of End¥(X) is equal to [1].
When C = Rep(M,C) and X is the forgetful functor U, we obtain a bialgebra

structure on EndY(U). The meaning of the bialgebra structure is elucidated by the next
result.

Proposition 2. For any topological monoid M, the Fourier cotransform
7Y : End¥(U) —— R(M)
is an isomorphism of bialgebras.

Proof. It remains to verify that #¥ is a homomorphism of algebras. For all V, W €
Rep(M, C) and all AeEnd(V), BeEnd(W), we have
7/ ([AI[B]) = 7V ([A®B]) = Tr (nygwo (A®B)) = Tr (Ty®ny)o (A®B))
= Tr (nyA®@nywB) = Tr (nyA) Tr (nyB) = FV ([A]) 7V ([B]) and
FV(1) = Tr(ny) = 1.geq

The next thing we shall do is to characterize the algebra structure on End¥(X) by a

universal property. More precisely, for all algebras A, we shall prove that the
correspondence n —— fi is a bijection between tensor-preserving natural transformations

X— X ® A and algebrahomomorphisms Endv(X) — A. Our first task is to define the
former. A coaction of the algebra A on a vector space V isa linear map o: V—V®A,
or equivalently, a linear map

o : End(V)—— A..
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We define the trace of o asthe value of the last linear map at the identity endomorphism
of V. If e;,..., e, isabasisof V and

n
ale,) = Ze]@ 0y
j=1
then

n
Tr(o) = 2 o -
i=1

We have the formula

N

(S) = Tr(aS)

which is valid for all S € End(V). The tensor product a.® of coactions a.: V—V®A,
B:W-—W®A is defined to be the composite

VOW—22P s vRAQWRA—=>VOWRA®A WO s yoweA

where ©: A® A — A is the multiplication of the algebra A, and the middle isomorphism
in the composite uses the symmetry map AQW =— W ® A. If

Bfr) = D f.®Brs
s=1

gives a matrix for B then
n, m

(aeP)(e;of) = 3. (e;0f) o(a; B, )

j,s=1
gives a matrix for a®f.
We shall say that a natural transformation u: X —X® A is tensor preserving

when, for all C, D € C, we have
Ucgp = Uc®up and u =1.
Let C be atensor category and X :C — ‘Vectf be a tensor functor. In Section 4

Proposition 3, we defined a natural transformation 7y : X — X® End"(X).

Proposition 3. The natural transformation vy is tensor preserving. Moreover, for all
algebras A and all tensor-preserving natural transformations n : X — X® A, there is

precisely one algebra homomorphism i : Endv(X) — A such that the following triangle
commutes.

Y
X X ® End (X)
N /A@ﬁ
X® A

Proof. To prove 7y tensor preserving, take C,DeC. Choose abasis e, ..., e, of X(C) and
abasis f;,...,f, of X(D). By definition of y-®yp, we have the equality

(YC @YD)(X®Y) = Zei@g fj® [e?@x][fj@y].
ij

On the other hand, we have
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Yo o p(X®Y) = Zei@) f}.@ [elof. oxoy].
i ]
The equality Yc®Yp = Ycgp is Nnow a consequence of the identity
[oex][yoy] = [p e yexey]

which holds in Endv(X). To prove the rest of the Proposition, let n: X — X® A bea
tensor-preserving natural transformation. According to Section 4 Proposition 3, there exists
precisely one linear map fi : End¥(X) — A such that the triangle of the Proposition
commutes. A straightforward computation shows that we have A ([S]) = Tr(ncS), where
we are using the trace introduced above. Using this we have the following calculation:

A ([SIT) =0 ([S®T])=Tr(n g p(S®T))=Tr(n.enyo (S®T))

=Tr(n-S®nT)=Tr(n:S) Tr(npT) = n([S]) n([T]) qed

When A is abialgebra, a coaction o.: V— V®A defines a comodule structure on
V if and only if it is associative and unitary. Also, the tensor product of two coactions o, B
is a comodule structure if both of o, f are. The category Comocé((A) of finite dimensional
comodules is a tensor category. Clearly, if a natural transformation n : X — X® A is
tensor preserving and defines a comodule structure on X then we obtain a functor
X=Xn): C—— Comocg[(A)

which is tensor preserving and renders commutative the following triangle, where U is
the forgetful functor.

ComoaC[(A)

c/;g/// U
S

Vect
ecf

Proposition 4. Let C be a tensor category and X: C — ‘Vectf be a tensor functor. For all
bialgebras A, there is a bijection between tensor-preserving functors X' :C— Commg{(A)
such that UX' =X (ie. X' lifts X ) and bialgebra homomorphisms EndY(X) — A.

Proof. Just combine Proposition 4 with Section 4 Proposition 7. qed

§9. Duality and Hopf algebras.

We begin by recalling the basic concepts of duality theory in a tensor category C.
Given A, Be(C, we shall say that a pair of maps n:I1—B®A, € : A®B —1 form an
adjunction between A and B if the following two composites are identities:

A2 A@BO®A 285 A, B-1%P ,B9A @B —B8esB

We call n the unitand € the counit of the adjunction. We say that A (respectively, B ) is
left adjoint or left dual to B (respectively right adjoint or right dualto A). We also write
(n,€) : A— B to indicate that the pair (n,€) is an adjunction between A and B.
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The unit and counit of an adjunction determine each other. More precisely, let us
say thata map € : A®B —— 1 ( a 'pairing') is exact when, for all objects X, Y, the function
e# 1 C(X,B®Y)—— C(A®X)Y), f ——(e®Y) (A®f)
is bijective.
Proposition 1. A pairing € : AQB — 1 is exact if and only if there exists a map m:1—
B®A such that the pair (n,€) is an adjunction between A and B.

Proof. If & is exact then take m to be the unique map such that e#(n) is the canonical
isomorphism A®I = A. Conversely, if (1, €) is an adjunction then the function h

— (B® h) (n ® X) is an inverse for ¥ qed

In the category of finite dimensional vector spaces, a pairing € : VOW — C is exact
if and only if the corresponding map x ——e&(x,—) from V to W' is an isomorphism.
When the pairing is exact, we can describe m : C— W®V by giving the value
n(1)eW®V. To any basis e;, ..., e, of V there corresponds a dual basis f;,...,f, of W
such that e(e;, f;) =8;;. We have

n1) = f;®e; +. ..+ f,®e,.

In atensor category C, let ¢ : A®B —1 and ¢': A'®B' — I be two exact pairings.
We shall say thatamap f: A — A' is left adjoint to g:B' — B (or that g is right
adjoint to f ) when we have

€' (f®A) = e(B®g).
For all f, there is a unique right adjoint g given by
g=M®B) Be®feB) B®ce).
Similarly, for all g, there is a unique left adjoint f given by
f=(A®n) (A'® g®A)(e'®A).
Applying this to the case where A = A', we see that two right adjoints B, B' of A are
canonically isomorphic. Similarly for left adjoints.

Definition. A tensor category C isautonomous when every object of C has both a left and
a right adjoint.

When C is autonomous, we can choose, for each Ce(C, a pair of adjunctions
Meec) : €+ C and M'ge'c) : C— Cr.
We obtain in this way a pair of contravariant functors
(): Cp——C and ()r: Cor—— C.
Obviously, for all CeC, we have canonical isomorphisms
(Cnt =C = (C)r
making the functors ( )f, ( )* mutually quasi-inverse (i.e. they give an equivalence of
categories).

It is instructive to work out an example of an autonomous tensor category where
right and left adjoint are different. For any algebra A, let us write Cof(A) for the category
whose objects are the coactions o : V — V®A on finite dimensional vector spaces. In
Section 8 we defined a tensor product of coactions, and so this category becomes a tensor
category. We first identify the adjunctions within this category. Let (V, ), (W,B)e Cof(A)
and let

Mm,e) : (V,a) = (W,B)
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be an exact pairing. Clearly the pairing (n, €¢) defines an exact pairing between the vector
spaces V and W (since the forgetful functor Cof(A) — ‘Vecz;( preserves tensor product).
Let e;,...,e, beabasisof V andlet f;,...,f, be a dual basis. We have

a(ei)zzej®aji ’ B(f1)=2f1®B]1 ’
j j
e(ejof) =38, , n(l) = Xfoee

Expressing that € is a morphism in Cof(A), we obtain

2y, Byj = 0 -
k

Similarly, expressing that 1 is a morphism, we obtain
2B O = 8y -
k

If oo=(0; j) and B =(B; j), these equalities can be formulated as the matrix equations (to) 8
= B (ta) = id . In other words, the right adjoint o’ of the matrix o is equal to (ta)™!.
Similarly, we obtain that the left adjoint o! of o isthe matrix t(a~!). If the algebra A is

not commutative, there is in general no relationship between t(e™!) and (ta)™!. One
might exist and not the other. We can inductively define

o0 = o, o) = (o)t for n>0, and o@D = (a®)r for n<0.
Let us say that a matrix o is totally invertible when o exists for all neZ. Clearly the
coactions with totally invertible matrices form an example of an autonomous category for
which left and right duals do not coincide in general.

We now give a brief review of the basic theory of Hopf algebras. Recall that, for any
coalgebra C and any algebra A, the convolution product defines an algebra structure on
the vector space Hom(C, A), where the convolution ¢ *y of ¢ : C— A with y:C

— A is the composite

c—scec—2YsAa0A—t5 A,
The unit of Hom(C, A) is the composite
C—>Cc—>A
where M) =A1. If f:C' — C is a morphism of coalgebrasand g: A — A' isa
morphism of algebras then the assignment ¢ +— go¢ f is a morphism of algebras
Hom(C,A) —— Hom(C', A").

When C =A =H is a bialgebra, we obtain an algebra structure on Hom(H,H). An
antipode v on a bialgebra H is a two-sided inverse for the identity map 1;: H—H

with respect to the convolution product. More explicitly, this means that the following two
diagrams commute.

®1 1®v
- H®H H®H

H®H H®H

An antipode, when it exists, is unique. A bialgebra with an antipode is a Hopf algebra.
The translation of all the axioms on a bialgebra into pictorial notation [JS2] leads to

the following diagrams.
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v
. =
6 =
)

u
n
3
3
4
w ce  @c¢
y N L T]’

A

Proposition 2. In any Hopf algebra H, the antipode v: H—H is an anti-endo-morphism
of the algebra structure and of the coalgebra structure.

Proof. We will compute the convolution inverse of the multiplication p: H®H—H in
the algebra Hom(H®H, H). First, the map ¢ —— ¢ u is an algebra morphism
Hom(H,H) —— Hom(H®H, H)
since u:H®H — H is a coalgebra morphism. This proves that v u is the convolution
inverse of 1gu =p . Secondly, we shall verify, by a direct pictorial computation, that the
map
W= (H®H —<>H®H % 3sH®H— H)

is a convolution inverse to . The diagram for p' is as follows.
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5

Starting with the diagram which expresses the product p'=#u, we obtain the following
sequence of diagrams having the same value:

T T’ T r
The last picture is the unit of the algebra Hom(H®H, H), so we have proved that pu' is the

convolution inverse of u. By uniqueness of convolution inverse, we obtain v p = pu’,

which means that v is an anti-endomorphism of the algebra structure of H. Using a
similar argument (invert the diagrams and replace €, u by m, 3 ), we obtain that v is an
anti-endomorphism of the coalgebra structure. geq

Now consider the bialgebra H' = (H, 3, u') obtained by reversing the multiplication
u; thatis, u'(x®y)=u(y®x).

Proposition 3. For any Hopf algebra H, an antipode v' exists for H' if and only if the
antipode v of H is bijective. In this case, v' =v L

Proof. If v is bijective, composition with v-1 defines an algebra morphism Hom(H, H)
— Hom(H, H') since v-1:H——H' is an algebra morphism. Therefore 1y=v-lv and
v-1=v-11y are mutually inverse in Hom(H, H'). This shows that v-1 is an antipode for
H'. Conversely, if v' exists, composition with v' gives an algebra morphism Hom(H, H)
— Hom(H, H'), and therefore v' =v' 1y and v'v are mutually inverse in Hom(H, H').
By uniqueness of inverses, v'v =1j. A similar argument gives v v' =1y which proves
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the result. geq

Recall that the category Comocg[(H) of finite dimensional (right) comodules over a
bialgebra H is a tensor category.

Proposition 4. Let H be a bialgebra. Then H has an antipode if and only if every finite
dimensional (right) H-comodule has a left dual.

Proof. Let a.: V—> V®H bea finite dimensional comodule. If e;,..., e, is a basisof V

then we have
n

n
a(e;) = Zei@)ocji , S(aij) = Zocik@) Oy e(oci].) :Si]. .
ji=1 k=1

It follows that
n
Z V(aik) akj = “(V ®1H) 6(051]) = M(g(all)) = 81] ’
k=1
and similarly that

n
z ocikv(ockj) = 511' .
k=1

Hence o z(ocij) is an invertible matrix. If we put B = (Bi]«) = (v ;) = t(o™!) then we
have a coaction B: V' — V*®H defined as
n
B(ef) = Ze?(@ﬁji .
j=1
We have seen earlier in this Section that such a coaction is left dual to o in the category
Cof(H). It remains to see that B provides a comodule structure. But we have
dBjj=08voy; =c(vev)day; = czkv (o) ®V (o 5)
=2, v (o) ®V (03) = ZkBik®Bkj ,
SBi]’ = EV(x]'i = Ea]'i = 6]1 = 81] .
The rest of this Proposition follows from the next Proposition 5. geq

Proposition 5. Let C be a tensor category and X :C — ‘Vectf be a tensor functor. If every
object of C has a left dual then the coalgebra EndY(X) has an antipode.

Proof. For all objects CeC, we have an exact pairing € : C'® C—— 1. The vector space

X(C?) is then a dual X(C)* of X(C), since tensor functors preserve dual pairs. Therefore,
for all AeEnd(X(C)), there is a transposed endomorphism tAeEnd(X(C’)). Let us put
v ([A]) = [tA].
Then v is easily seen to be a well defined linear endomorphism of EndY(X). It remains to
prove that v is an antipode. Let e, ..., e, bea basisof X(C) and let e;", ..., e, bethe
dual basis of X(C!) (the pairing is X(g) ). Then, for all ¢€ X(C’) and xeX(C), we have
doex] = Zi [0 ®e;]® [e,"®x] and Vv[p®x]=[x®0].
So that we have

Lvel)d[box] = 2 [e®d][e;®x] = 2 [(e@e)® (9 @x)] = [t® (¢ ®X)]
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where t = Zi e;® ei* is the linear form X(g) on the space X(C)®X(C) (so that t is also

just the trace map on X(C)*®X(C) ). If 1: C—— C denotes the identity form, we have
[te (¢ @x)] = [1X(e)® (¢ ®x)] = [1® X(e) (¢ ®x)] = [6 (] = Mpgo (9 ®x]

where 1, €, here denote the unit and counit of H. geq

Definition. A Hopf algebra is autonomous when the antipode is a bijective map.

Proposition 6. Let H be a bialgebra. The category Commg[(H) is autonomous if and only if
H is an autonomous Hopf algebra.

Proof. Let H' be the bialgebra obtained by reversing the multiplication of H. Let
Comoéf(H)' be the tensor category obtained by reversing the tensor product on Comoéf(H),
so that V®'W = W®V. Then the map ¢ given by c(x®y) = y®x is an isomorphism
between V®'W and V®W computed as H'-comodules. This shows that we have a
canonical isomorphism of tensor categories between Commg[(H') and Commg[(H)'. A right

dual in Comocgf(H) is a left dual in Comoag[(H)'. The result now follows from Propositions
3,4,5.
7 %9 qed

§10. Braidings and Yang-Baxter operators.

Recall [JS1] that a braiding for a tensor category V' consists of a natural family of
isomorphisms
c=cpp: A®B—— B®A

in 7 such that the following two diagrams commute (where the unnamed arrows are
associativity constraints).

(B®A)®C —=— B®(A®C) A®(C®B) = (A®C)®B
C®y \B\®C A®/ QB
(A®B)®C }l@(C@A) A®(B< (C®A)®B
A®(B®C) c (BRO)®A (A®B)®C C®(A®B)

It follows from these axioms that cy | : A® —— I® A is equal to the canonical
isomorphism A®I—— A—— I®A . Similarly for ¢; 5 : IA—— AQ®L

If ¢ is abraiding then sois c' given by c's 5 = (cg o)'. A symmetryis abraiding
for which c=c

A braided tensor category is a pair (¥, c) consisting of a tensor category ¥ and a
braiding c.

Example 1. Let B, be the Artin braid group. A presentation for B
generators s;,...,s,; and the relations
(Al) S;Si+1S;i = Sj+15iSi+1 for 1<i< n'2,

(A2) sis = g8 for 1<i<jl<n-2

The braid category B is the disjoint union of the B,. More explicitly, the objects of B are
the natural numbers 0, 1,2, ..., the homsets are given by

is given by the

n
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B when m =n

B(m, ) ={ "

and composition is the multiplication of the braid groups. The category B is equipped with
a strict tensor structure defined by addition of braids

otherwise

4

® : B,,x B, B,..

which is algebraically described by
Si ® S = Si Sy -

A braiding for B is given by the elements

C=Cpp, @ M+N n+m
illustrated by the following figure.

n m

m n

Theorem 1 [JS1]. B is the free braided strict tensor category on one generating object.

Example 2 [FY1]. Let G be an arbitrary fixed (discrete) group. A crossed G-set is a G-set
together with a function
| [ X——G
satisfying the condition |gx| = g [x|gl. A morphism f: X — Y of crossed G-sets is a
function satisfying f(gx) = gf(x) and lf x)| = |x|. We have a category Cr(G) of
crossed G-sets. This becomes a tensor category on taking the tensor product of crossed G-sets
X, Y to be their cartesian product together with [(x, y)| = Ix|lyl. A braidingc=cyy :
X®Y —— Y®X for the tensor category Cr(G) is given by
ckxy) = (Ixly, x).

Example 3. Let R be a commutative ring. The category ZMod(R) of Z-graded R-modules
has a well-known tensor product:
(A®B), = Y, Ap,®By.
p+tq=n R
For any invertible element keR, we can define a braiding via the formula
c(x®y) = kPl y® x
for xeA, and yeB,. When k =-1 we get the usual (anti-)symmetry on graded modules.

Example 4. The character group of the circle group T = U(1) is isomorphic to Z. This shows
that any representation Ve Kep(T, C) splits as a direct sum of isotypical components
V= >V
keZ

where the action of zeT on xeVy is equal to zkx. The tensor category Rep(T,C) is
actually isomorphic to the category of Z-graded C-modules. This shows that, for any non-
zero complex number keC, we can define a braiding on Rep (T,C) via the formula in the
previous example.

Example 5. The centre of the unitary group U(n) is a one-dimensional torus T = {zI:
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zeU(1) }. If we restrict to T the action of U(n) on Ve Rep(U(n), C), we obtain a splitting
V= >V
keZ
where the V are stable under the action of U(n) since T is in the centre of U(n). This
shows that we can transfer the braiding of Example 4 to the category Rep(U(n), C).

Example 6. The centre of the group SU(n) is the group U, cIT of n-th roots of unity. The
dual group p,” is isomorphic to Z /n. For any Ve Rep(SU(n), C), we obtain a splitting

V= > V.
keZ/n
If keC is an n-th root of unity, there is a braiding defined by
c(x®y) = kPl y® x
where p, g¢ Z /n are the degrees of x and y. When n =2, the braiding is a symmetry. If
we choose k =-1, the odd degree representations behave differently from the even ones
under permutation symmetry. In theoretical physics, this is the mathematical structure
which distinguishes fermions (odd representations) from bosons (even representations).
When n = 3, we obtain a three-fold classification of the irreducible representations of
SU(3). If k is a primitive cubic root of unity, the braiding is not a symmetry and the braid
group takes the place of the symmetric group as acting on tensor powers of V®. In this
case however, the operator
C:CV,V : VOV —— VRV

satisfies the quadratic equation

c2+c+1=0,
so that we are not too far away from the symmetric case (characterized by the equation c?2
= 1). The group SU(3) is the one used by theoretical physicists for the theory of quarks. Is
there any physical significance to the above braiding?

Example 7. Example 3 can be generalized as follows. For any abelian group A, let
AMod(R) be the category of A-graded R-modules. Let k : A x A — RX be a pairing of the

(additive) group A into the (multiplicative) group R* of invertible elements of R. We
can define a braiding via the formula

cx®y) = k(p,q y®x
where x, y are homogeneous of degree p, q, respectively.

Example 8. Examples 4, 5 and 6 can be generalized by taking a compact group whose centre
contains the dual group AY and where the pairing is k: A x A — C*.

Example 9. For any bialgebra A, the category Mod(A) of (left) A-modules is a tensor

category. A braiding ¢ on Mod(A) is completely determined by the element y =cy A(1®1).

To see this, let M, N be two A-modules. For any xeM, yeN, we have the commutative
square below, in which x: A— M, y:A— N send 1leA to xeM, yeN, respectively.
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CA®A

A®A = A®A
X®y y&X
M®N = N®M

“MeN

This proves that

o N(X®Yy) = ¥ (y®x)
where the right-hand A® A-module structure on N®M is used. Of course, this element
Y€ A®A must satisfy certain conditions. The first is that the assignment x®y +—— 7 (y®Xx)

should be A-linear. To express this condition, let us use the notation &;j, . for the image
of & under the usual canonical isomorphism
Gijk... . M1 ®M2®M3 ®... —— M1®M]®Mk®
induced by the permutation 123... —— ijk... . The formula for the braiding is then
C(X@y) =%. (X®y)21 .
The A-linearity of ¢ then amounts to the equation
Y. (6(5‘1) . (X®Y) )21 = S(a) « Y. (X®Y)21 .
This equation is valid for all acA and all x, y if and only if, for all acA,

7.8(8)21 = 8(3).'Y .

The reader might enjoy proving the following result: the braidings on Mod(A) are in

bijection with the invertible elements ye A® A which satisfy the two equations below in
addition to the one above.

Belp)(y) = (A®y).(y®1)3,, (Ax®3)(y) = (y©1).(1®7)r13 -
These equations can be written more elegantly as
B@1A)(Y) = s23(7) s15(y),  (B®IR)AA®8)(Y) = s12(y) s13(Y)
where we are using the insertion operators s;; : A®A — A®A®A defined by
81, (x®y) = x®y®1, s3(x®y) = 19x®y, s3(x®y) = x®1ey.
Translated into diagrammatic notation, the three equations for y are as follows, where we
put W'(x®y)=y®x and &'= &, .

7

Y Y Y v

To accommodate our next example, we need the following result which holds for

any coalgebra C. Let n > 1 be an integer and let ¢e(C®")* be a linear form. For any n-
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sequence (V,...,V,) of C-comodules, we can define an operator
o] 1 V®...0V, ——V,;®...0V,
by using the factthat V; ® ... ® V, is a comodule over the coalgebra C® C® ...® C=

C®". More precisely, for all x;eV;,...,x,eV,, we have
O] (x®...0x,) =(1®0) a(xq® ...®X,)
where we have used the C®"-comodule structure
o:V;®..®V, —(V;®...0V,)® C®,

If U®" : Comod(C)»—— Vectc denotes the functor
(Vl,...,Vn) |—’V1®®Vn
then we have defined a natural transformation

01() U —— uen .

Proposition 2. The assignment ¢ —— & |( ) is an algebra isomorphism

(C®n)* —=— Hom(U® U®n).

Proof. This is a consequence of Section 7 Proposition 4 and Section 8 Proposition 1. qed

For any bialgebra A, the category Comod(A) of (right) comodules is a tensor

category. If ¢ is a braiding on Comod(A), we obtain a linear form

v = (A®A—2A 5 A @A 298 5().
To state the next Proposition we shall use the insertion operators Sij (A®A)*

— (A®A®A)* defined by
S1p = t(A@A@S), Sp3 = t(8®A®A), S13 = t(A@E@A) .

Proposition 3. The assignment ¢ —— 7y described above is a bijection between braidings c

on Comod(A) and linear forms ye(A®A)* which are invertible for the convolution
product * and satisfy the following identities:
wEy =yEp, y(@aop) =s;5(y) #s15(7), v(®1a) = s13(7) ¥ s535(7) .

Proof (Sketch). The braiding is obtained from 7y by the formula

cx®y) = (yIx®y); = Yaly®x.
The situation is then entirely dual to that of Example 9. We can obtain these equations by
rotating the pictures in that Example through 180°. geq

The second and third equations of the above Proposition 3 can also be written:

Y(x, yz) =2 v(x;, 2) Y, y),  v(yz, x) =2 v(y,x}) v(z,x;) where 8(x) =) x| ox} .

Recall [J, D] that a Yang-Baxter operator on a vector space V is a linear isomorphism
R:V®&V-—V®&®V
such that the following hexagon commutes.

59



R®1

Ve®VeV VOVeV
my’ 1®R
VeOVeV VRVE®YV
VOVeV VOVeV

1®R

The equation
(R®1) (1®R) (R®1) = (I®R) (R®1) (I®R)

is called the Yang-Baxter equation. The translation into pictures is:

R R
R = R
R R

The rule of the game is to replace (whenever possible) these planar string diagrams by 3-
dimensional ones in which crossings replace the nodes labelled by R or R-1, asindicated
in the following picture. The Yang-Baxter equation is then depicted as the equality shown
after that.

An example of a Yang-Baxter operator [J, T, JS3] is the following. Let e;, ..., e, bea

basis for V, and let qeC be a non-zero complex number. We define R = Rq VRV
—— V ®V as follows:

{e]@ei for i>j

R(e,®e.) = 1e}.®ei+(q—q—1)ei®e]. for i <j

J
qe;®e; fori=j
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The operator R satisfies the equation
(R-q) (R+q1) =0
Moreover, the inverse of R is given by
{e jee; for i<j

R_l(ei®e.) = Te.®ei+(q—1 —q)ei®ej for i>j

J J
qle,®e, fori=j
One can check directly that this R is a Yang-Baxter operator.

Given any Yang-Baxter operator R on V, we can define, for every n =2 0, a

representation Ty of the braid group B, in the general linear group GL(V ®") by putting
i-1
I—A—\
np(s;)) = 1®...1 ®R®1®...®1

for each generator s; of B, . Putting together these representations, we obtain a tensor
functor
ng : B —— Vect: .

Proposition 4. The correspondence R +—— my is a bijection between the Yang-Baxter

operators on V and the (isomorphism classes of) tensor functors n : B — Vecte such
that w (1) =V.

More generally, let T : 4 — ¥ be a functor from a category A4 to a tensor category V.

Definition [JS3]. A Yang-Baxter operator on T is a natural family of isomorphisms
Yy=Yap : TA®TB—— TB®TA

such that the following hexagon commutes.

y®1
TA® TC® TB TC® TA® TB
TA®TB®TC TC® TB® TA
3@\ y®1
TB® TA®TC —— TB® TC® TA

Any functor T : 4 — 7 into a braided tensor category 7 comes equipped with a

Yang-Baxter operator obtained from the braiding of ¥:
YaB =CtamB : TA®TB—— TB®TA.

The importance of Yang-Baxter operators is partly explained by the following
considerations. For any category A, there is a braided tensor category B[4 of braids
having their strings labelled by arrows of 4. (The notation B[4 is intended to indicate
that it is a wreath product in a generalized sense [K, JS3].) The objects of B|4 are finite

sequences of objects of 4. An arrow
((X,fl,...,fn) . (Al,...,An)g’(Bl,...,Bn)

consists of aeB,, and f; e A(A;, B, ;)) where i — (i) is the permutation defined by o .

61



Composition of labelled braids is performed by composing the label on each string of the
composite braid. The operation of addition of braids extends in the obvious way to labelled

braids BJ4 x B/4 —— BJA4, yielding a tensor structure on BJ4 . There is an obvious

braiding on B[4 obtained from the braiding on B. We have an inclusion functor
i:4—— B[4

identifying 4 with the labelled braids with a single string. The braiding on B[4 defines a

(formal) Yang-Baxter operator z on the functor i. The next Proposition explains the sense
in which this z is universal.

Proposition 5 [JS3]. The braided tensor category BIA is free on A . Moreover, for any
tensor category V and any pair (y, T), where 'y is a Yang-Baxter operator on T :4— 9,

there exists a unique (up to a unique isomorphism) tensor functor T':B[A — 9V such
that T'(z) =y and the following triangle commutes.

4—"' >Bja

N

Vv

Example 10. For any algebra A, a Yang-Baxter operator on the forgetful functor

U : Mod(A) — Vectc
is completely determined by the element

YT =yaa(l®l)e AQA.
The operator is given by

ym, N (X®Y) = ¥ (y&x).
Apart from invertibility, the only condition on 7y is the equation

$23(Y) 813(v) s12(¥) = s12(7) s13(Y) s23(7)

where s;; : A®A — A®A®A are the insertion operators. We shall say that an invertible
element yeA®A satisfying these equations is a Yang-Baxter element of the algebra A. It

should be distinguished from the operator y that it defines. More precisely, when A =
End(V) where V is a finite dimensional vector space, a Yang-Baxter element ye

End(V)®End(V) = End(V®V) defines a Yang-Baxter operator R =7 o ¢ where ¢ : V®V
— V®V is the usual symmetry operator.

Example 11. For any coalgebra C, a Yang-Baxter operator y on the forgetful functor

U : Comod(C)—— Vect:
is determined by the linear form
y = C®C—%CsCcoC—t®e,(),
We have the formula
yxey) = (yIx®y); = Yly®x.
The linear form vy is invertible in the algebra (C®C)" and satisfies the following equation

in the algebra (C®C®C)*:
S12(Y) #813(Y) #833(Y) = sp3(y) *515(7) *512(Y)

where the s;; are the insertion operators defined before Proposition 3.

62



Definition [JS3]. Suppose ¥ is a braided tensor category. A (full) twist for v is a natural
family of isomorphisms

0 =0, : A——A
such that 6; =1 and the following square commutes. A tensor category equipped with a
braiding and a twist is called a balanced (or ribbon) tensor category.

C

A,B
A®B -~ BOA
eA®B eB®9A
A®B = B®A
CB,A

For any braided bialgebra (A,y) (Example 9), the twists on Mod(A) are in bijection
with invertible central elements 1€ A satisfying the equations
e(t)=1 and 8 (1)y; = Vo1 (t®1T) 7 .
We have 1=0,(1) and 6 (x) =1 x.

Similarly, for any cobraided bialgebra (A, vy ), the twists on Comod (A) are in bijection

with the invertible central elements te A™ satisfying the equations
T(1)=1 and T ol =7 *(T®T)* Y,y -

Definition [JS3, Sh]. A tensor category is said to be tortile when it is balanced and each

object A has a left dual A* satisfying
GA* — GA* .

Definition. A tortile Hopf algebra (H, vy, 1) is a Hopf algebra H equipped with a braiding
v and a twist T such that v (1) =1 where v is the antipode.

Definition. A cotortile Hopf algebra (H,y, 1) is a Hopf algebra equipped with a cobraiding
vy and a cotwist T such that Tov =v.

The category of finite dimensional comodules over a cotortile Hopf algebra is a
tortile tensor category.

Proposition 6. Every tortile tensor category is autonomous.

Proof. In any braided tensor category,if (n,€) : A*— A is an adjunction then (n,,¢,) :
A — A” is also an adjunction where & =€ ocy 5+ and M, = (cyx ao)"lom . To see this, we
can use the following abstract argument. On any tensor category (C,®) there is a reverse
tensor product C® D=D® C. Clearly,if (n,¢€) : A" = A in (C®) then (n,g): A— A"
in (C,®'). When C is braided, we have a natural isomorphism

c=ccp:COD—— C®'D
which is coherent : it is an isomorphism of the two tensor structures [JS3, JS4]. Using ¢ we

can transport the adjunction (n,¢e): A— A* in (C,®') to an adjunction (n,,¢,) : A
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A" in (C,®). That the formulas for n,, ¢, are as claimed is now clear. qed

Proposition 7. In a tortile tensor category, the square of the twist ©, is given by the
following picture:
A

A
Proof. We have the following commutative diagrams:

n c A* C

A * A, * A’A*
[— = AQRA " = A*®A ARA* — = A"® A
_ 0 ®6
91_ 1 9A®A* GA@G A 6A®6 A NN
[——AQA*=— A*®A ARA* " S A*®A
nA CA*A C *
, A,A

which show that
Ca,A T Can ATt Ma = (048044) Ny
and therefore, tensoring this equality on the right with A and composing on the left with
A®e 5, we have
(A®e ) ((ca av !l car AT MA)®A) = (A®EL) (04®0,:®A)(NA®A).
The left-hand side is equal to the value of the picture in the Proposition, so it remains to
show that the right-hand side is equal to (8 ,)?. But we have
€0 ®A) = e(A®0O )
since 65+ = 0 ,". The following sequence of pictures finishes the proof.

A A A
p O
A
A 0., A
A 'GA
A A A

qed

The adjunction (n; , &) : A — A" is not the appropriate one in a tortile tensor

category. The reason is that, if (n,, €, ) denotes the pair obtained by a twofold application
of the assignment (n, &) — (n, , &), then we donot have (n,,¢,) =M, €). Letus
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analyse the situation. For these pictures we shall use ribbons rather than strings. The twist
0 will be represented by a full right hand screw turn of the ribbon. First, the pictures for &

- v
A Y

A* A

The adjunction equations are:
A A A* A*

A A A A

The pictures for €,, 1, and the adjunction identities for them are shown below. By viewing
the adjunction diagrams in 3-dimensional space, we can move the twisted ribbon on the
left of these pictures and put it in the untwisted position on the right (the motion,
technically called an isotopy, is restricted to a left-right sliding of the attached parts at the
top and bottom).

A* A
A A*
A A A* A*
A A ’ A* A*

We would like to eliminate the looping in the pair (n,, &, ). One way to do this is to
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cancel the looping by a twist. If we put
€ =¢€go0 (9A®A* ) =E€0Cp A*O (9A®A* ), n'= (A* ®9A_1)0T]1 = (A* ®9A_1)0(CA*, A)_l omn
then the pictures for €' and n' are:
A* A

>

£

which should be redesigned to look like:

B "/

A A~
A formal verification that this is correct is as follows. If (n", €'") is the pair obtained by a
two-fold application of the transformation (m,e) —(M', €¢') then we have (m", &") =

(n , €). To see this, look at the picture of ' and compute (some steps of this calculation
are missing and we invite the reader to fill in the gaps):

A* A A* A
// -1 -2
N /ZGA
-1 = =
GA*

Suppose we have two adjunctions
Ma €a) t A=A, (ng,eg) : B°—B
in a tensor category. The mate of a map f: X® A —B®Y is the map fe: B*"®X
— Y® A" described by the diagram

A* A
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B* X
Equationally, this means that
fo = (eg®Y®A") (B"®f®A") (B"®@Xen,).

Proposition 8. In a braided tensor category, the mate of cyp : A®B ——B®A is
(CA,B*)_I : BF® A—— A®B".

Proof. It suffices to prove that (ca p+) (cy 5)® = 1, which is done by the following sequence
of diagrams.

e

B* A B* A

For the benefit of the reader, we also give the same proof written in the usual
sequential notation:

(ca p*) (cap)® = (cap*) (eg®A®B") (B"®cy g®B") (B"®A®Mng)
egp®cp p+) (B*®cy g®B*) (B*"®A®ng)

ep®B*®A) (B*®B®cy p+) (B*®cy p®B*) (B*®A®ng)
eg®B ®A) (B"® (B®cp p+)o(cy p®B7)) (B"®A®ng)
ep®B*®A) (B*® (cp pop+) (B"®A®Ng)

eg®B ®A) (B ® (cp pop (A®Mp)))

ep®B*®A) B*"® (Mp®A)oca 1))
((eg®B")o(B*®@Mp)®A

B*®A . ged

= (
= (
= (
= (
= (
= (
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Corollary 9. If (n,€): A" — A in a braided tensor category then the following equations

hold:
B B A B A* A B A
A* B A A*B A B B
Proof. According to Proposition 8, we have the equality
B A* B A*
A* B A" B

which composes on the top with B® € to yield the following equality.

This proves the result. geq

Definition [JS3, JS4]Let T : 4 — U be a functor from a category A to a tensor category V.
A Yang-Baxter operator y on T is called dualisable when, for all Ae4, the object TA has

a left dual (TA)* and, for all A, Be4, the mates of yap,(y8A) 1: TA®TB — TB®TA
are invertible.

It was shown by Proposition 8 that a braiding on a tensor category is a dualisable
Yang-Baxter operator if every object has a left dual.

A dualisable Yang-Baxter operator y on a functor T : 4 — ¥ can be extended by
duality to a Yang-Baxter operator y' on afunctor T' : 4' — 1 where A4'is the disjoint
union A+ A% of the category A and its opposite A°P. To avoid ambiguities, we shall

write A° and f° for the object and arrow in A° corresponding to A and f in 4. The
extension of T is given as follows:

T'(A) = T(A), T(A%) = T(A), T(f) = T(f), T(f°) = T(f)".
The extension of y is given as follows:

Yas =Yas, Yas =Gas)h Yas =Gas ) Yaos = (ap)
Proposition 10 [JS3] The extension y' of a dualisable Yang-Baxter operator is a Yang-Baxter

operator.
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The example of a Yang-Baxter operator R = Rq : V®V — V®V previously given,
on a finite dimensional vector space V and involving a non-zero qeC, is dualisable. A
tedious straightforward calculation gives the following formulas, where we write yy y for
R and yy y= for yy ye:

(e]@ei for i>j

Yv v j

(e;ge,) = e.®ei+(q—q‘1)ei®ej for i<j
qe,ee, fori=j

ej®e; for ij
k&
Yyv (o€ ) =

q—le;k ®e; + 2 qZ(i—k)(q—l _ q) e*k® e, fori=j
k>i

e].®e? for i#j
ES
yv*v(ei®ej) “J1qleeei+ D (@ '-qe oe’ fori=]
! 1 1 . k k
k<i
e.®e’. for i<j
] 1
% * & * -1 % * . .
. (el Y = Je we’ +(q- e ®e. for i>
yvﬂv*(el@el) I @-97) i J
ES ES . .
qe;®e, fori=j

When R: V®V-—V®V is a dualisable Yang-Baxter operator on a finite
dimensional vector space, we can use the extension R' to define a Yang-Baxter operator on

V ®V". The vector space V® V" is equipped with a non-degenerate symmetric pairing
(x@0 ly®y) = o(y) +y()
and also with a non-degenerate simplectic form

Ox®0ly®y) = ¢(y)-wx).

Definition. Let R be a Yang-Baxter operator on an object Z in a tensor category, and let ¢ :
Z® Z — 1 be an exact pairing. We say that R respects ¢ when we have the equations (in

which the crossings are labelled by R and R-1 according to the convention previously
explained):

AR A%

Proposition 11. If (n,€):Z— Z and if R respects € then the equations below hold:

69



(¥ X ¥

Proof. Exercise for the reader. geq

Proposition 12. A Yang-Baxter operator R :Z® Z—— Z® Z which respects an exact pairing
is dualisable.

Proof. The mate of R is equal to R-! by the diagram equalities:

) )

Similarly, the mate of R-1 is equal to R. This proves that these mates are invertible. geq

Proposition 13. If R is a dualisable Yang-Baxter operator on a finite dimensional vector
space V then its extension R' to V®V™ respects both the canonical symmetric and the

canonical symplectic pairings on V@ V™.
Proof. Exercise for the reader. qed

Suppose now that y is an arbitrary dualisable Yang-Baxter operator on a functor T
: 4—— V. The picture below defines a canonical natural transformation

0'=0", : T(A)— T(A)

called the double twist. In the picture we use the extended Yang-Baxter operator y' to label
the crossings.
T(A)

T(A)
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Proposition 14. For any dualisable Yang-Baxter operator (y, T), the double twist 0' isa
natural isomorphism 0':T =—T. Moreover, the following equations hold:
y(0'®T) = (T®")y, y (Ted') = (0'®T)y.

Proof. The picture for the inverse of 0' is obtained from that for 8' by rotating through
180° and changing all the crossings; the rest is left to the reader. geq

Definition [JS3, JS4]Let y be a Yang-Baxter operator on a functor T:: 4—— V. A twiston
y is anatural isomorphism 6:T =— T such that y(0&T) =(T®6)y, y(Te8)=(00T)y.
A tortile Yang-Baxter operator is a pair (y, ) where y is a dualisable Yang-Baxter operator
and 0 isaatwiston y such that 62=0" where 8' is the double twist defined by y .
Example 11. In a tortile tensor category, the pair (c, 8) is a tortile Yang-Baxter operator
since we have proved that 62=6" (Proposition 7).

Example 12. A short calculation gives that the double twist on the operator R, is equal to
the map x > q?"x on V of dimension n. If we put 6(x) = q"x , we obtain a tortile
Yang-Baxter operator (Ry, ).

§11. Knot invariants.

In this Section we provide a brief introduction to the method used by V.G. Turaev
[T] to obtain knot invariants. We describe how Yang-Baxter operators can be used to
produce tensor functors from the category of tangles of ribbons to vector spaces; see [MS]
and [JS4]. If we apply the Tannaka duality machinery to these functors, we obtain quantum

groups. This will be the subject of Section 12.

Let P be a Euclidean plane. A geometric tangle T is a compact 1-dimensional
oriented submanifold of [0,1] x P which is tamely embedded and whose boundary dT is

equal to T nad([0,1]x P). We suppose that T meets J([0,1]x P) transversally. The
target of T is the subset dT N ({1} x P) as an oriented submanifold. The sourceof T isthe
subset dT N ({0} x P), but with orientation reversed. A geometric tangle can be depicted:

N }ff/
Q// \
_—* V\ _—

A tangle is an isotopy class of geometric tangles where the isotopies keep the
boundaries fixed. The source and target of a tangle are regarded as signed subsets of P. Let
1,2,3,... denote equally spaced collinear points in the plane P.

Now we can define the autonomous braided tensor category T of tangles [FY1&2,

T2]. The objects are functions A :{1,2,3,...,n}—{+ -} for n >0, called signed sets.
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The arrows are the tangles which have these signed sets as sources and targets.
Composition and tensor are as for braids. The braiding is illustrated by the following figure.

+ -+ -
\\ ~

PN - 1), (+ )

+ - * + -

The left dual A™ of a signed set A is given by reversing the order and the signs of the
points. The arrows M, and €4 are illustrated in the following figure:

A:(+I_I+) T - T - + -

- + - + - +

Let S! be the unit circle in the tangent space of the Euclidean plane P. A framingon
a geometric tangle T is a continuous function f: T —— SL. If € >0 is small enough then
the set
T, = {x+of(x) : xeT, 0<a<e}
is an embedded surface in P x [0, 1] which is called a tangle of ribbons. We should think of
the pair (T, f) asa tangle of ribbons with arbitrary small width. The source of (T, f) isthe

source of T equipped with the framing induced by f. Similarly for the target. The
direction of the line on which 1,2,3,... are listed will be called the eastward framing. The
opposite direction is the westward framing. We can now define the tortile tensor category
7~ of tangles on ribbons. The objects of 7~ are the signed subsetsof 1,2,3,.... We
suppose that the framing of a positive element of a signed subset is eastward, while the
framing of a negative element is westward. The arrows are the (isotopy classes of) tangles of
ribbons having these framed signed subsets as sources and targets. Composition and tensor

are asin 7. The braiding is asin 7. The units and counits of an adjunction (n A E€a ) A¥
— A are illustrated in the following figure for A = (+, —, —).
+ - o+

T

+
The twist 0 is illustrated by the picture:
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Theorem 1 [Sh] The category T~ of tangles on ribbons is the free tortile tensor category
generated by a single object.

This means that, given any tortile tensor category 7 and any object Ve, there
exists a tensor functor F:7- — 7, which preserves the braidings and the twists, such that

F(+) = V; moreover, F is unique up to a unique isomorphism of functors. In this
theorem, the functor F is entirely determined by the object V if everything else is kept
fixed. For example, if V= Vect, is the category of finite dimensional vector spaces, then the
functor F depends only (up to isomorphism) on the dimension of the vector space V =

F(+). We obtain, in this way, poor invariants of tangles and knots. To obtain better
invariants, we need to complement this theorem by another one.

Recall that a tortile Yang-Baxter operator in a tensor category C is a triple (V, R, 0)
where R :V®V = V®V is a dualisable Yang-Baxter operator and 6 : V =V isa twist

on R such that 82 =0', where 0' is the canonical double twist defined by R (as defined
before Section 10 Proposition 14).

Theorem 2 [T, JS4] The category T~ of tangles on ribbons is free on a tortile Yang-Baxter
operator.

This means that, in order to define a tensor functor F:7-—— C, it suffices to select a
tortile Yang-Baxter operator (V, R, 8) in C. The tensor functor F is the only (up to a
unique isomorphism) one for which V = F(+), R =F(c,,) and 6 =F(6.).

This is the method used by Turaev to obtain knot invariants like the Jones

polynomial. In this case C is the category of vector spaces. Using the tortile Yang-Baxter
operator (Rq , 8) defined in Section 10, we can associate a number P(q) = F(K) to any

framed knot K (considered as a morphism K :I——1 in the tensor category 7~ ). This
number depends on q, and is, in fact, a Laurent polynomial in q.

§12. Quantum groups.

Let R be a Yang-Baxter operator on a finite dimensional vector space V. We sawin
Section 10 how R can be used to define a tensor preserving functor

m: B Vet
such that mn(1)=V and m(c;;) = R. If we apply the Tannaka duality machinery to the
functor m, we obtain a bialgebra EndY(m) that we shall denote by Or(End(V)). This
notation is borrowed from algebraic geometry where O(X) usually denotes the ring of
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regular functions on an affine algebraic variety X. When X =G is a compact Lie group,
O(G) is the ring of representative functions on G. If R is the usual symmetry operator

x®y F—y®x then Og(End(V)) = S(End(V)) = S(End(V)") is the symmetric algebra on
End(V)*, or equivalently, the algebra of polynomial functions on End(V). For a general R,
the algebra Ogr(End(V)) is not commutative, and should be thought of as the algebra of

regular functions on a "non-commutative" geometric object. Let us describe the algebra
Or(End(V)) by generators and relations.

Let ey, ..., e, beabasisfor V andlet xj = [¢; ®e;] be the images of the elements
ej* ®e; under the canonical map
[ ]: End(V)—— Ogr(End(V)).
With respect to the basis {e;® ej} of V®V, we have
R(e; ®e].) = Zer@) e, Rl;j' .
r,s

Proposition 1. A presentation of the algebra Og(End(V)) is provided by the generators x;
for 1<i,j<n and the relations

st _k_r _ kr _s _t
Zerxi xj = ZRi]. Xy Xp
k,r k,r

Before giving a proof, we shall analyse the meaning of the relations in the present-
ation. For an algebra A, we shall say that a coaction o : V — V®A respects the Yang-

Baxter operator R when the following square commutes.

a0

VeV VRV A

R Re A

VeV >V R®V® A
o ®

This condition is expressed by the equations
st k v _ kr s _t
2 R, o o, = 2 Ri]. o, o
k,r k, r
where oaf(e i) = Ze ® oci]
j

The canonical coaction (Section 8 Proposition 3)
Y1 : V—— V®Endv(n)
respects the Yang-Baxter operator R since, by the naturality of y, the square

Y

VeV 2 V®V®End(n)
Tc(cl,l) n(c1’1)®1
VeV - V ® V® End (1)
2

commutes, and we have (Section 10 Proposition 4)
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n(c,1) = R Yo=Y19Y1 -
This implies that the relations in the purported presentation of Og(End(V)) = End¥(n) are
satisfied since

yl(ei):Zei®[e;‘®ei] = Zej@)x]i
j j

Proposition 1 is now an immediate consequence of Proposition 2 below (which refers to the
triangle).

Y1
Y V® O, (End(V))

Ve o

V®A

Proposition 2. For any algebra A and any coaction o:V — V®A respecting R, there isa
unique map of algebras o~ : Ox(End(V)) — A such that the above triangle commutes.

Proof. Let o.: V — V®A be a coaction respecting R. Then R is a Yang-Baxter operator
on the object (V, o) of the category C of(A) (see Section 10). Using Section 10 Proposition 4,

we obtain a tensor functor n~: B— C of(A), or equivalently, a tensor-preserving natural
transformation © — n®A. Using Section 8 Proposition 3, we obtain a map of algebras

End¥(n) — A. The rest of the proof is left to the reader. geq

The coalgebra structure on Og(End(V)) is the usual one. On the generators x;j we
have

Axi = 2 xJ x%,  e(xj) = 8 .

If R is the usual symmetry operator x®y —— y®x, the relations reduce to
Xt X = x® xt

so that Og(End(V)) = S(End(V)).

When R is the Yang-Baxter operator x®y +— (-1)Pdy®x on a Z/2 -graded vector
space V=V, ®V,;, we have a decomposition

End(V) = End(Vy) ® End(V;) ® Hom(V,,V;) ® Hom(V,V,)
giving rise to a decomposition
Or(End(V)) = S(End(V,) ® End(V;)) ® A(Hom(V,,V;)® Hom(V{,V,))

where A indicates an exterior algebra.

When R =R, (see just before Proposition 4 in Section 10), we have the following
presentation for Og(End(V)) = Oq(End(V)):

xirx]. for i<j and k<t

. xirx].k+(q—q 1)xjrxi< for i<j and r<k
T qxfx? for i<j and k=r
qxfxri for i=j and k<r
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When R is a dualisable Yang-Baxter operator we shall describe a quantum group
Or(GL(V)). For this we can follow a method similar to the one just used to describe the
bialgebra Og(End(V)). First, let B' be the free tensor category generated by the quintuple

(D", D, m, &, R) where (n,¢):D" —D and R :D®D — D®D is a dualisable Yang-Baxter
operator on D. It is possible to give a geometric model for B' like the one described in
Section 11 (but, in this case, we use tangles of strings such that the front projection defines
an immersion into the yz-plane). However, no explicit description of B' is necessary. It can
be proved that B' is braided and autonomous (it is in fact the free autonomous braided
tensor category on a single object [FY2]). Using the dualisable Yang-Baxter operator R, we

can define a tensor functor
n:B —— ‘Vectf
such that n' (+)) =V and «' (c, ;) =R. We put
OR(GL(V)) = End¥(r),
which is a Hopf algebra since B' is autonomous. It is also cobraided since B' is braided.
We shall give a presentation of Og(GL(V)) in terms of Og(End(V)). Recall that an action
o:V — V®A is (left) dualisable if its matrix o = (oci]- ), with respect to some basis of V,
is invertible. The canonical coaction
Y+ : V—V® Or(GL(V))
is left dualisable with
Y_ : Vi— V*® Or(GL(V))
as left dual. We have the following result whose proof is left to the reader.

Proposition 3. Let R be a dualisable Yang-Baxter operator on V. For each algebra A and
each dualisable coaction o :V — V®A respecting R, there is a unique algebra map o~ :

Or(GL(V)) — A such that the following triangle commutes.

v,
\Y >~V ® OR(GL(V))
Ve o
o
V® A

Let us denote by Ogr(End(V))[x1] the algebra obtained from Og(End(V)) by
adjoining the entries of an inverse x-1 of the matrix x = (xjj) together with the relation
x1x = xx-1 =id.

Corollary 4. There is a canonical isomorphism
Or(GL(V)) = Or(End(V))[x~1].

When R = Ry, the description of Oq(GL(V)) is even simpler. The element
d =Y ()7 x® . xsm
o

turns out to be in the centre of the algebra Oq(End(V)). According to [FRT], it suffices to
invert d in order to obtain Oq(GL(V)); that is, we have
Oq(GL(V)) = Oq(End(V))[d—l].

If we force d tobe 1, we obtain the quantum group
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Oy(SL(V)) = Oy(End(V))/d=1.

A lot of other quantum groups can be obtained as subgroups of Ogr(GL(V)). For
example, if € : V®V — C is a pairing respected by the Yang-Baxter operator R then there

will be a quantum subgroup

Or(GL(V)) — Or(O(V, ¢))

of orthogonal transformations preserving ¢.

Oq(SU(n)). Finally, we encourage the reader to study quantum Grassmannians and

Also, the reader might enjoy reading [W] on the compact quantum group

quantum spheres [Pd].
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