
 

COFREE COCOMMUTATIVE COALGEBRAS ABSTRACT DIFFERENTIATION

1 Cofree cocommutative coalgebras

Let k be a comm ring a cocomm k toady is a

k module C together with k lis maps

A C CDC e C ok

coassociativity counitality socommutativity

Given a t module V a coffee domination V is a

ocoaly C Hw a linear
map e C V st if D is a

cocoaly and f D V a k linear map I factorisationof
f through e via a coaly honour I D C

ÉÉÉ
Cofree cocoaly always exist Describingthemexplicitly is hard

Easy in one case when k is an alg closed fieldof cha o

Prod If k an alg closed field of charo the cofree cocoaly on V
is given by

QU Sym V
freesymm Kalyo V



Let's write v Vn w E QU for pure tensor ve oun eSynn
insidethe w summand of

Prof QU a cocoalg via

E QU K

1 11 I can i d

Vi vn to o if no I

QU QU QU
y

v un t EE VI u Ven I

where In l n

and if I i in31In then LVI u Vi Vint

The map e QU V

Y T V
3

vid I V

Vi Vn u 1 10 if n 32

How to get lifting as in Startfrom cocoaly D and f D V

FACT 1 D EID
where each Di is a cocoaly with a unique

graphite
element

g lie big gag

So why its enoughto find lifting of fD V when Dhas a



graphite element g In this case first let's define

A E Ant Anti od for nel n ay conult

D kg hereand now the

F D QU f
d i E ft l get Any

Looks like on a sum but actually its always finite FACT 2 11

When k not alg closed field of char 0 fats 1 2 may fail
so QU isn't cofree cocoaly But it still exists and is still a

cocoaly so can ask does it have some characterisation

Yes Goal explain what this is

2 The comonad structure of Q

Deft A comonad on a caty E is a functor Q e e Hw
e Q ide and d Q QQ plus coass t count axioms

A comedale over a cononad Q is some XEE Hw X F QX
satisfying two axioms

x I axX F QX
X Lex 31 103 commute

Ex I QQX

Example If C is a coalgebra then COE is a comonad on k Mod



a Ot comodule is a C comodale

When k alg closedof cha o we get a comonad structure on

Q k Mod th Mod cofree sonly as follows e Q id

has component QUI V as above d Q QQ has

components obtain using cofreeness

QU I I QQU

id

Explicitly dr QU QQ
Vi Wnt t Ii Va r Van y

In Al Ian
This gives a command Q hMod hMod whose conodules are cocoalgs

When k is notof this form we still have a cofree coscaly somonad

but we also have a different comonad Q given by above formulae

ProdThe formulae 3 141 endow QU Synth with comonad

structure always
uh

3 The sym monoidal comonad structureof a

Defn A comonad Q on a sym mon caty E is a sym
monoidal conorad

if Q L se equipped with symm monoidal lax stature



mn h Qb mo QUOQW QNow

axioms and d Q QQ e Q id are monoidalhattrusts

E If C is a comm bialgebra then the comonad Cot is

sym monoidal via

mo COV COW I KONOW Cocoa

Mh

Point sym monoidal structureon Q a liftingof sym monoidal
Shuteof E to Q comod

In phi if h aly closed of char 0 Q comod k coccaly and

of cocoalys is another cocoaly So Q hMod hMod is sym
monoidal Explicitly

Mk h s QK s

1 I L 2

mo QUOQW QNOW G
is Dr w Mmw

Iggy
oil vi ow v00

P if j no

Prof Even when k is notofthenice form t and 6 make Q into a



Sym Mon somonad

4 The differential conrad stache of Q

Deff A monoidal coalgebra modality on a symmon cat E is a

symmonoidal comonad Q St each QU is a cocoaly t axioms

Sowhat we have so far is that Q hMod hMod is a

monoidal coaly modally for ay h

Deff A monoidal coalgebra modality on a t linear sym mon at e
is called a monoidal differential modality if endowed with a

deriving transformation

O QUOV QU

satisfying five axioms produit rule chainrule additive rule

Prod Over any k Q is a monoidal differential modality where

o QUOV QU
7

Vi Vn W1 3 Vi VnW

Thy G Lemay i 17 male QU Symir intothe

initial monoidal differential modality on kMod

What's this gotto do with differentiation



Defn Let Qbe a comonad one The cokleisti category of E cokeQ

has

same obis as E
o maps Am B are maps QA B in E

composition

ftp.I ffg is

A C

QATAQQA QB
g
E

Prod If Q is a monoidal diffmodality then cokeQ is a

cartesian closed category equipped with a differentiation operator

A B rn AXA B

a a Rf a a

What i cok Q in our example

objects are kmodules

maps V u W are maps QU W in bMod ie

SymIV

f V W f VVAW f VVV w

where each f ii sym multilinear in lastnags butnot fit



Thinkof these as formalsmooth mops f is a functor f

f is v w n tf lil w

f is H

In this sane Df is given by

Df VoWo unwa f i w Éf v vii wi via un


