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ON THE MEAN FIRST ARRIVAL TIME OF BROWNIAN
PARTICLES ON RIEMANNIAN MANIFOLDS

M. NURSULTANOV, L. TZOU, AND J.C. TZOU

ABSTRACT. We use geometric microlocal methods to compute an asymptotic ex-
pansion of mean first arrival time for Brownian particles on Riemannian manifolds.
This approach provides a robust way to treat this problem, which has thus far been
limited to very special geometries. This paper can be seen as the Riemannian 3-
manifold version of the planar result of [I] and thus enable us to see the full effect
of the local extrinsic boundary geometry on the mean arrival time of the Brownian
particles. Our approach also connects this question to some of the recent progress
on boundary rigidity and integral geometry [23] 20].

1. INTRODUCTION

Let (M, g,0M) be a compact connected orientable Riemannian manifold with non-
empty smooth boundary and without loss of generality we may assume that it is an
open subset of an orientable Riemannian manifold (M, g) without boundary oriented
by the Riemannian volume form dvol,. Let also (X, P,) be the Brownian motion
on M with initial condition at z, that is, the stochastic process generated by the
Laplace-Beltrami operator A, (this article uses the convention A, = —d*d with
negative spectrum, where d is the exterior derivative). For any I' C OM open we
denote by 1 the first time the Brownian motion X, hits I', that is

mo=1inf{t >0: X, e I'}.

In the case when I' = I'. , is a small elliptic window of eccentricity v1 — a? and
size € — 07 (to be made precise later), the narrow escape/mean first arrival time
problem wishes to derive an asymptotic expansion as ¢ — 0 for the expected value
E[rr, ,|Xo = ] of the first arrival time 7p_, amongst all Brownian particles starting
at x. Another quantity of interest is the average expected value over M:

M| / Efrr. .
[ Efr.

Here | M| denotes the Riemannian volume of M with respect to the metric g.

Many problems in cellular biology may be formulated as mean first arrival time
problems; a collection of analysis methods, results, applications, and references may
be found in [I0]. For example, cells have been modelled as simply connected two-
dimensional domains with small absorbing windows on the boundary representing
ion channels or target binding sites; the quantity sought is then the mean time for
a diffusing ion or receptor to exit through an ion channel or reach a binding site
[28, 18, 24].

Xo = x]dvoly(x).
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There has been much progress for this problem in the setting of planar domains, and
we refer the readers to [8), 24, 3] 1] and references therein for a complete bibliography.
An important contribution was made in the planar case by [1] to introduce rigor into
the computation of [24]. The use of layered potential in [1] also cast this problem in
the mainstream language of elliptic PDE and facilitates some of the approach we use
in this article.

Few results exists for three dimensional domains in R™ or Riemannian manifolds;
see [3, 27, B0, [5] and references therein. The additional difficulties introduced by
higher dimension are highlighted in the introduction of [I] and the challenges in
geometry are outlined in [30]. In the case when M is a domain in R?® with Euclidean
metric and I, , is a single small disk absorbing window, |27, [30] gave an expansion for
the average of the expected first arrival time, averaged over M, up to an unspecified
O(1) term:

M
€

(1.1)  |M|? /ME[TFW Xo = x|dvoly(z)

— EHloge + O(e)] :

™
Here, H is the mean curvature of the boundary at the center of the absorbing window.
The case when I'., is a small elliptic window was also addressed in [27, 30].

When M is a three dimensional ball with multiple circular absorbing windows on
the boundary, an expansion capturing the explicit form of the O(1) correction in
equation (LI) in terms of the Neumann Green’s function and its regular part was
done in [3]. The method of matched asymptotic used there required the explicit
computation of the Neumann Green’s function, which is only possible in special
geometries with high degrees of symmetry/homogeneity. In these results one does
not see the full effects of local geometry. This result was also rigorously proved in [2]
but with a better estimate for the error term.

In this paper we outline an approach which allows one to derive all the main terms
of E[mp,_,|Xo = 2] (up to a remainder vanishing as € — 0) for Riemannian manifolds
of dimension three with a multiple number of small absorbing windows which are
boundary geodesic balls or ellipses. We will only demonstrate this approach for one
absorbing window so as to not obscure the main idea. In the case when the window
is a geodesic ball our approach also adapts naturally to Riemannian manifolds of any
dimension as the proof of Proposition [[L1] as well as the analysis for inverting a key
integral equation on the ball in Section (] both carry through to higher dimensions.

We discuss briefly here on how to obtain a comprehensive singularity expansion
at the boundary for the Neumann Green’s function on a Riemannian manifold as
the Euclidean case was of interest in [30] and [3]. We will define in Section 3 the
Neumann Green'’s function G(z, z) on (M, g,0M) which satisfies

AG(z,2) = =0, ,0,.G(x, 2) |seom= —1, / G(z, z)dvolgp(2z) = 0,
[OM|" Jou
where z € OM — v, is a outward pointing normal vector field and |OM]| is the area
of the boundary.

Singer-Schuss-Holeman in [30] highlighted the difficulty in obtaining a comprehen-
sive singularity expansion of G(x,2) |, .com,z- In a neighbourhood of the diagonal
{z = 2} when M is a bounded domain in R", but it turns out that even when M is a
general Riemannian manifold this question can be treated by the standard pseudodif-
ferential operators approach. We only carry out this calculation in three dimensions
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as it pertains to our application. Readers who are interested in the higher dimen-
sional analogue can follow our treatment to carry out the (cumbersome) calculations
for themselves:

Proposition 1.1. For xz,y € OM, set H(x) to be the mean curvature of OM at x,
dp(z,y) the geodesic distance on the boundary given by metric h := i},,9, d,(x,y) the
geodesic distance given by the metric g, and

IL(V) :=11,(V,V), VeT,0M

the scalar second fundamental quadratic form (see pages 235 and 381 of [16] for
definitions).
i) The map

rec=om - ([ Gt N

is well defined and extends to a map from H*(OM) — H*YOM) for all k € R
whose Schwartz kernel we will denote by Gop(x,y) € D'(OM x OM). Here the map
u€ HY (M) = u |gpr€ HY*(OM) is the trace map.

ii) There exists an open neighbourhood of the diagonal

Diag := {(z,y) € OM x OM |z =y}
such that in this neighbourhood, the singularity structure of Gan(z,y) is given by:

1 o
(1.2) Gom(w,y) = F-dy(z,y) 1—ElLf(w)logdh(y,x)

1 exp;,1 Y >|<exp;,1 Y
+— | L, %f() -1, fhw + R(z,y),
167 | exp,., () |n | exp,,(Y)]n

where R(-,-) € CO*(OM x OM), for all ;1 < 1, is called the regular part of the Green’s
function and x is the Hodge-star operator (i.e. rotation by w/2 on the surface OM ).

We recall the definition of the exponential map. Let (X, gg) be a geodesically
complete manifold. For any z € X and V € T, X there exists a unique geodesic
Yo (t) = 7go(t; V'), defined on [0, 1], such that v,,(0) = z, 7;(0) = V. The exponential
map based at x is then a map taking 7, X — X defined by

eXPygo ¢ V > Yo (1 V).

Observe that when M is a Euclidean ball the singular term involving the second
fundamental forms vanishes due to homogeneity and therefore does not show up.
This is consistent with the explicit formula derived in [3].

An explicit formula for the regular part is only possible in special geometries such
as the one considered in [3]. However, our approach in arriving at ((L2)) also provides
a way to numerically compute R(z,y) via a Fredholm integral equation. See Remark
3.3l

We will use the formula in Proposition [T to derive the mean first arrival time of a
Brownian particle on a Riemannian manifold with a single absorbing window which
is a small geodesic ellipse. As mentioned earlier, our method extends to multiple
windows but we present the single window case to simplify notations. We first state
the result when the window is a geodesic disk of the boundary dM around a fixed
point since the statement is cleaner:
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Theorem 1.2. Let (M, g,0M) be a smooth Riemannian manifold of dimension three
with boundary and let | M| be its volume.

i) Fiz x* € OM and let T be a boundary geodesic ball centered at x* of geodesic radius
€ >0. For each x ¢ T,

E[rr,

Xo=1z|=F(z)+ C. — |M|G(x,z") + r(z),

with ||rel|orgey < Crie for any integer k and compact set K C M which does not
contain x*. The function F' is the unique solution to the boundary value problem

AF = —1, 8,F = —|M|/|oM], / F=0.
oM

The constant C, is, modulo an error of O(eloge), given by

M1 - M) 3
C.= % 1 (x*)|M|loge+ R(x™,z")|M| — F(z¥) ppm 2log2 5 )

where R(x*, x*) is the evaluation at (z,y) = (2*,2*) of the kernel R(x,y) in (L2).
i) One has that the integral of Elrp, ,|Xo = x| over M satisfies

/ME[TFS,JXO = z]dvoly(z) = /MF(x)dvolg(x) + C|M| — F(z")|M| + O(e).

Theorem does not realize the full power of Proposition [I.I] as it does not see the
non-homogeneity of the local geometry at x* (only the mean curvature H(z*) shows
up). This is due to the fact that we are looking at windows which are geodesic balls.
If we replace geodesic balls with geodesic ellipses, we see that the second fundamental
form term in (L2)) contributes to a term in E[rp_,|Xo = 2] which is the difference of
principal curvatures.

To this end let Ej(z*), Ea(x*) € T,«OM be the unit eigenvectors of the shape
operator at z* corresponding respectively to the principal curvatures A;(z*), Aq(x*).

For 1 > a > 0 fixed, let

Lo = {expyey (et By (z7) + etaEa(x%)) | 11 + a 215 < 1}
be a small geodesic ellipse.
Theorem 1.3. Let (M, g,0M) be a smooth Riemannian manifold of dimension three
with boundary.

i) For each x € M\T'.,,

Elmr, .,

Xo=z]=F(z)+ Ceo — |M|G(x,2") + 1(2)

with ||7c|lcry < Cr,xe for any integer k and compact set K C M which does not
contain x*. The function F is the unique solution to the boundary value problem

AF =—1, 8,F = —|M|/|oM], / F=o.
oM
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The constant C,, is given by

(1.3)
MK, 1
:|4al7T; — - H@ )Ml loge + aR(a",a*) M| ~ F(a*)

M| (@) / ! / log (1 —51)* + @*(ta = 52)2)”

1672 Jp (1—1[s'*)"2 Jp (1—[¢]?)r/2
i ‘M‘()\l — )\2) / 1 / (tl — 81)2 — a2<t2 — 82)2 1 dt/dsl
647 p (1= Jp (ti = 51)* + a*(t2 — s2)* (1 = [t]*)1/?
+ O(eloge),

Cs,a

_ ~1/2
where K, = gfo% (COS2 0+ Slg#) df and D is the two dimensional unit disk cen-

tered at the origin.
i) One has that the integral of Elmp_,|Xo = x| over M satisfies

/ Efrr, .| Xo = a]dvol, () = / F(a)dvol, + C.o| M| — F(&)|M] + O(e).
M M

Note that while the dependence on the eccentricity of the ellipse is hidden in the
integrals, the dependence on the difference of the principal curvatures (A; — Ap) is
easy to see in this formula. The integral which multiplies (A; —A3) turns out to vanish
when a = 1 which makes the above result consistent with Theorem [1.2]

The fact that our result is valid on general Riemannian three manifolds allows for
the incorporation of spatial heterogeneity such as anisotropic diffusion. In contrast to
[30], the fact that we are able to obtain explicitly an expression for the O(1) term in
(L) is due to the fact that in Proposition [ we have the expansion of Gy (z, z) all
the way to a remainder R(x,y), which is Hélder continuous at the diagonal. We also
appeal to some recent advances in integral geometry [29, 20) 23, 22, 12] to address
the comment in [I] on the difficulty of treating this problem in higher dimensions.

The strategy and organization of this paper will be as follows. In Section 2 we will
give a brief overview of pseudodifferential operators and their associated Schwartz
kernels. The machinery of pseudodifferential operators serve as a bridge between
the geometric and analytic objects appearing in Proposition [Tl and we will compute
their coordinate expression. In Section 3 we will use the tools we developed in Section
2 to prove Propostion [LTl A singularity expansion for the Green’s function such as
Proposition [Tl is the gateway for obtaining the asymptotic expansions of Theorems
and [[L3l However, there is an additional hurdle of inverting an integral transform
as mentioned in [I]. Here we make use of some recent advancements in integral
geometry and geometric rigidity [23, 12, 20] to overcome these difficulties. This
approach is described in Section 4. Finally, in Section 5 we carry out the asymptotic
calculation using the tools we have developed. The appendices characterizes the
expected first arrival time E[m_, | Xo = 2] as the solution of an elliptic mixed boundary
value problem. This is classical in the Euclidean case (see [26]) but we could not find
a reference for the general case of a Riemannian manifold with boundary.

2. OVERVIEW OF PSEUDODIFFERENTIAL OPERATORS

2.1. Basic Definitions. We give some basic definitions and properties of pseudodif-
ferential operators. For a comprehensive treatment we refer the reader to Chapt 7 of
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[34] or the book [32]. Readers who are already familiar with microlocal analysis can
skip this section.

As usual, C* denotes the space of smooth functions. We use notation C° for
compactly suported smooth functions and D’ for its dual. By C*, we denote the
space of k time continuously differentiable functions. The spce of functions from C*,
whose kth derivatives are Holder continuous with exponent p € (0, 1], is denoted by
Chn

Let a(x, £) be a smooth function on T*R™ and for all | € R we say that a € S{(T*R")
(or simply S!) if for all multi-indices «, 8 there are constants C,, 5 such that

(2.1) D¢ Dia(x,€)| < Co,p(€)' ™

where D¢ = (—i)l*9g, D = (=i)lP19? | and () := (1+]¢|*)"/2. These are the Kohn-
Nirenberg symbols. This class of symbols contain the classical symbols, denoted by
SL(T*R™), which are defined by those a(x, &) € St(T*R"™) satisfying

(2.2) a(z,§) ~ > arm(x,€),

where each a;_,, are homogeneous in the sense that a;_,,(z, 7€) = 7"™a(x, £) for all
r € R" 7> 1and || > 1. The expression ([2.2]) means that for all N,

N
a’(xv g) - Z a’l—m(x, f) S Si_N_l(T*Rn).
m=0
If a(z, &) € S} we can define an operator a(z, D) : C*(R") — D'(R"™) by

(2.3) a(x, D)u := /n e“a(x, €)u(€)d,

where 4(§) = Fu := (2m)" [p. € “*u(z)dz is the Fourier transform. Recall that
the absolutely convergent integral representation of the Fourier transform is well
defined as an automorphism of the Schwartz class functions S(R™) but extends to
an automorphism of the tempered distributions S’(R"). (See [4] for a comprehensive
guide to distribution theory and definition of these spaces).

Operators taking C°(R") — D'(R™) which have the above representation are said
to be in W!(R") and are called pseudodifferential operators. For the symbol class
SH(T*R"), Lemma 1.1 in Chapter 7.1 of [34] extends a(z, D) to map S’(R") — S'(R").

The classical pseudodifferential operators W!,(R") are defined analogously by re-
quiring that a(x, £) belongs to S',. Note that knowing the operator a(x, D) € ¥ (R")
we can recover a(z, ) € St by the formula

(2.4) alz,€) = e_g(x)alz, D)e,

where e¢(z) := . Note that if A(z,y) is the Schwartz kernel of the operator
a(x, D) then

(2.5) a@@za%mmm@zfe@MMMy

n



MEAN FIRST ARRIVAL TIME OF BROWNIAN PARTICLES 7

Let X be a compact manifold without boundary. An operator A : C®(X) —
D'(X W is said to be in W, (X) if there exists coordinate covers {(0,2) | @, : O; —
U; C R"} and a partition of unity {x,} subordinate to {O,} such that the map

(2.6) u— (xeAx;P5u) o o, !

from C*°(U;) — &'(Uy,) belongs to Wt (R™).
If a € C®(T*X) we say that it belongs to the symbol class S{(T*X) if

xj o @7 'a(®7(), @)) € Si(T"R")

for all j. The classical pseudodifferential operators W' (X) and classical symbols
SL(T*X) are defined analogously. These definitions depend a-priori on the choice of
coordinate systems but turn out to be invariant (see Chapt 7 [34]).

There exists a linear isomorphism

(2.7) o+ WL (X) /U (X)) — Sy(T*X) /ST X)

called the principal symbol map. For each A € W, (X) it can be defined at each
x € X by taking a coordinate neighborhood O containing z and a x € C°(O) which
is identically 1 near x then considering the operator given in (2.6]) for x; = xx = x
and ®; = &, = ®. As the resulting operator in (Z.6) is in ¥'(R") with symbol
a € S,(T*R™), we may set

o1(A)(z, 7€) == a(P(x),§)
for all z € X and £ € T, q’ﬁj(m)R". This definition depends a-priori on the choice of

coordinate systems but turns out to be invariant (see Chapt 5 of [32]). In practice
these computations are often done in normal coordinates centered at the point of
interest x € X then computing the inverse Fourier transform as in (2.3]).

One important property of o; which we will use is that it respects the product
structure of ¥, and S!;:

(2.8) 01(A)om(B) = 014m(AB)
for A € U (X) and B € U7(X).

2.2. Coordinate Calculations. We make some calculations for some geometric ob-
jects which will naturally appear in the singularity expansion for Gg,s. These iden-
tities will be useful in proving Proposition [L.1l

Let (M, g,0M) be a three dimensional Riemannian manifold with non-empty smooth
boundary which inherits the metric h := };,9. Denote by II the scalar second fun-
damental form on the surface OM and H(x) be the mean curvature at x € M. Let
SOM denote the unit-sphere bundle over OM,

SOM = {v e TOM | ||v|l» = 1}.

For any x € OM, let Ey(x), E5(z) € S,0M be principal directions (i.e. unit eigenvec-
tors) of the induced shape operator with eigenvalues A;(x) and Ay(z). We will drop
the dependence in x from our notation when there is no ambiguity.

We choose E; and F, such that E? A E A1 is a positive multiple of the volume
form dvol, (see p.26 of [16] for the “musical isomorphism” notation of * and #). Here

I'We shall avoid a discussion of distributional sections of density bundles by noting that in our
setting of X is always prescribed with a Riemannian volume form which provides a natural trivial-
ization of density bundles. As such all distributional sections of density bundles are identified with
sections of the trivial line bundle in this way.
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we use v to denote the outward pointing normal vector field so that it is consistent
with most PDE literature. However, in defining II and the shape operator we will
follow geometry literature (e.g.[16]) and use the inward pointing normal so that the
sphere embedded in R? would have positive mean curvature in our convention.

For two points z,y € OM there are two distances to consider. The first is the
shortest path amongst those that stay on the boundary which we denote by d,(x,y)
and the other is the distance measured by paths allowing to enter M, which we denote
by dgy(x,y). Clearly, dy(x,y) > dy(x,y).

For a fixed g € OM, we will denote by By (p; xg) C OM the geodesic disk of radius
p > 0 (with respect to the metric h) centered at o and D, to be the Euclidean disk
in R? of radius p centered at the origin. In what follows p will always be smaller
than the injectivity radius of (OM, h). Letting t = (t1,1s,t3) € R?, we will construct
a coordinate system xz(t; xg) by the following procedure:

Write ¢ € R? near the origin as ¢t = (', t3) for ¢/ = (t1,t2) € D,. Define first

x((tlv O)a l‘o) = eXp:vo;h(tlEl + tQEQ)v

where exp, ., (V) denotes the time 1 map of h-geodesics with initial point x, and
initial velocity V' € T,,0M. The coordinate t' € D, — x((t,0);z) is then an h-
geodesic coordinate system for a neighborhood of xy on the boundary surface M.
We can extend this to become a coordinate system for points in M near x( so that
t — x(t;x9) is a boundary normal coordinate system with ¢3 > 0 in M as the
boundary defining function. Readers wishing to know more about boundary normal
coordinates can refer to [17] for a brief recollection of the basic properties we use here
and Prop 5.26 of [16] for a detailed construction.

For convenience we will write z(t';x¢) in place of z((¢',0);x¢). The boundary
coordinate system t — x(t;zo) has the advantage that the metric tensor g can be
expressed as

3 2
(2.9) > gin®)dtidty, = Y ho st ts)dtadts + dt,

J7k:1 Cl{,ﬁzl

where h,g(t',0) = hap(t') is the expression of the boundary metric h in the h-
geodesic coordinate system x(t';29). Note that (g;x(t))3 -y and (hag(t',t3))3 -, are
symmetric positive definite 3 x 3 and 2 x 2 matrices varying smoothly with respect
to the variable t = (¥/,t3) = (1, t2, t3).

For e > 0 sufficiently small we define the (rescaled) h-geodesic coordinate by the
following map

2(s5m0) U = (ty1,t2) € D — x(et’; 20) € Br(e; x0),

where D is the unit disk in R?. We derive some coordinate expressions for some of
the geometric objects we will consider later.

Lemma 2.1. Let h(s') = Ei,5=1 has(s")dsadsg be the pullback metric of h by s +—
x(s';z0) onD,. Denote by

9 1/2
r = |S, — t,|h(s’) = ( Z ha76(8,)($a — ta)(Sﬁ — tﬂ))
a,B=1

2for example it is obvious below that E; and F, are elements of the tangent space over z as
they are inserted into the argument of exp, ., (:).
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so that t' = s’ + rw where w € SyD,. We have that
2

dp(z(8';20), 2(t'; 20))* = 12 Z H; (8, r,w)wjwy
jk=1

for matriz H; ,(s',r,w) jointly smooth in (s',r,w). It also satisfies H;(s',0,w) =
h;k(s') and

Z O0-Hj (8,0, w)wpw; = O(s").
jk
Proof. Expressing t' using (s’,r,w) we have that (see e.g. [35] Lemma 4.8)

1/2
dp(x(s'; o), 2(t';20)) =1 (Z Haﬁ(s','r’,w)wawﬁ)

a7ﬁ

with H, 3 symmetric, even under the map (r,w) — (—r,—w), and H,g(s',0,w) =
ha(s"). Setting s = 0 and using the fact that we are using normal coordinates we

obtain r? = r? (Zaﬂ H, 5(0,r, w)wawg). Now Taylor expanding H, 3(0,7,w) in r,
we see that
r? =2 (1 + Z 0y Hy 5(0,0,w)rwaws + 0(7’2)> :
a7/3
The 72 terms on left-hand and right-hand sides cancel, leaving

0 = 0,Hqyp5(0,0,w)rwaws + O(r?).

Divide through by r? and take the limit as r — 0 we see that 3, 50, Ha 5(0,0,w)wawp =
0 for any w € SyD. O

Lemma 2.2. We use the same notation for w and r as in Lemmal21. One has that
dp(z(s';20), 2(t';20)) L =7+ O(s") + O(r),

where O(r) (respectively O(s") ) denotes smooth functions of (s',r,w) € D, xRx SyD,
which vanish to first order as v — 0 (respectively s — 0).

Proof. From Lemma [2Z1] we have that

~1/2
dn(2(s'; 20), 2(t';20)) L =171 (Z hap(8 \waws + 10, Ha 5(8', 0, w)waws + O(r2)> .
B

Using the fact that w € SyID with respect to the metric given by h, g we have that

~1/2
dp((s'; 20), 2(t'; 20))H = 17" (Z 14+ 70,Hup(s',0,w)waws + 0(7’2)> :
O67/3
For r and s’ sufficiently small we may use Taylor’s expansion to obtain the desired
property. The fact that ), 50, Hap(s",0,w)waws = O(s') is stated in Lemma 2.1 U
Corollary 2.3. For e > 0 sufficiently small we have that
dp(2°(s';20), (s 20)) " = e Ir Her T Ale, 8, w)

for some smooth function A in the variables (¢,s',r,w) € [0,6] x D x R x S'. Here
we user = |s' —t'| andt' = s+ rw.
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Lemma 2.4. Let x(-;x0) be the coordinate system at the beginning of this section
centered at xo. For s',t € R? sufficiently small, we have that

dy(z(s';20), 2(t';20))* = r? <1 +rG(s,w) + O(rQ)) ,

where v = |s' = U|py and t' = s + rw. Here G(s',w) is a smooth function of
(s',w) which vanishes at s = 0. The O(r?) term is a smooth function in (s',r,w) €
D, x R x Sy, which vanishes to second order as r — 0.

Proof. We begin with the identity that for any s and ¢,

dy(x(s320), 2(t20))* = Y Gya(s, )(s5 — t5) (s — ta),

k=1
with G; (s, s) = g;x(s) given by (29). Now set s = (s/,0) and ¢t = (#,0) we have

2
dy(z(s'; 20), o(t'; 20))* = ? <1 + Z 0,GY (5,0, w)rwjwy, + O(T2)>
k=1
where G2,(s',7,w) 1= Gjr(s',s' + rw), is even in (r,w) = —(r,w) and O(r?) is a
smooth function of (s',7,w) which is even and vanishes to second order as r — 0.

Observe that w +— 0,GY,(s',0,w) is odd in w.

We now need to argue that 3 ;9,G?,(0,0,w)waws = 0. Setting s’ = 0 in the
above identity and using the fact that we are using boundary normal coordinates we
have

2
r? = dp(2(0; 20), z(t'; 20))? > dy(z(0; o), (t; 10))? = r? (1 + Z 8TG?,,€(O, 0, w)rw;wy + O(T2)> )

jk=1

Subtracting off the 7? terms and dividing by 7* we see that as r — 0,

2
Z 8TG?7k(O,0,w)ijk <0

jk=1
for all w € S'. We now use the fact that 9,G;(0,0,w) is odd to see that

2
Z 9, GY (0,0, w)wjw, = 0.
jk=1

O

Just as how Lemma and Corollary followed from Lemma 2.1], we have the
following:

Corollary 2.5. Using the expression r = |s' — | and t' = s' 4+ rw, we have that
dy(z(s'520), x(t';10)) " =71+ O(8') + O(r),

where O(r) (respectively O(s")) denotes smooth function of (s',r,w) € D, xR x SyD,
which vanishes to first order as r — 0 (respectively s — 0).

Corollary 2.6. For e > 0 sufficiently small we have that
dy(z€(s"; o), 2°(t;20)) P =€ I +er T Ale, 8,y w)

for some smooth function A in the variables (¢,s',r,w) € [0,6] x D x R x S'. Here
we user = |s' —t'| andt’ = s + rw.
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Lemma 2.7. In the coordinate given by y = x(s'; o),

Ai(w0) 8T + Aa(20)s3

/2

auydg(an y) =

where O(|s'|?) denotes a smooth function of the variables (|s'], |§—:|) which vanishes to
order 2 at the origin.

Proof. By Gauss Lemma, for y near xo, grad,d,(vo,y) = ¥(dy(zo,y)) where 7(-) is
the unit speed geodesic in (M, g) from zq to y. Therefore we have that

-1
(2.10) By, dy(w0,y) = — <yy, M> .
g

|expyg (o)l

In the coordinates given by s+ x(s; zg) the Christoffel symbols are
1
(2.11) IGs=0s=15,=0, T, ;= —5 0500,

Choose (§,0) € R? so that z(8',0;z¢) = y. By Lemma 2.4 d,(y, o) is a smooth
function of (|¢|, E ,‘) when we write y = x(§';x9) in these coordinates. Let V(y) :=

expy; q(xo)
\expy g(xo)lg
velocity geodesic in these coordinates starting at y with initial direction V' (y) reaches

zo in time d,(y, o). In the coordinates given by s +— z(s';x0), we want to argue
that V;(§") are smooth functions of (|5, E ,|) To do so, observe that in g-geodesic

E] 1 V;(8)0; be the unique unit vector over y so that the (M, g) unit

coordinates centered around xy this is of course the case. The result for any other
coordinate system can then be obtained via a change of variable.

Note that the outward pointing normal is given by —053 since s3 > 0 in M. Using
(2.10) and the expression for the metric (2.9) we have that in the chosen boundary
normal coordinate system

(2.12) Oy, dg(z0,y) = V5.

After time 7, the geodesic with initial position (§',0) and initial unit velocity V'
can be written in the s = (', s3) coordinate as

s(t) =(8,0)+ 7V +r(1;V)

for some remainder r = (71, 79, 3) which has initial condition r(0) = 7(0) = 0. Taylor
expanding r(-; V') we have that
2

(2.13) s(t) = (§,0) +TV+ #(0; V) + 737 (13 V)

for some r/(7; V') depending smoothly on 7 and V.
Due to (2I2), we are particularly interested in the evolution of the r3 component
which solves the ODE

(2.14) Py(m V) = — Z I3 .(s(T) (Vi 4+ 75) (Vi + 74)
jk 1
= = Z D3ha 5(5(T)) (Vi + 70) (Vi + 75).
a,f=1

The last equality comes from (Z.11).
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Now set 7 = d,(y, x) so that s(17) = 0, we have from (2ZI3)) that for o =1, 2,

5
Va =" + d , L «
dyly.ze) ol

for functions f, which is smooth in V' and d,(y, zo) and thus smooth functions of the
(8,8 /|8'|) variable. Inserting this into (IM) yields

dy(z,
J&%ﬂl 5(0;V) = g;agaﬁ)&ﬁﬁ+d(% )’ f

for some function f which is smooth in the variable (|§'[,s'/|§'|). Inserting this ex-
pression into (2.I3)) for 7 = d,(zo,y) we have that

R d,(x
V() = -G 0 V) +dy (0,5 (dy (0, ), V(')
= -3 Z a§6 +dg(y, 20)*(f + 1)

xOu
Using Lemma 2.4 we have that d,(zo,y)™! = [t + F(\s/\ ') for some smooth
function F(-,-). We may thus write

: O3ha,5(0)
V) =3 —a Sesa 003,
o,

where O(]8'|?) is a smooth function of (| 58 §') which vanishes to order 2 near the

origin. Now use the fact that —38;h, (0) is the coordinate expression for the scalar
second fundamental form with respect to the normal given by 0 H at the point xq
(see Proposition 8.17 of [16]) and our coordinate system x(s’;xzg) is chosen so that
the shape operator is diagonalized at xy. Therefore,

1 x— A8+ X283
A N 1 2 a2
V3(8') = ; H + O([s]).
In view of (ZI2) we have proven the required identity. ([l
Let g € OM and define Ry (-, -), Ru.(-,-) € L>®(Bn(p; xo) Br(p; zo)) by
exp;}ly exp;}ly
lexpyln’ lexpy yln
exp;}ly expm hy
expopln exp, byl
Here * is the Hodge star operator associated to the metric h.

Lemma 2.8. Let z(-;29) : D, = OM be a normal coordinate system for (OM,h)
centred around xy € OM and let h denote the pullback metric tensor on on D, under
this coordinate. Then for all s',t" € D, suﬁiciently close to the origin,

(2.15) Ru(z,y) =11, <

RH*<SL’,y) = IIm (*

exp t,

| expyj, Ih )

Zwﬁ + O(t') + O(r),

3recall that we are using the convention where II and shape operator are defined with respect to
the inward pointing normal
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where w = # € S with r := |s' — ¢| being the Fuclidean distance between s' and
t'. The O(t') (resp O(r)) term denotes a smooth map of (t',w,r) € D, x S* x [0, p|
which vanishes to order 1 ast — 0 (resp r — 0).

Proof. This comes from the fact that for some matrix H;;(s',t') smooth in (s, t')
2

Z 7]g S f} — f}j)<8k — f}k),
where H; x(¢',t') = h;x(t') = 6,5 + O(|t'|?). Therefore
s —t
dh(s/i/)(sl,t,) = |S, — t,| + |$/ — t/|F (t,, |$I _ t/| s |S, — t/|)
for some smooth function ¥ € C*(D, x S* x [0, 70]) which is O(t") + O(r).

expt, (s")
[expy, () e

A coordinate calculation yields that = grad,d(s',t') so

eXP,s
pth Zhﬂk )0, o (0.4 (8, )0y, = Z%a +O(t") + O(r).

‘ eXpt’ |h ') G k=1
]

Corollary 2.9. Let zg € OM and \i(xg) and \a(xg) be the eigenvalues of the shape
operator at xo. Then,
i) in the t' — x(t'; xy) coordinate system prescribed at the beginning of this section,

Ru(x(t';xo), x(s"; 10)) — (Al(xo)% + )\2(900)%) =O(r)+O(t)
Runa(e(t'; ), 2(s'; ) — <)\2(x0)% 4 Mm%) — O(r) + O(t')

The O(t") (resp O(r)) term denotes a smooth function of (t',w,r) € D, x 5% x [0, p|
which vanishes to order 1 ast — 0 (resp r — 0).

ii)In the t' — z¢(t';x0) coordinate systems prescribed at the beginning of this sec-
tion,

51— t1)? Sg — tg)?
Ry (2°(t'; o), 2°("; o)) — (Al(%)ﬁ + Az(%)ﬁ) = eR (', w,7),
t)? (s2 — ta)?

E + M(%)m) = eR(t',w,7),

where R(t',w,r) is smooth with derivatives of all orders uniformly bounded in €.

Rup (x°(t'; m0), (8" 20) ) — ()‘2(370)(59%

Proof. Since x(t';x) = x(et’; xo) we have that ii) is a consequence of i). For i), we
will only prove this for Ry since the statement for Ry, can be obtained via a rotation.

Recall that the normal coordinate system t' +— z(#';x¢) is chosen so that at xg
the coordinate vectors {0;,, 0, } pushes forward under z(; z to become of eigenvec-
tors of the shape operator. Because of this we have that the pull-back of II,(-,-)
under this coordinate system is given by IL, ., = Z?,k:l IL; pdt;dt, where IL;; =
Aj(20)d; + O(t'). Here O(t') denotes a smooth function of ¢ which vanishes at the

-1
.. . . . . exp._.., Y .
origin. Using the expression derived in Lemma [2.§ for the vector ‘expfihy| in the
x;h h
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coordinate given by = x(t';x¢) and y = x(s’; zo), we have the desired expression
for Ryp(z(t'; o), z(s'; x0)). O

2.3. Operator Estimates. In this section we derive Sobolev estimates for some
integral kernels we will encounter when obtaining the asymptotic expansions of The-
orems and [[L.3l As these depend on a parameter ¢ > 0 and do not immediately
fit into the framework of semiclassical calculus, we need to keep track of the bounds
by hand.

It is useful to take the Fourier transform with respect to only some variables. Let
u(s’,t') be a family of tempered distributions in ¢ € R? depending smoothly on the
parameter s’ € R?. That is, it is the distribution defined by ¢ — [o, u(s',¢")p(t')dt’
for all » € S(R?). We denote by Fy(u(s',t'))(¢') to be the Fourier transform with
respect to the ¢’ variable only.

Lemma 2.10. Let A(s',w) be a smooth function on (s',w) € R*x S1. Forj >0 and
&' # 0 we have that for any multi-index c,

t t'
D;}ft,<A( ,)|t|7 1)( )zft,(DgﬁA( ,)|t|J 1)(’)-
Y| Y
Furthermore, Fy (A ( . ) ‘t/‘] 1) (&) is jointly smooth in (s',£') € R2 % RQ\{O}.

Proof. Let x € C2°(R?) be identically 1 near the origin. We can write for any positive
integer k£ and & # 0,

Fo(a(s ) 1) €)= R (A ) ) ©)
12 (b (a (s ) - xen) ) ©.

The first integral is absolutely convergent by the x(t') cut-off. The second Fourier
transform is also absolutely convergent owing to the fact that the integrand is smooth
and A% makes the integrand decay quickly as ¢ — oo provided k is chosen large
enough. O

Lemma 2.11. Let A(s',r,w) be a family of C°(R?* x R x S') whose support is
uniformly bounded in € € [0, €] and whose derivatives are also uniformly bounded in
€. Then for alll > 0,

Acf = | A, r,w)r' f(s + rw)drdw
R2
is a map bounded uniformly in e from H™(R?) — H™1H(R?),

Proof. We prove the estimates only for Schwartz functions f € S(R?). We first
expand

N
(2.16) A=) FA(S 0w + VIR 1 w).

j=1
All terms are smooth in its variables with derivatives uniformly bounded in e. Esti-
mating the remainder term in (ZI6]) is easy:

Arf ‘:/ / PR (1 0) f (54 rw) =
St Jo

/_t/
s —t|NHR, (8, |8 — 1], > F(t)dt'.
R |s" = t'|
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For any positive integer m we write f = (D)>™(D)~?"f. Choose N >> m so that
there is sufficient smoothness in the integral kernel to integrate by parts the formula
! _ t/
Apf = / s —t'|NHR | S, |8 =1, st (D)™ (Dy) 2™ f(¢)dt.
R2 ‘8/ — t/|
We see from this that for a fixed positive integer m we may choose N large enough
so that Ag : H*™(R?) — H?™(R?) is uniformly bounded in e.
For the integral involving the main term of (ZI€]), we write

A f ::/ / FA(s,0,w)rT T f (s + rw).
st Jo
Let x € C>°(R?) be 1 near the origin and write
(2.17) Aif = Aix(D)f + A;(1 = x(D))f.

To see the mapping property of the first term of (2.17) we write it out in Cartesian
coordinates
A ' ,
A(D)f = [ o (500 I (s - Ot
R2
Since &7 A, (s’ ,0, é—;‘) is smooth in ¢ with derivatives bounded uniformly in e and
x(D) is smoothing, we have that A;x(D) : H ™(R?) — H™(R?) for any positive
integer m with bound uniform in e.
The second term of (2.1I7) is a pseudodifferential operator with full symbol

a;(s',€5¢) = (1= x(€) Fo (83;45 (s’,o, \%\) |t’|j—1+l)

and away from £ = 0 we can deduce from Lemma 2.10] that
. t ) )

Fu (35»%16 (8’,0, m) W\“H) =117 a;(s,€' /1€l €)

for some a;(s’,w;e) € CX(R* x S') with derivatives uniformly bounded in e. The

operator (D)™ A (1 — x(D))(D)~™ then has full symbol in S° with symbol semi-

norms bounded uniformly in e. We can now apply Calderén-Vailancourt Theorem to
deduce that A;(1—x(D)) is bounded uniformly in € from H™(R?) — H™(R?). O

2.4. Symbol Computations. Compute symbol by taking the Fourier transform and
multiply by 27. We compute the principal symbols of some of the main operators
which we will encounter. The following list of inverse Fourier transforms will be useful
for later computations and we will leave its proof to the reader:

Lemma 2.12. In R? with £ = (£1,&) and x = (z1,x) one has that for |§] > 1,
1) F~ (log|x])(§) = —2n[¢|~2, F~H(J2|71)(€) = 2m¢|™!

i) F (x|~ (§) = 2mig; |~

i) FH (02| 5)(€) = 2nElél®, k4

w) F=H (5]l 7*)(€) = 2m (& — EIEIT b # 5.

Remark 2.13. Note that we ignore the behaviour of F~!(-) near £ = 0 as they are
irrelevant to the principal symbol computations we are interested in.

Lemma 2.14. Let A be a pseudodifferential operator on OM whose singularity along
the diagonal is given by d,(x,y)~'. Then o(A)(x,§) = 27r|£|;(1m).



16 MEDET NURSULTANOV, LEO TZOU, AND JUSTIN TZOU

Proof. We compute the symbol at g € M using the normal coordinate ¢ — x(t'; o).
By Corollary d(x(t';x0),20)"t = ||t + O(]¢']). By Lemma T2 the inverse
Fourier transform of the leading order singularity is 27|¢| ™! for £ large and therefore

a(A)(x, &) = 27|l O

Lemma 2.15. Let A be a pseudodifferential operator on OM whose singularity near
N IIIO(*gﬁ)

€15 ()
where & — & denotes the musical isomorphism from T*OM to TOM induced by the
boundary metric h and * is the Hodge star operator in this metric. Here we use 11,(V)
to denote the quadratic form 11, (V, V') for V € T,OM.

the diagonal is given by O, dg(x,y)™" |sycomxom. Then o(A)(zg, &) =

Proof. Using Lemma 27 we see that in normal coordinates given by x(s’;zg) the

leading order singularity of 9,,dy(xo,y = z(5'; 29)) is given by —%. By Lemma
2,12 we have that
F-l st A Aos? _ _ﬂ)\lfg + Aof
2|s'[? K.
st
This is precisely the normal coordinate expression for —Wlllgl(’g( &), O]
h(zg)

Proposition 2.16. Let H(x) denote the mean curvature of OM at x, 11, the second
fundamental form of OM at x € OM, and 11,(V) :=11,(V, V) for V € T,0OM. Define

(2.18) K (,y) := H(x)r log dy(y, ) — % (Hw <M> 1L (”L;l@))) ,

|expz ' (y)|n |expz ' (y)|n

where x is the Hodge star operator for the metric h. Let A : C*(0M) — D'(OM) be
the operator defined by

A:ur K(z,y)u(y)dvoly,.

oM
Then A € W 2(OM) with principal symbol a(x, &) € C=(T*OM\{0}) given by
272 4
a(x,§) = =71 (+¢F),
[€lh

where € +— &8 € TOM denotes the raising of index with respect to the metric h on
oM.

Proof. To see that A is a classical YDO, we use Lemma [2.1] and Corollary to see
that the coordinate expression for the integral kernel K (x,y) satisfies the polyhomo-
geneous conditions of Prop 2.8 in Chapter 7 of [34]. Therefore A € V_*(OM).

The principal symbol computation is done using normal coordinates. Fix xq € OM
and denote by

t'— x(t'; zg) == expxo;h(t')

the normal coordinate system around z,. By a rotation we can choose the coordi-
nates so that 8tjx(0; x9) € T,,0M is an eigenvector of the shape operator at zy with
eigenvalue \;.

According to Lemma 2.1 and Corollary 2.9, in these coordinates the terms of
K(xg,y) can be expressed as

Al %—‘AQ 7

/. /

. 0 3 |
(2.19) K (g, z(t'; z0)) mlog|t'| — — (

Mt2 4+ Xty Mt2+ AQ@)
2

' ']
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for ¢’ close to the origin. Computing the principal symbol a(zg, §) amounts to taking
the inverse Fourier transform of the above expression, and observe the behaviour as
|€] = oco. Use the formula in Lemma [2.12] , we obtain

2 2
a0, €) = — 2

|€|4( 152 + )‘2§1) |€|4 (*g )

The last equality holds due to the fact that we are using normal coordinates. O

3. PROOF OF PROPOSITION [I.1]

In this section we use layer potential methods to pick out the singularity structure
of the Neumann Green’s function at the boundary. Assume without loss of generality
that M is an open subset of a compact Riemannian manifold (M , g) without bound-
ary. Choose M’ C M a manifold with boundary which compactly contains M. For
all ' € C§°(M’), standard elliptic theory shows that there exists a unique solution
Ur € COO<M ,) to

AJUp =F, Up lomr=0
The map F +— U is a continuous linear operator from C§°(M’') — D'(M’) and is
therefore given by a Schwartz kernel E(z,y) € D'(M’'x M') which we call the Green’s
function. Note that for any u € C§°(M’), if we fix x € M’ then by definition

ule) = [ Aguly) Bl )idvoly(y) = (), A, B, )

We formally write

(3.1) AyE(x,-) = 0,(-) on M’
Note that if M is a bounded domain in R? then M can be chosen to be the flat torus
and F(z,y) can be chosen to be ‘— for the appropriate constant ¢ € R.

Using standard elliptic parametrix construction in normal coordinates we express
E(z,y) in the following way.

Lemma 3.1. For all x,y € M’
1 B L~
(3.2) E(z,y) = = —dy(w,y) ™" + 0, (M).
Here W_*(M) denotes the Schwartz kernel of an operator in W *(M).

Proof. Let P € U_*(M) be a parametrix for the A, on the closed compact manifold
M without boundary meaning that

A P =1+ V(M)
By ellipticity, for any xo € C°(M') we have
Yo@)xo (W) (B, y) — Pla,y)) € U=(il).
Therefore it suffices to show that
(3.3) P—P,c U (M)
where P_, € U=2(M) is defined by

(Pa)(@) = [ 0,0 uly)ivol, o)

M m
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for some smooth function x(-,-) € C°°(M x M) satisfying x(z,y) = x(y, x), x(z,y) =
1if dy(z,y) < Inj,; /4 and

supp(x(-,-)) CC {(z,y) [ dy(2,y) < Injy;/2}.

Here Inj,; is the injectivity radius of the closed compact Riemannian manifold (M . q)-
By elliptic regularity (B.3]) is equivalent to showing that

(3.4) APy — 1€ U 2M).

Taking the adjoint and use the self-adjointness of both A, and P_,, this is the same
as

(3.5) PN, — 1€ U (M).
Using the principal symbol map defined in (7)) it amounts to showing that
(3.6) o 1(PyAy — 1) =0

as an element of the quotient space Scjl / Scjz. In fact, since the symbol is classical,
we now choose o_1(P_yA;—1) to be the representative in the equivalence class which
is positively homogeneous of degree —1.

For each yo € M and covector ny € Sy M in the unit cosphere bundle we will show
that

(3.7) o1 (P-28g = I)(y0, 700)| < Coone™

as 7 — oo. Homogeneity would then ensure that o_;(P_2A; — I)(y,n) = 0 for all
(y,m) € T*M which would then ensure (36)).

To this end let V1, V5, V3 € SyOM be three orthonormal vectors and choose normal
coordinate given by ®(t) := exp,, (E?:1 t;V;) for |t|gs < Inj;;/2. Let xps € C°(R?)
take the value 1 in an open set containing the origin but supp(yrs) CC {t € R? |
[t|gs < Injy;/2}. Similarly let y,; € C*°(R?) take the value 1 in an open set containing
yo but supp(x ;) CC {z | dy(2,yo) < Injy/2}.

Define the pullback operators 4, B : C*°(R?) — C>(R3) by

A:ur @, (X7 P2® (xrew)), B:ur @ (x70,P" (xrsu))

where ®* and ®, are pullback by ® and ®~! respectively.
Thanks to the invariance of the principal symbol map under symplectomorphism,
we have

(3.5) o (Poad, — Iy, €)= 01 (AB — 1)(0,)
for all £ € TyR3. We see then that (3.6) amounts to showing that AB — I satisfies
(3.9) o_1(AB —1)(0,&) = 0.

Let a(t, &) and b(t, &) be the full symbol of A and B respectively. The full symbol of
A can be computed by the formula

a(t, §) = e—¢(t) (Aeg) (t)
where e¢(t) := e . Since we are using the normal coordinate around yo, d, (o, ®(t)) =
|t|rs and
®,dVol, = \/|gldt = dt + H,(t)dt
where H,(t) is a smooth function vanishing to order 2 at ¢t = 0. So

(Ace)(0) = / AT it gy / e~ FL () dt
gs || ks [t
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for some smooth and compactly supported function FIQ(t) vanishing to order 2 at
t = 0. Computing the first term directly and treat the second term by expanding
H,(t) using Taylor expansion we see that

(3.10) a(0,8) = (Ae)(0) = [¢]7* + SGH(T'R?).

Since B is the Laplace operator in the coordinate given by ® we have that

3

3
. 1 .
3.11 b(t, &) = RO+ —= ) O, ) (¢
(3.11) (t,€) j;kZlg (£)€58k ﬁlg\jézl (Vlglg”") () &x

Composition calculus gives that if ¢(x, ) is the full symbol of the operator AB then
3
(3.12)  ¢(0,€) = a(0,€)b(0,€) + =i ¥ _ 9e;a(0,£)0;;b(t, €) i=0 +5°.
j=1

Substituting into (8.12]) the expression we have in (3.10), (3.11]), and the fact that in
normal coordinates g?*(t) = 6% + O(]t|?) for ¢ in a neighbourhood of the origin we
have that the second term in (B.12) drops out. So the full symbol of AB — I at the
point (0,¢) € T*R? is
c(0,€) —1 € S,2
In light of ([B.8), for each fixed ¢ € T;OZ\Z/,
[0 1(P2lg = 1) (o, 7®7€)| < Cer ™

as 7 — 00. Therefore ([B.7) is verified.
0J

For all f € C*®(0M) we define as in [34] the operators S, N € W_'(0M) by the
following

(3.13) Sf(x) := /8M E(x,y)f(y)vol,, Nf(x):= 2/@1\4 Ov, E(z,y) f(y)voly

for x € OM. Note that N f(z) is different from (see [34] Chapt 7 Sect 11)

dm 2 [ auBe )= 5@ + NS @).

Modulo lower order pseudodifferential operator, S and N are given by the integral
kernels dy(x,y)" and 9,,dy(x,y)"" respectively. Indeed, using (B:2) and equation
(11.14) on page 38 of [34], we see that for (z,y) € IM x IM in a neighbourhood of
the diagonal,

1 1
(314 = —dy(,y) "+ URAOM), N = —=-0,,d,(w,5) " + VOM).

Using (B.1) we can construct the so called Neumann Green’s function on M via
the following procedure. For each fixed z € M° we can solve the following Neumann
boundary value problem to obtain the correction term C(x,y) as a function of y € M

1
AC(z,y) =0, , 0,,C(x,y) = 0, E(x, y)—m, /8M C(z,y)dvol, = /aM E(z,y)dvoly,.
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Setting G(z,y) = —E(z,y)+C(z,y) we get, for each fixed z € M the unique solution
(as a distribution in z) G(z, z) to

—1
W’ /BM G(.’L‘, Z)dVOlh = 0.

Fix for the time being y # z in the interior of M and observe that = — G(z,z) is
smooth in a neighbourhood of the singularity of the map z — G (:p y) and vice versa.
Therefore we can integrate by parts the the expression G(z,y) = — [, G(z, ) A, G(y, z)dx
to obtain

G(z,y) — G(y,2) = /8M G(y,2)0,,G(z,x) — G(z,2)0,,G(y, x)voly(z).

(B.15A,G(x, 2) = —0,(2) ,0,.G(2, 2) |scom=

The boundary and orthogonality conditions in (BI5]) ensures that the right side
vanishes so we have

(3.16) G(z,y) = G(y, 2).

Let A : H*(OM) — H*'(OM) denote the Dirichlet-to-Neumann map (see [17]
for definition) whose range is precisely a codimension one subspace of H*~! which
annihilates the constant function. By the orthogonality condition in (B.I5), the be-
haviour of G(x,y) is uniquely characterized by its action on the range of A. To this
end, for f € C°°(OM), denote its harmonic extension by uy. Integrating by parts the
expression 0 = [, Agus(x)G(z,y)dx for z in the interior of M we have

1
(3.17) u(y) = - 8Vuf(x)G(x,y)dvolh(x)+m » fdvoly,
_ /a AD@C dvoly () + e [ o,

Observe that any f € C*(0M) has a unique decomposition f=c+ Af for some
constant function ¢ and f € C*(0M) satisfying faM f = 0. Therefore, using the
orthogonality condition of (BI5) and taking the trace of (B.IT) we see that the map

[ ( » f(x)G(x,y)dvolh(x))

yeOM

is well defined and takes C*°(OM) — C*°(OM). We denote this operator by Gay
and its Schwartz kernel by Gy (x,y). Going back to (BI7) we see that

[ =GouAf+ Pf,
where

(3.18) Pf:=|0M|™ f
oM

is smoothing. In operator form this is
(3.19) I =Gy AN+ P.

Since A € WL, (OM) is elliptic (see [I7]) we can conclude that Gapr € W' (OM) which
maps H¥(OM) — H¥*1(OM) for all k € R. This completes the proof of Proposition
L1l part i).
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Remark 3.2. A quick way to prove part ii) of Proposition [T would be to observe
that (B19) implies Ggy is a parametrix for A. The symbol expansion for A has
already been computed in [I7] so constructing its parametrix follows from standard
pseudodifferential calculus. However, we will choose instead to take the layer potential
approach since it iwill be more conducive for future numerical implementations. See

Remark [3.3] below.

Applying on the right the single-layered potential S defined in(3.I3) and using
identity (11.58) of [34] we have

(3.20) Gon = —25 + Gy N* + 2PS.
Iterating this equation and using intertwining property (11.59) of [34] we get
(3.21) Gonr = —25 —2NS + V_*(OM).

By (2.8)) the principal symbol of the operator NS is simply the product of the prin-
cipal symbols of S with the principal symbol of N. The leading singularities of the
operators S and N are given in (B4 and the principal symbols of these kernels are
computed in Lemmas 2,14 and Therefore, using Proposition 2.16] we see that
modulo W_*(OM), the integral kernel of NS is given by

8i7rH(x) log dn(y, z) — 32% (IL,; <%) o (%>)

when z,y € OM are close to each other.
Inserting this into ([B.2I)) we get that when x,y € M are close to each other,

1 1
(3.22) Gom(z,y) = 5=dy(w,y) 1—ElLf(w)logdh(y,x)

+16iﬂ <11x (%) ~ 11, (%)) + R(z,y),

where R(z,y) is the Schwartz kernel of an operator in W_*(9M) which we call the
reqular part of G(z,y). Observe that since the principal symbol of R is in S*(T*0M)
and OM is dimension 2, Sobolev embedding yields that

(3.23) R(-,") € C*(OM x OM)
for all @ < 1. The proof of Proposition [[.1l is now complete.
Remark 3.3. Note that (L2) peels off the "singular part" of the distribution Gy (z, y)
and gives us the representation
Gom(2,y) = Gang(2,y) + R(z,y)

with the singularity structure of Gy, explicitly given by (L2)). Inserting this repre-
sentation of Ggys into (3.20)) gives the following integral equation for the regular part
R(z,y):
R(I — N*) = —Glying — 25 4+ GsingN™ +2PS

where the operators P, S, and N are given by (3.18) and (3.13)).

Since N* € W_'(0M), it is a compact operator which makes I — N* Fredholm
with index zero. Therefore, numerically computing for R(z,y) amounts to solving a
Fredholm boundary integral equation subject to the orthogonality condition

/ Gon(z, z)dvoly(z) = 0.
oM
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4. INVERTING THE NORMAL OPERATOR

Let 2 C R" be a bounded convex domain with smooth boundary. We will analyze
the mapping properties of the operator

(4.1) L:f»—)/g%dsl...dsn

and its inverse. Methods do exist [I8],[7] for the explicit expression of the inverse of
L when Q = D (which is sufficient for our setting). When € is a two dimensional
ellipse [27] computed explicitly the inverse of L acting on the constant function.

The purpose of Section [4.]is to provide a geometric perspective to the operator L
one of the advantages of which is that it provides an explicit formula for L=!(1) when
Q) is a ball of any dimension. Our perspective is based on some of the recent progress
on integral geometry (in particular [23], [20], [12]). Since the explicit formulas and
estimates will be valid in all dimensions, this will provide the key ingredient in proving
Theorem in all dimensions. When (2 is not necessarily B, this geometric point of
view may also potentially provide ways to relate some of the quantities of interest to
the geometry of .

Section will provide some explicit formulas for the composition of L=! with
other operators in the case when (2 = D, the two dimensional disk. Section [£.3] will
do the same for when €2 is the two dimensional ellipse although the formulas will not
be as explicit.

4.1. Mapping Properties of L. Denote by
0,50 := {(x,v) € 00 x S" ' |v-v(x) <0}

to be the set of inward pointing unit vectors on 0€). Note that this is a closed
submanifold of the sphere bundle S¢2 and thus inherits its smooth structure. Define

the X-Ray transform I : C*(Q)) — C*(0,50) by [f(z,v) = fOT(x’v) flx + tv)dt
where 7(z,v) is the time it takes for a ray of unit velocity v starting at » € Q to
reach the boundary 0. Note that because 2 is assumed to be convex, 7(z,v) is a
smooth function on 9y SM. Furthermore, I is injective by [23].

By [29] Theorem 4.2.1 this operator extends to an operator I : L*(Q) — L7(0, SQ)
where f is the measure given by p = |v(z) - v|dvolgadvolgn-1. This L? space mapping
property allows us to define the adjoint operator I* given by (see [23])

(4.2) I'w(z) = /Snl w(z + 7(z,v)v)dvolgn-1(v)

when acting on smooth functions w. This allows us to define a self-adjoint normal
operator I*I : L?(2) — L*(2). It turns out that by [23] the Schwartz kernel of I*I
is precisely 2|s — t|™""! and therefore I*] = 2L. Let dg(-) be any smooth positive
function on 2 which is equal to dist(-, 9§2) near the boundary. By Theorem 2.2 and
Theorem 4.4 of [20] respectively, we have that

(4.3) I dg' ?C> Q) —» C~(Q)
is a bijection and
(14) 2L =11 {ue H2(RY) | supp(u) C 0} = HVX(Q)* — H'(9)

is a self-adjoint homeomorphism. Thus there exists a unique function v, € dgl/ 2C>(Q)
such that Lug = 1 which is equivalent to I*Iuy = 2. To compute ug, observe that if
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we find ug such that
2
4. I =
(45) wol:v) = gy
for all (z,v) € 0,50 then by (42)) we would have I*Iuy = 2. The solution of (4.5

is easy to compute explicitly when €2 = B. Indeed, direct computation shows that
choosing

(4.6) up(x) 2

T aVol(Sn 1) /T — |1

one satisfies ([A.5). In particular if n = 2 (which is the case we are interested in) we
have that

1
(4.7) L7Y(1) = up(r) = —————, in dimension 2

72\/1 — |z]?’
Remark 4.1. This process of computing solution to I*Iuy = const by solving for
Tuy = const unfortunately only works for 2 = B. In fact, thanks to the rigidity
result of [12], we know that Tug = 1 is solvable iff Q = B. However, for more general
domains the geometric view presented here could potentially allow one to apply the
reconstruction formula for inverting I [22] to solve I* Tug = 1 explicitly. To do so one
must first invert /* (which has a large kernel but is surjective) into the range of
and it is not clear how to do this when €2 # B.

4.2. Integrals Involving L inverse of 1. We also define Ry, and R to be oper-

ators with kernels log|s" — ¢'| and (slftlljjt(,fgftgy respectively.

Lemma 4.2. The operators Ry, and Ry are bounded maps from HY/*(D)* to H3/?(D).

Proof. Observe that the integral kernels of both Ry, and R, extends naturally to
kernels representing operators in ¥ (R?) which we denote by Rj,, and R., respec-
tively. We denote by E : HY/2(D)* — {u € H~Y2(R?) | supp(u) C Q} to be the
isomorphism obtained by the trivial extension. Let y € C§°(R?) be identically 1 on
D. Then we have that

(4.8) (Riogtt) |o= (Xélongu> I

and the same holds for R. . .

By Proposition 7.2.8 of [34] we have that both xRigx and xR x are pseudodif-
ferential operators of order —2. Therefore by (A.8)) both R),, and R., are bounded
operators from H'/?(D)* to H3?(D).

O]

The following lemma was proved in [7, Theorem 4.2|.

Lemma 4.3. Foru € Hz(D), it follows

(4.9) (L7'u,1) = %/ﬂ)%dtldtz.

Proof. By @4) L : H2(D)* — Hz(D) is a self-adjoint homeomorphism. The result
of this Lemma is a direct consequence. O
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Lemma 4.4. Let

() = Rigg L1 — / log |t/ — §'|[L-11](¢')dt1dts,

D
then

2 2 (1 1 1 1
f(s') = —logls'| + — (§1og ‘(1 —|s')%)z + 1‘ — —log ‘(1 —|§2)2 — 1‘) _

1—|s%)z.
5 (1—1s']%)

3w

Proof. Note that % log|t' — §'| is the fundamental solution for the Laplace operator
in R?, therefore,

1

Af = 27T[L711] = m

3|0

Since [L~11](#') is radially symmetric, f(#') = f(r) where r = [t/|. Writing the Laplace
operator in polar coordinates, we get

Integration gives

and

f(r) = g <C’1 logr — 1log
T 2
(4.10)

1
(1—7"2)% —1‘ +§log

(1—r2)3 +1‘ (1—r)3 +02>.

Let us find C; and Cy. Note that f(r) does not have singularity at r = 0, namely,

sy _i log |t| _g U rlogr :g B
o= o= [ SR8 =2 [ = 2os2 - 1)

Therefore, the identities

2C, 2C1

1

! :—log‘

(1—r2)2 -1

,
—%73 + O(r)

S

1
(1—17?) —1’ zélog

1
Cilogr — §log ,

2

as r — 0, implies that C; = 1. Hence, putting r = 0 into (£.10), gives

2 2 /1 1
so that Cy = 0. O

Due to Lemmas [4.4] and [4.3] the following identity is a direct computation:

Lemma 4.5. The following identity holds

8 6
-1 -1
<L RlogL 1,]_> = ﬁlogQ_ﬁ

Lemma 4.6. The following idetity holds
(L'RyL7'1,1) = 0.
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Proof. By Lemmas (1) and 3] we know that

- - 1 1
(L' R L1,1) = = //51“/ (52 ta)’ -ds’ _dt'.
|5 =¥ T=1s'P)> (A=)

Consider the following two changes of variables for the right-hand side

(81, 82,11,t2) = (rcos ¢, rsin ¢, pcos, psinf),
(81, S9,t1,t9) = (rsin ¢, rcos ¢, psinb, pcosb).

The results differ by multiplying by —1, which means that the right-hand side is
0. O

4.3. Explicit Formulas in 2 Dimensional Ellipse. We now compute the inverse

of the map f — |, £, |£ (=) 7 ds’ where the domain of integration is the two dimensional

ellipse &, := {s3 + S% = 1} instead of a ball. A change of variable leads us to consider
the operator
/
(4.11) L.f = a/ /() 1/2d5/
D ((tl - 81)2 + (12<t2 — 82)2)
acting on functions of the disk D. By [27] we have that
(4.12) Lo (K7L [ 717) = 1,

on D where

2T
1
zg_g/ .
0 <0052 0+ S‘;‘#)

By (4&4) this is the unique solution in H'/?(D)* to L,u = 1.
Next we denote

Riog,af(t) := a/DlOg ((t1 — 51)* + @*(ta — 52)2)1/2 f(sh)ds,

Reof (') := a/D (= s51)" —a*(t 82) s f(s)ds'.

(tr = 51)? + a*(t2 = 52)°
For general a, the quantities (L, (1), RiogoL; ' (a)) and (L;(1),Re oL, ' (a)) cannot

be computed as explicitly as in the case when a = 1 in Section

5. ASYMPTOTIC EXPANSION OF THE SINGULARLY PERTURBED PROBLEMS

5.1. Asymptotic Expansion of Mixed Boundary Value Problems. We are
now ready to compute the asymptotic expansion for the mixed boundary value prob-
lem u, € HY(M),

(51) Ague = _17 Ue

re.= 0, Ouucloanr,,= 0
which gives the compatibility condition

(5.2) Oyuedvol, = —|M|.
oM

All integrals on open subsets of M are with respect to the volume form given by
the metric h.
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Using Green’s formula as in [9], also in [I], we can deduce that for points = € M?,
u(x) satisfies the integral equation

(5.3) ue(z) = F(x) + Ce g + / G(z,y)0,uc(y)dvoly(y),

oM
where C, = [OM|™" [, u. and F(z) = [,, G(x,y) solves the boundary value prob-
lem

(5.4) AF = —1, 8,F = —|M|/|oM], / Fdvol, = 0.
oM

By Proposition [Tl we can take the trace of (5.3]) to the boundary and restrict to the
open subset I'? , C M. Using (B.I) we see that

0=F(z) +Cco+ / Gowm (7,y)Oyue(y)dvoly(y)

Fe,a

for z € T'? ;. We now replace Gy (z,y) for x,y € I'? , with the expression in (LZ) to
obtain

1 H
o [ ot o) - T [ ogdie o
T Jlea T JTea

69 v [, (= (omar) = (ometa ) ) 2 oh

+/F R(z, y)O0yue(y)dvoly(y).

—F(z) — Ce,

We will write this integral equation in the coordinate system given by
(5.6) D > (s1,82) = (51, as2;2%) € ['e g,

where z°(-;2%) : & — I'c, is the coordinate defined in Section To simplify
notation we will drop the z* in the notation and denote z(-; x*) by simply z¢(-).
Note that in these coordinates the volume form for OM is given by

(5.7) dvoly, = ae*(1 + Q.(s"))dsy A dsy, s €D

for some smooth function Q. (s") whose derivatives of all orders are bounded uniformly
in e. We denote

(5.8) e(s) = Oyuc(x(s1, as2)).

The compatibility condition (5.2)) written using the expression for the volume form

(B7) is then
(5.9) /D@bg(s’)(l + €2Q.(s))ds1dsy = —

Let us unwrap the right hand side of (&.5) term by term in the coordinate given
by x¢(-). Write out the integral of the first term using the expression of the volume
form (5.7) and the expression for dy(z,y)~" in Corollary 2.6 and taking into account
that the coordinate system is scaled by a factor a as in (5.0]) gives
(5.10)

dg<x7y)7layu€<y)d\701h<y) = CLE/D ((t — 3 )2 +(112(t — 5 )2)

[M]

ae?’

7 Ve (s")ds+e3 A,

FCea
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for some operator A. whose Schwartz kernel is given by the second term of the
expansion in Corollary 2.6, Here due to Lemma 2T we have that
A HY2(D;ds')* — HY?*(D;ds')

with operator norm bounded uniformly in €. From here on we will denote by A, any
operator which takes H'/2(ID;ds')* — H'?(DD;ds’) whose operator norm is bounded
uniformly in e.

Doing the same thing for the second term of (5.5]) while using Lemma 2.2] Lemma

211 and (B.9) gives
H(x) / log dp (7, y)O,uc(y)dvol,(y) = —H(z*)|M|loge + € H(x*) Riogatbe + €* At
F€ a

(5.11) +OH1/2(]D>)(€ log €)

where Riog, is defined at the very beginning of Section @2l Here O 2p (€loge)

denotes a function with H'/?(ID; ds') norm vanishing to order €loge. Note the volume
for we use here is now the Euclidean one rather than dvol, given by (5.7).

Finally, for the third term of (B.5]) we get by using the coordinate expression derived
in Corollary and the estimate of Lemma 2.TTk

J. (e (i)~ (o)) 20 = s
(5.12) A

where R, is defined in Section @l Inserting into (5.5) the identities (5.10), (E-11),
and (5.12) we have

—F(2*) — Coo — H(a*)|M|(4m)"loge 1 H(x*) AL — o
B — Q_Lawe — € A Rlog,a,@bs + 167 Roo,awe
(5.13) tae / R, 25(5))e(s)) + At
)

+O1/2(py (log €).
“(t

We would like to approximate the integral kernel R(z(t'),z°(s’)) by the constant

R(z*,z*) and this is the content of
Lemma 5.1. Let T, : C*(D) — D'(D) be the operator defined by the integral kernel
R(z(t'; %), 2°(s'; 2*)) — R(a*, 2").
Then
”TeH(H1/2 D))* H/2(D) < Celoge.

Proof. Set T(t',s") := R(z(t'; x*),x(s'; %)) — R(x*,z*) for ¢’ and s’ small and extend
it to be a smooth compactly supported kernel otherwise. The kernel for T, is then
T(et',es’). Note that

(5.14) T(0,0) = 0.

Observe that if y € C°(R?) which is identically 1 on D then the operator T, acting
on distributions supported in D is given by the Schwartz kernel

X(8)x ()T (et es')
for t/,s’ € D and € > 0 small.



28 MEDET NURSULTANOV, LEO TZOU, AND JUSTIN TZOU

Observe that T(#,s') is the integral kernel for an operator in ¥_*(R?). Applying
Prop 2.8 in Chap 7 of [34] we can deduce that for all k& we may choose N sufficiently
large such that

N
T(t,s) = 3 (s =) + plt ¥ — ) log |t — ') + Ru(t', ),
=0

where for each integer | and multi-index v, D;q/(t,-) is a bounded continuous func-

tion of ¢ with value in the space of smooth (away from the origin) homogeneous
distributions of degree [+ 1, p;(#',-) are homogenous polynomials of degree [+ 1 with
coefficients which are smooth functions of ¢/, and for all multi-indices v, D) Ry (', -)
bounded continuous function of # with value in C*(R?).

Using (5.14)) along with the homogenenity degree of ¢; and p; we see that Rx(0,0) =
0. Therefore, for ', € D the integral kernel of T, is

N

T(l,s) = 3 (Halett — o)+ pilet ¢ — ) log e+ Hip(et!, ¢ — ) log | — o)
=0

(5.15)  + Ry(et’,es).

The kernel Ry (s',t) is sufficiently smooth. Therefore, by doing a Taylor expansion
and using Ry(0,0) = 0 we see that the integral kernel x(s')x(t')Ry(et’,es’) takes
H'Y2(D)* — H'?(D) with norm e. The worst term in the polyhomogeneous expansion
part of (.15 happens when [ = 0 and this term is given by

cqolet' ) + po(et', #) log || + elog epo(et, ),

where 2/ =t/ — /. Recall that both ¢y and py are homogeneous of degree 1 in 2z’ so
writing 2z’ = rw then applying Lemma 2.11] we have uniform estimates in e for the
kernels x(s')x(t')qo(et’,t' — s') and x(s")x(t')po(et’,t' — s'). For the term involving
log |s" — t'|, we use the fact that po(t’, 2’) is a linear function in 2z’ whose coefficients
are smooth functions of ¢. Therefore, if u € C2°(R?),

/}R2 X po(et', 1" — ") log |t' — §'|u(s)ds" = x() /Rz Z ci(et')(t; — sj)log|s’ — t'|u(s')ds’
- Y olet) [

j R

a;(§)i(g)eC dg,

where a;(-) € §'(R?) for j = 1,2 are derivatives of the distribution PF|¢|72 with
respect to J,. We refer the reader to (8.31) in Chapt 3 of [33] for the definition of
the the distribution PF|¢]|72. From this we see that the integral kernel

X )x(s)po(et' t' — s')log |t — &'
also maps H/2(D)* — H'?(D) with uniform bound in e. 0

Due to Lemma [5.1] we can write (5.13)) as

2 H(xz*)| M|l ¥
=T <QR<SL’*,.I*)|M| —F(:L’*) —_C., - (.T )| | OgE) _ <La_ eH(z )Rlog,a‘FwRoo,a) e

€ ’ A 2

(5.16) +eTtpe + +E Acthe + Oz (loge).
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We hit both sides with L' and use (Z.12) and (&3] to get the identity

H(x*)|M|loge 1 B
4 K, (1—|¢)2)v2

(5.17) 2" (QR@*, )M = F(z*) = C..a —
€

H(x* A — A\
([ — #LalR]og,a + 6(18%2)LG1R00,0, + Te/) ’l/}e + OHI/Q(]D))* (lOg E).

for some T/ : HY/?(D)* — H'/?(D)* with operator norm O(e?log¢). Use the mapping
properties from Lemma we see that the right side can be inverted by Neumann
series to deduce

2Ceq

5.18 e = —
( ) w EKa(]. _ |t/|2)1/2
Insert (5.I8)) into (5.9) we get that

—+ Ce,aOHl/Q(]D))* (1) —+ OHI/Q(]D))* (671 log 6).

|M|Ka !
5.19 C., =
( ) ’ daem? e
with C! , = O(loge). Insert (5.19) into (5.18)
—| M| . MK, /
5.20 = _ vy
( ) v 2ame?(1 — |t/|2)1/2 + 4 oame? a (1) + .

with [[¢/|| 172 (p.asy < Ce M loge. Insert (BI9) and (5.20) into (BI7) we get

KL= 0P

2
(5.21) ?” (aR(x*,x*)|M| —F(a*) - CL, —

, MK, (H(z")
Vet 2me ( 2

H(z*)|M|loge 1
47

(A — A2)

8

Inserting the expression (5.20) into (B.9]) we get that

-1
La Rlog,a -

LalRoo,a> L (1) 4 Ogyo(py- (log ).

(5.22) /¢2(S,)d81d82 =0(1).
D

Multiply (521) by € then integrate over I . Then (5.22) implies

1
(5.23) cl, = —4—H(x*)|M| loge+ aR(x*,x*)|M| — F(x*)

’ 77
|M|H (z*) K3 —1 —1
_T DLG Rlog,aLa 1(Sl)d8,
M|(M\ — M) K2
M é47T3 2) K /DLglRoo,aLgll(s’)ds'+O(eloge).

Since L;! is self-adjoint, we can express the last two integrals more explicitly:

[ L R 1S = K (= 5F) 2, Ryl 15)172),
D

a

/ Ly Rooa L' 1(s')ds’ = K2((1 = [8'[*) 72, Roo.a(1 = |s'[%)71/2).
D

We summarize this calculation into the following:
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Proposition 5.2. We have that

P 1|
© 2ame2(1 — |¢|2)1/?

+ 1))

with V¥, = Oz (€' loge). Furthermore

MK, 1
(5.24) Cea :|4al7r2a — EH(.T*)‘M‘ loge+ aR(x*,z")|M| — F(x*)

| M| H (2*) - -

= B (1= 192, a1 = 1))
[M|(AL — Aa) 112\—1/2 112y—1/2
PRAL = A2) 001 1—

s ST T Reoa(1 = |ST)775)

+ O(eloge),

where F' is the unique solution to (5.4) and R(x*,z*) is the evaluation at (x,y) =
(x*,2*) of the kernel R(x,y) in (L2).

Observe that in the case of the disc (i.e. @ = 1) we have that
(1= [s"*)"2, Rigga(1 —|5'*) /%) = 7* (8log 2 — 6)
by Lemma and
(1 =157, Roca(1 = |s'%) /%) = 0
by Lemma (4.6l Thus the formula (5.24]) simplifies to

MK, 1
(5.25) Co:=0Ccy = ﬁ - EH<$*)|M| loge + aR(x*,z")|M| — F(x)
| M]H (z7)

— 16777' (810g2 —6) +O(610g€),

when a = 1.

5.2. Proof of Theorems and [1.3l. We now prove Theorem [L.3l Theorem
follows from the explicit expression for C. in (5.25]).

By the result of Appendix A we have that u. = E[m_,|Xo = ] solves the mixed
boundary value problem (5.1]) so using Proposition 5.2 (5.3]), and (5.7), the expansion
for E[rr, ,|Xo = ] is given by

ue(x) = B[, | Xo =] = F(2) + Cey — |[M|G(x,27) + 1(x)
for each © € M\I'.,. Here F is the unique solution to (5.4) and the remainder r. is
given by

(5.26) ro(z) = /6 (Gla) = Gl uy)dvols (o).

Let K C M be a compact subset of M which has positive distance from z* and
consider x € K. Writing out this integral in the z¢(-; *) coordinate system and use
(E8), (51), and the expression of 1, derived in Proposition we get

(5.27) re(xr) = E/D27T<1__‘]‘\§|2)1/2L(:c,63/)(1+62Q6(3’))d3’

+ ae3/HDwé(s')L(x,es’)(1—i—e?Qe(s'))ds’
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for some function L(z,s’) jointly smooth in (x,s") € K x D. The second integral
formally denotes the duality between H'/?(D)* and H'/?(D). The estimate for 1
derived in Proposition now gives for any integer £ and any compact set K not
containing x*, ||r¢||crxy < Ck, i€

Our pseudodifferential characterization of Gg;; also allows us to compute the as-
ymptotic of the average [ 1 Ue- Indeed, integrating (5.3)) over M we get
(5.28)

/uedvolg:/ F(x)dvolg+C€7G|M|+// G(z,y)0,uc(y)dvol,(y)dvol,(z).
M M M JITe,

We compute the last integral by noting that
o) i= [ Glay)uly)dvolu(y)

is the unique solution to the Dirichlet boundary value problem:
(529) A =0, v(x) o= / Gt (2, y)ue(y)dvoly(y) € HY2(OM).
Fea

We concluded the boundary value is in H'/2 because Goy € ;' (OM) by (L2).
Let a sequence of smooth functions f; — d,u, in H=1/2(OM) and let v; solve

Ay =0, () lor= /a - Goule.) () dvola(v).

Standard elliptic theory shows that v; — v in H*(M). Therefore

/M/E’GG(af,y)é’yue(y) = hm/ /aM (.9)/i(y
~ 1 [ 500 [ Gl

= lim [ f;(y)F(y)

oM

= <al/ue7 >:_ ( )‘M‘+O<E>7

where F'is the solution to the boundary value problem (54) and (-,-) denotes the
pairing between H~Y/2(OM) and H'/2(OM). The last equality comes from (5.2),
smoothness of F', and supp(9,u.) C I'c,. Inserting this into (5.28]) we have

/ ucdvol, = / F(x)dvol, 4+ C. 4| M| — F(z")| M| + O(e).
M M

The constant C., is given by Proposition

6. APPENDIX A -ELLIPTIC EQUATION FOR THE FIRST PASSAGE TIME

In this appendix we show that u(x) := E[m|X, = ] satisfies the boundary value
problem (5.1)). This is standard material but we could not find a suitable reference
which precisely addresses our setting. As such we are including this appendix for the
convenience of the reader.

Let (M,g,0M) be an orientable compact connected Riemannian manifold with
non-empty smooth boundary oriented by dvol,. Let also (X, P,) be the Brownian
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motion on M starting at x, that is, the stochastic process generated by the Laplace-
Beltrami operator A,. Let I' be a geodesic ball on M with radius e > 0. We denote
by 7 the first time the Brownian motion X; hits I', that is
m:=inf{t >0: X, €'}

We set

Pr(t,z) := Pl < t|Xo = «].
Let us note that Pr(t,z) is the probability that the Brownian motion hits I" before
or at time ¢, and therefore, satisfies

(6.1) Pr(0,2) =0, € M\T,

(6.2) Pr(t,z) =1, (t,x)€[0,00) xT.
Note that, for any compact subset I' C M, it follows]
Cap(T, M) :=  inf / |V 2dvol, = 0.
ueC>®(M),ulp=1J M

Then, |13, Theorem 1.5] implies that (M, g, OM) is parabolic, that is, the probability
that the Brownian motion ever hits any compact set F with non-empty interior is
1. Since I' C OM is connected with non-empty interior on dM, we can extend M

to a compact connected Riemannian manifold M such that M \ M is compact with

non-empty interior and M \ M N M =T. Note that, the Brownian motion, starting
at any point M \ T hits M \ M if and only if it hits I'. Therefore, the parabolicity
condition of (M, g) gives

(6.3) tlim Pr(t,x) =1, x€ M.
—00

Further, let us define the mean first arrival time u, as
(6.4) u(z) = Elmp| X = 2] := / tdPr(t, x),
0

where the integral is a Riemann-Stieltjes integral. To investigate u, let us recall some
properties of Pr. By Remmark 2.1 in [6], it follows that

1 —"Pr(t,x) = (em’””l) (),

where e'2miz is the semigroup with infinitesimal generator A,,,, and A,,;, is the
Laplace operator A, corresponding to the Dirichlet boundary condition on I' and
Neumann boundary condition on 9M \ ', which is defined as follows

(6.5) D(Apiz) == {u € H'(M): Ayju€ L? ulp =0, d,ulp. =0}
(6.6) Azt = Agu u € D(Apiy)-
In (65) we define d,u € H~'/2(OM) using the same method for defining the Dirichlet

to Neumann map. That is, for v € H'(M) such that Aju € L?*(M), the distribution
o |5y € H7Y2(OM) acts on f € HY?(OM) via

@ lons )= [

M

A

Au,vr dvol, —i—/ g(du, dvy) dvoly,

M

4Note that in [6] and [12], the authors consider the manifold together with its boundary, and
C° (M), C5°(M) denote the set of smooth (up to the boundary) functions with compact support.
In case of compact manifold, these sets coincide with C*°(M).
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where v; € H'(M) is the harmonic extension of f. We say that d,u |, = 0, for
non-empty open set w C OM, if (D u |y, , f |oa;) = 0 for all f € HY2(OM) such that
floang = 0.

Note that if u sufficiently regular, for instance u € H?*(M), then (d,u |y, , f) is
equal to the boundary integral of d,u |,,, and f.

In fact, A,,;» can be equivalently defined by quadratic form; see Proposition [Z.1]in
Appendix B. Moreover, A,,;,. is the non-positive self-adjoint operator with the discrete
spectrum, consisting of negative eigenvalues accumulating at —oo; see Proposition [7.1]
in Appendix. Hence, A,,;, satisfies the quadratic estimate

o dt
| a4 282, S < Ol
0

for some C' > 0 and all u € L?*(M); see for instance [19, p. 221|. Therefore, A,
admits the functional calculus defined in [21].

Remark 6.1. The functional calculus in [2I] is defined for a concrete operator,
which is denoted by 7" in the notation used in that article. However, A,,;, satisfy all
necessary conditions to admit this functional calculus.

Therefore, the semigroup e“mi= which is contracting by Hille-Yosida theorem |14}
Theorem 8.2.3|, can be defined as follows

1
iy, o (¢ = Apiz) 'ud¢,  ue L2(M),

Ya,«

where a € (7,0), a € (0,F), and 7,4 is the anti-clockwise oriented curve:
Yao = {C € C:Re( <a, |Im(| = |Re( — a|tana}.

Let € > 0 such that a+¢ < 0. Then A,,;, + ¢ is also a negative self-adjoint operator,
and hence generates contracting semigroup, e!(®mi=+2) “as above.
By definition, we obtain, for u € L*(M),

1
(6.7) efimisy = — (¢ — Apiz) tudC

271 oo

=[O (A ) e
271 oo
efte

_ : / €t£<§ _ (Amm + 5))*1ud§ _ efteet(Amers)u’
271 Yate.a

where Yotea = Voo +€ C {Ref < 0}. Let f; the constant function on M equals 1.
By Theorem 8.2.2 in [14], we know, for A > 0,

()\ . (Amm + 8))71‘]01 _ / ef)\tet(Aminrs)fldt.
0
Let us choose A = ¢, then, by using (6.7)), we obtain

—AL = / el Bmiat) £t = / e'Bmis f dt
0 0

and hence,

(6.8) /000 1 — Pr(t,x)dt = —(A} fi)(x) < oo.
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Therefore, the dominated convergence theorem implies

b [
lim [ (Pr(b,z) —Pr(t,z))dt = / 1 —"Pr(t,x)dt < cc.
0

b—oo 0

Hence, by using (6.4) and integration by parts, we obtain

u(z) = lim (Pp(b, )b — /Opr(t,x)dt> = lim /Ob (Pr(b, z) — Pr(t, x)) dt < oo

b—oo b—oo

= / 1-— Pr(t,l‘)dt.
0

Therefore, by (6.8]), we obtain
Apigu = —f1 = —1.
In particular, u € D(A,;,), and hence,
u|p= 0, Oyt |aanr= 0.
We see that (5.0)) is satisfied.

7. APPENDIX B - QUADRATIC FORM

Let (M, g,0M) be a compact connected Riemannian manifold with non-empty
smooth boundary. Let I" be a closed subset of OM such that M \ I'¢ is a non-empty
open set. Consider the quadratic form

(7.1)  alu,v] = /Mg(du,dﬁ)dvolg, u,v € D(a) :={u € H' (M) : ul, =0}.

Note that D(a) is closed subspace of H'(M) containing Hj(M) and al-,-] is a non-
negative, closed, densely defined form. Therefore, by Friedrichs Theorem 2.23 in
[T5], it generates a non-negative self-adjoint operator —A, in L*(M) whose domain
is contained in D(a) such that (—Agu,u)r2(a) = afu, u] for u € D(=A,).

Let us show that the resolvents of —A, are compact. Assume that s belongs to
the resolvent set of —A,. Since —A,(—A, —s)~!: L*(M) — L*(M) is bounded, it is
suffices to show that D(—A4,), endowed with the graph norm, compactly embedded
into L?(M). Since, for u € D(—A,),

1

||du||%2(M) = (duadu)L2(M) = afu,u] = (—AaU,U)B(M) < Z(||_Aau||L2(M)+||u||L2(M))27

we see that any bounded sequence in D(—A,), endowed with the graph norm, is
bounded in H'(M), and hence, it contains a Cauchy subsequence in L*(M) by
Rellich-Kondrachov theorem. This implies that the resolvents of —A, are compact,
and hence, the spectrum of —A, is discrete, consisting of non-negative eigenvalues
accumulating at +o0o. Assume that A = 0 is an eigenvalue, and let ug € D(a) be a
corresponding eigenfunction.

Then the Poincaré-Wirtinger inequality gives, for some C' > 0,

u——— [ udvoly|| < C|dul|2=C(=Au,u)2=0,

(M| S
so that ug is a constant in Ly(M). Since ug € H'(M), we conclude that ug = const
in L?(OM), and hence, ug = 0 by choice of I". Therefrore A\ = 0 is not an eigenvalue,
and consequently, the spectrum of —A, is positive. For sake of completeness, we
prove the following well known result.

L2
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Proposition 7.1. Let —A, be the operator defined above and —A,,;. be the operator
defined in Section [0, then —A, = —Apiz. In particular, —A,. is a self-adjoint
operator with the positive discrete spectrum accumulating at infinity.

Proof. Assume that u, v € H*(M) and Ayju, Aju € L*(M). Let V be the harmonic
extension of v |,,, then w :=V —v € HJ(M) and A,w € L*(M). By H?-regularity,
w € H?(M). The generalized Green’s identity gives

_/ ulgw dvolg Jr/ Aguw dvoly = (Dyu [opy ,w loar) = (W gar - O o),
M M

where the first term of the right hand side vanishes since w € Hj(M). Therefore we
get

0= —/ ulAgw dvoly + (u |55, 0w |90r) —i—/ Ajuw dvol,
M M

= / g(du, dw) dvol, +/ Agyuw dvol,,.
M M
Hence, we obtain
(Ot | gpr 0 lons) = / Auv dvol, +/ g(du, dv) dvol,
M M

for u, v € HY(M) and Ayju, Ayju € L*(M).
Assume that u € D(A,;z) C D(a) and v € D(A,), then, by above formula,

alu,v] = /Mg(du,dﬁ) dvol, = — /MAgu@ dvoly + (Ot |51 5V |os)

Note that the last term vanishes since u € D(A,;;) and v € D(a), so that

alu,v] = —/ Ayuv dvol, = —/ A izt dvol,,.
M M

Since this holds for all v € D(A,), it follows from Theorem 2.1., in [15], that u €
D(A,) and Au = Aipu.

Conversely, assume that u € D(A,), then —Aju = —A,u € L*(M). Then, it
follows

(O |gpr» [) = / Augvf dvol,, +/ g(du, dVy) dvol, = alu, V] — alu, V] = 0.
M M

for any f € HY2(OM) such taht f|. = 0. This means that 9, u
u € D(Ani) and Ayu = Ayipu.

re = 0, so that
O
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