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EIGENVALUE VARIATIONS OF THE NEUMANN LAPLACE
OPERATOR DUE TO PERTURBED BOUNDARY CONDITIONS

MEDET NURSULTANOV, WILLIAM TRAD, JUSTIN TZOU, AND LEO TZOU

ABSTRACT. This work considers the Neumann eigenvalue problem for the weighted
Laplacian on a Riemannian manifold (M, g, 0M) under the singular perturbation.
This perturbation involves the imposition of vanishing Dirichlet boundary condi-
tions on a small portion of the boundary. We derive a sharp asymptotic of the
perturbed eigenvalues, as the Dirichlet part shrinks to a point z* € M, in terms
of the spectral parameters of the unperturbed system. This asymptotic demon-
strates the impact of the geometric properties of the manifold at a specific point
z*. Furthermore, it becomes evident that the shape of the Dirichlet region holds
significance as it impacts the first terms of the asymptotic. A crucial part of this
work is the construction of the singularity structure of the restricted Neumann
Green’s function which may be of independent interest. We employ a fusion of
layer potential techniques and pseudo-differential operators during this work.
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1. INTRODUCTION

Comprehending the disturbances within physical fields caused by inhomogeneities
in a known environment is crucial for various purposes. It helps to understand the
robustness of the body’s behaviour under small perturbations of its constituent ma-
terial; see B, |ﬁ|] for more such applications. Mathematically, this task involves
performing an asymptotic analysis of the solution of the partial differential equation,
when defining domain or properties of the material are slightly perturbed. Many
examples of this general question have been studied, including investigations into the
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conductivity equation [6, 15, 16] and other areas, such as linearized elasticity |5, [10],
Maxwell equations |7, 27|, and cellular biology |14, 29].

Here, we investigate the eigenvalues of the weighted Laplace operator under mixed
Dirichlet-Neumann boundary conditions when the Dirichlet region disappears. More
precisely, we formulate the problem as follows. Let (M, g) be a compact, connected,
orientable Riemannian manifold with smooth non-empty boundary 0M. Consider
the eigenvalue problem

(1.1) —Agu — g(F,Vgu) = u, u|F8 =0, 81,u|aM\FE =0,

where A, is the negative Laplace-Beltrami operator, V, is the gradient, v is the
outward pointing normal vector field, F' is a force field, and I'. C OM is a connected
piece of boundary of size € > 0. We denote the corresponding operator by —Aﬂme.
The objective is to derive an asymptotic of the eigenvalues {\;.};en of —Aﬂim as €
tends to zero, that is, as I'. shrinks in a suitable sense that will be specified later. We
will do this in terms of the spectral parameters of the unperturbed operator, which
is the weighted Neumann Laplacian, denoted by —A%.

The problem at hand is closely related to the "narrow escape problem," which has
gained significant attention in recent years due to its relevance in cellular biology
[14, 129]. In this scenario, M denotes a cavity with a reflecting boundary, except for
a small absorbing window I'.. The particles in M are modelled as Brownian motions
that exit only through the region I'.. The mean first-passage time, which represents
the expected duration a particle will wander before escaping, is a crucial metric in
this context. The narrow escape problem concerns the asymptotic behaviour of the
mean first-passage time as the size of the window I'. tends towards zero.

1.1. Previous results. The investigation of the behaviour of eigenvalues of elliptic
boundary value problems under the singular perturbation of boundary conditions has
a long history, see for instance [1, 2, 12, [13, [17, 2026, 135, 39]. Detailed analysis of
the two-dimensional planar domain has been performed in [24], where the author
provided the full asymptotic expansion of the perturbed eigenvalues. Moreover, a
complete pointwise expansion of the perturbed eigenfunctions is provided as well.

In [17], the perturbed eigenvalues in a three-dimensional Euclidean domain with a
smooth boundary were studied. The author derived the asymptotic behaviour of the
perturbed eigenvalues up to an unspecified o(¢) term:

e = Aj + Ar|uj(x*)*ce + o(e),

where {\;}jen and {u;};jen are unperturbed eigenvalues and the corresponding nor-
malized eigenfunctions, c¢ is the constant depending on geometry of I'.

The problem of perturbed eigenvalues in a domain with a Lipschitz boundary in
the Euclidean space was examined by the authors in [21]. They obtained the asymp-
totic behaviour of the perturbed eigenvalues, expressed in terms of the unperturbed
eigenvalues and the relative Sobolev u;-capacity of I'.:

>\j75 = )\j + CapM(PmUj) +o (CapM(Féauj)) .

The case of a two-dimensional planar domain in the presence of a force field was
considered in [2]. The authors used layer potential techniques to derive the asymptotic
expansion

Nje = Aj + 7l (@) 7”@ Nog e + O(|loge| ),
where ¢ is a potential, that is F' = V¢.



EIGENVALUE VARIATIONS 3

Additionally, we refer to the studies |18, 119,131,138, 42|, which employed the method
of matched asymptotic expansions.

1.2. Main results. Despite the large number of works on this topic, there are still
many questions regarding more general geometries. The present work is devoted to
answering this question. In our setting, the Dirichlet region, I'; ,, is considered to
be a small geodesic ellipse centred at z* € M, with eccentricity v/1 — a? and size
e — 0 (to be made precise later). Moreover, the force field is given by a smooth up
to the boundary potential ¢, that is ' = V,¢. Our main objective is to investigate
how the geometric characteristics of the manifold M at a specific point x* impact
the asymptotic expansion. We use a combination of the methods used in |2] and [37]:
layer potential technique and microlocal analysis.

In our current analysis, it is crucial to understand the singular structure of the
Neumann Green function, which is represented by the following equation:

AgGiy(@,y) — dive(F(y) Gy (2, y)) + w? G5y (2, y) = —0a(y),
9, G (2, y) — 94 (F(y), V)G3r(@, ) eons = O-

where w? is an element of the resolvent set of the eigenvalue problem (LI)). Let us
consider a formal restriction of GY; to the boundary M. We denote this by the
symbol G,,. For an exact definition of this restriction, refer to Section Bl We obtain
the singularities structure of G%,, near the diagonal and in the neighbourhood of
an eigenvalue of (1)), when w? approaches it. To state it, let us set the necessary
notions. For x, y € OM, let H(x) denote the mean curvature of the boundary at =,
dy(x,y) the geodesic distance given by metric g, dy(x,y) the geodesic distance given
by induced metric A on the boundary M, and

IL(V):=1(V,V), V eT,0M,
the scalar second fundamental form (see pages 235 and 381 of 33| for definitions).

Proposition 1.1. Let (M,g,0M) be a compact connected orientable Riemannian
manifold of dimension three with a non-empty smooth boundary. Let \; be a simple
eigenvalue of —AX and V; be a neighbourhood of \; which does not contain any other
eigenvalue of —AL. Then there exists a neighbourhood of

Diag := {(x,z) € OM x OM}
where the singularity structure of G, given by:

1 ., H(zx
o) = oy (o)™~ T 0w ) + 2 oy (0, )

o (Hw (%) —1L (ﬁ))

g:r<F7 V)
47

1 exp, () )
1.2 v —h, [ Fll(g), =Lz 9]
(12 in ( @) e W)
wj(x)u;(y) .
+ ﬁem) + Rgy (2, y),

where w? € V; \ {\;}, R&y(2,y) € COOM x OM) for a € (0,1), FIl denotes the

tangential component of F' and x denotes the Hodge star operator.
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In deriving the singularity structure, we employed a standard pseudo-differential
parametrix construction as described in [36, 37 by observing that GY,, is an ap-
proximate inverse to a Dirichlet-to-Neumann map. To determine the singularity with
respect to w near the eigenvalues of —AL,, we have used an approach similar to that
of [4]. Using the aforementioned proposition, we derive an asymptotic expression for
the eigenvalues \; . as e — 0. For the sake of clarity, we begin by presenting the main
result for I'; , being a geodesic ball, that is a = 1:

Theorem 1.2. Let (M, g,0M) be a compact connected orientable Riemannian man-
ifold of dimension three with a non-empty smooth boundary. Fix z* € OM and let
I, be the boundary geodesic ball centred at x* of geodesic radius € > 0. Assume that
F = V,¢ for a potential ¢ smooth up to the boundary. Let {\;.};en be the eigen-
values of —Aﬂix,e. If \; is a simple eigenvalue of —AX and u; is the corresponding
eigenfunction normalized in L?(M, e®dp,) (weighted L* space with a weight €?), then

Nie—Aj = Ae + Be’loge + Ce” + O(e°log’ ),
where

A = dfuy(a*)Pe?,
B = drluy(2")[?e”) (H (2*) — 0,¢(a")),

8log2 — 6
™

€ = luyfa)Pee (1) - 0,6(a) - 161" .a7)).

Here, H 1is the mean curvature of the boundary, Rgf\d(x*,x*) s the evaluation at
(x,y) = (z*, %) of the kernel Rgﬁ\/[(x,y) in Proposition [T

Theorem does not realize the full power of Proposition[L.T]as it does not see the
inhomogeneity of the local geometry at z*, only the mean curvature shows up. This
limitation arises from the fact that Dirichlet regions are specifically geodesic balls.
However, by considering geodesic ellipses instead of geodesic balls, we observe that
the inclusion of the second fundamental form term in Proposition [LI] contributes to
an asymptotic term, which is the difference in principal curvatures. The ellipse, we
consider, is defined as follows. Let Ej(z*), Ey(z*) € T,-OM be the unit eigenvectors
of the shape operator at z* corresponding respectively to principal curvatures k;(z*)
and ko(z*). For a € (0, 1] fixed, we set

(13) Fs,a = {epr*;h(EtlEl + 8t2E2) | t% + a’2t§ < 1}
Now, we are ready to state the main result:

Theorem 1.3. Let (M, g,0M) be a compact connected orientable Riemannian mani-
fold of dimension three with a non-empty smooth boundary. Fix z* € OM and letT'.,
be the boundary geodesic ellipse given by (L3]). Assume that F' = V¢ for a potential
¢ smooth up to the boundary. Let {\;.};en be the eigenvalues of —Afhx,e. If Aj s
a simple eigenvalue of —AX; and u; is the corresponding eigenfunction normalized in
L*(M, e®dp,), then

Aje — Aj = Ae + Beloge + (C) + Cy + C3)e” + O(e log® e).
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Here, the constants are defined as follows

2
T a
K,=— df
2 /0 (a2 cos? ) + sin® 6)1/2
4m2a . o
R
4mda®|u;(z*)]2e?™")

B (H(z") = 0,0(z"))

and

o @rlH () = 0,00l () P
1 pum—
K?
1/2

y / 1 / log ((t; — 51)% + a®(ty — $2)?) dt'ds’,
D ( D

1— [s']?)1/2 (1—|t]2)1/2

2 *\ * (%) |2 ,0(2*)
0, - Lrlnle) D (e

% / 1 / (tl — 81)2 — a2(t2 — 82)2 1 dt,dsl
p (L= [s'[2)2 Jp (t1 — 51)? + a®(ta — 52)? (1 — [¢/[?)1/2

o _ L6m Ry (o) uy () P
3 — K2 9

where Rgfw(:p*,x*) is the evaluation at (v,y) = (z*,2*) of the kernel Rgfw(x,y) in
Proposition 11

From this result, we can conclude that the shape of the Dirichlet region is im-
portant. The eccentricity of the ellipse affects the main term of the asymptotic.
Moreover, we observe a difference in the principal curvatures, which is not visible in
case a = 1.

1.3. Outline of the paper. In Section Pl we initiate the exposition by introducing
the necessary notations and providing a more precise formulation of the problem at
hand. Section [Blis devoted to the computation of the singular structure of Green’s
function. Moving on to Section Ml we employ variational principles to derive addi-
tional bounds for the perturbed eigenvalues. Ultimately, in this section, we establish
the proof of the main theorem.

2. PRELIMINARIES

In this section, we introduce basic notations and formulate the problem. Through-
out this work, we use (M, g) to denote a compact connected orientable Riemannian
manifold of dimension three with a non-empty smooth boundary. The corresponding
volume form and geodesic distance are denoted by du,(-) and dg4(-,-), respectively.
Let tgpr : OM — M be the trivial embedding of the boundary OM into M. This
allows us to define the boundary metric h := ¢},,g inherited by g. We similarly use
dpup () and dy (-, -) to denote respectively the volume form on the boundary and the ge-
odesic distance on the boundary given by metric h. We denote the Laplace-Beltrami
operator by A, = —d*d.
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For x € OM, let Ey(z), Ex(x) € T,OM be the unit eigenvectors of the shape oper-
ator at x € OM corresponding respectively to the principal curvatures k(z), ko(z).
We will drop the dependence in z from our notation when there is no ambiguity. We
choose E; and Ej such that E? A E5 A is a positive multiple of the volume form
dp, (see p.26 of [33] for the “musical isomorphism” notation of * and #). Here we use
v to denote the outward-pointing normal vector field. By H(x), we denote the mean
curvature of M at z. We also set

IL,(V):=1L(V,V), V €T,0M,

to be the scalar second fundamental form. Note that, in defining II and the shape
operator, we will follow the standard literature in geometry (e.g. [33]) and use the
inward-pointing normal so that the sphere embedded in R? would have positive mean
curvature in our convention.

In this article, we will often use boundary normal coordinates. Therefore, we briefly
recall its construction. For a fixed z* € OM, we will denote by By, (p;2*) C OM the
geodesic disk of radius p > 0 (with respect to the metric h) centred at z* and D, to
be the Euclidean disk in R? of radius p centred at the origin. In what follows p will
always be smaller than the injectivity radius of (OM, h). Letting t = (t1, s, t3) € R3,
we will construct a coordinate system xz(t; 2*) by the following procedure:

Write ¢ € R?® near the origin as ¢ = (¢, t3) for ¢’ = (t1,t2) € D,. Define first

z((t',0);27) := exp., (t1 By + t2Es),

where exp,.., (V) denotes the time 1 map of h-geodesics with initial point z* and
initial velocity V' € T,«OM. The coordinate t' € D, — x((t',0);2*) is then an h-
geodesic coordinate system for a neighborhood of * on the boundary surface M. We
can then construct a coordinate system for a neighbourhood of * € M by considering
g-geodesic rays v, _, : [0, p) = M emanating from points in M orthogonal to OM.
In particular, we can then smoothly extend ¢’ to U by setting ¢’ to be constant
functions along 7,+ _,. If we then define ¢3 to be the unit speed parameter of v« _,,
then (t1,ts,t3) form coordinates for M in some neighborhood of z* € M. As a
consequence, t3 is a boundary-defining function, that is t3 > 0 away from M and
t3 = 0 on M. We will call these local coordinates, boundary normal coordinates. For
convenience we will write z(t'; 2*) in place of z((t',0);2*). Readers wishing to know
more about boundary normal coordinates can refer to [33] for a brief recollection of
the basic properties we use here for detailed construction.

We will also use the rescaled version of this coordinate system. For € > 0 sufficiently
small we define the (rescaled) h-geodesic coordinate by the following map

(2.1) (5 a%) it = (t1,t2) € D x(et’;2") € By(e; "),

where I is the unit disk in R2. Given the boundary normal co-ordinate construction,
we define the geodesic ellipse I'. , as the following subset of OM

(22) Fs,a = {expm*;h(é‘tlEl + 8t2E2) | t% + a_QtS < 1}

2.1. Formulation of the problem. Now we are ready to state the problem. Let
us consider the operator

u— Ayu+ g(F,Vgu),
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where F'is a force field, which is given by F' = V¢ for a smooth up to the boundary
potential ¢. We can re-write this operator in the following way

L
A=Ay +g(F V) = e—¢dlvg(e¢vg-).

According to [28], the operator A5 is called a weighted Laplacian and the pair
(M, e®dp,) is called a weighted manifold. Note that e? is bounded and strictly pos-
itive on M. Therefore, L*(M) = L*(M, e®dp,) as sets with equivalent norms. We
also note that the operator A5 with initial domain C§°(M) is essentially self-adjoint
in L?(M, e®du,) and non-positive definite. We want to study the operator A5 with
Dirichlet and Neumann boundary conditions on I'. , and OM \I'. 4, respectively. This
operator can be defined via quadratic form as follows. Consider the quadratic form

a.(u,v) = / e¢(z)g(vgu(2), Vu(z))dp,(2),
M
with the domain
D(a.) := {u € H' (M) : supp(ulops C OM \ T}

Since e? is strictly positive and bounded on M, this quadratic form is non-negative,
closed, symmetric and densely defined in L*(M,e®du,), and hence, generates the
self-adjoint non-negative operator; see Theorem 2.6 in [30, Ch. 6.2]. We denote this
operator by —Aﬂix,e and call it a weighted Laplace operator corresponding to the
aforementioned mixed boundary conditions.

Since H'(M) is compactly embedded in L*(M, e®dp,), the spectrum of —Af,.
is discrete and consists of the eigenvalues with finite multiplicity accumulating at
infinity. We denote them, taking into account their multiplicities, as follows

OS)\LeS)\Q,ES"'<OO-

The corresponding normalized, in the L?*(M, e®dpu,) sense, eigenfunctions are denoted

by {uje}jen.
We also consider the operator —A5 with a Neumann boundary condition, which
is generated by the quadratic form

ay(u,u) = /Me¢(z)g(vgu(z), Vu(z))dpy(2), with D(ay) = H'(M).

We denote this operator by —AL. By the same arguments above, we conclude that
the spectrum spec(—AL) is discrete and consists of eigenvalues with finite multiplicity
accumulating at infinity. We donate them by

0:)\1§)\2§<OO

By {u;}jen, we denote the corresponding normalized, in the L*(M,e®dp,) sense,
eigenfunctions. We aim to derive an asymptotic expansion for \;. as ¢ — 0 in terms
of \; and u;.

3. NEUMANN GREENS FUNCTION

In this section, we consider the Greens function GY; defined as the solution (in the
distributional sense) to the following boundary value problem

AGGSp(,y) — divg(F(y) Gz, y)) + w? Gz, y) = —02(y),
G (z,y) — 9y(F(y), V) G5 (@, 9)] yeons = O,
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where w? is a parameter belonging to the resolvent set of the operator —A%. We
seek the singularity structure of OM-restriction of GY, near the diagonal. A more
precise definition of this restriction will be given later. Our main aim is to obtain
Proposition [Tl

3.1. Singularity in the spectral parameter. The first step in our analysis is to
express G4, as a decomposition of Neumann eigenfunctions. The following result is
similar to a result of [4]. We modify it here for our setting

Proposition 3.1. Let {\;};en be the eigenvalues of —AL and {u;}jen be the corre-
sponding L*(M, e®dyu,)-orthonormalized eigenfunctions. Then, for x # y and w? €
C \ spec(—AL), it follows that

G?\}(SL’,y) _ u](:p)uj(y) €¢(y).

2
= Aj —w

Proof. Since (M, g, OM) is assumed to be compact, it follows that e is bounded and
strictly positive on M. Therefore, L*(M) = L*(M,e®du,) with equivalent norms.
Since G%;(x, ) € L*(M, e®dp,), for any = € M, we can express

Gyy(z,y) = Z v; (@) (y)e? ™.

Since e > 0 is bounded, it follows that f € L?(M) if and only if e?f € L*(M).
Thus, for fixed z € M, the above expression for G4, (z,y) is unique. Green’s identity
in conjunction with the divergence theorem as well as the boundary condition on wu;
yields the following calculation

u(z) = /M (=2, G5, ) + divy (F(y) G, ) — WG (2, 9)) s (9) i (),
-y /M o) ()15 ()PP dprg (1),

— (% — WP)uy(a) /M o1y () 2O g ().

Recall that u; are L*(M,e®du,)-orthonormalized so that v;(x) = u;j(z)/(\; — w?),
which implies that

" 2 wi(x)u;(y
Gily) = Y ) o
— g — W
7j=1
as required. O

Let \; be a simple eigenvalue of —AX and V; be an open bounded neighborhood
of \; in C such that V; Nspec(—A%) = {);}. Within Section 3, we are interested in
deriving explicit asymptotics for the trace of G%,. To this end, we write GY; as

o up(x)ur(y) u;(x)u;(y)
S D v v
k# 7

uj($)uj(y)e¢(y)

2 )
Aj—w

= Ny, y) +
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for w? € V;. From here we can then define G%,, and Ng,, as the boundary restrictions
of G%; and N}, as Schwartz kernels of the trace of the integral operators G, and Nj;
respectively. That is, for f € C*°(0M), we have

Y

x€EOM

Gm:c,wf(y)duh(y))

3M3f'—><

oM

fd o ([ N )

oM reOM

It can also be seen from the perspective of microlocalization that the above restrictions
to OM x OM are well-defined since GY, is the Schwartz kernel of a pseudo-differential
operator with WE(GY,) N N*(OM x OM) = () and the difference between G%, and
Ny is a C®°(0OM x OM) term. Thus, we write the trace of G, as

(31) u(.9) = Ny (o) + 205D o)

g — W
Our choice of N%; suggests that any terms which depend on w? in N%,, are negligible,
since, by definition w? € V; \ {\;} and Vj is judiciously chosen such that there are
no other Neumann eigenvalues in V. This implies that there is only one significant
singularity in w? which is given by the second term of (3.1)).

3.2. Singularities along the diagonal. When considering (B.J), it is apparent
that %e‘ﬂy) is jointly smooth on OM x M, thus the only difficulty in deriving
J

asymptotics for G%,, for x near y lies in the derivation of Nj,,. We will show that
Ng,, is a left parametrix for a Dirichlet-to-Neumann map, which is associated to the
following auxiliary Dirichlet boundary value problem

(3.2) Agus+ g(F,Vuyp) + wuy = 0,
. Uf‘aM:fECoo(aM)

The Dirichlet-to-Neumann map is given by
N HP?(OM) > f = duy € H?(OM)*.

In order to construct N%,,, we will require a series of technical lemmas. The first of
which was proven in [32] and [34]. We offer a sketch of the proof for our special case
under consideration.

Lemma 3.2. The Dirichlet-to-Neumann map Ay - is an elliptic pseudo-differential
operator of order 1. In addition, the first two terms of the symbol of o (A £)(t,&') are

1A% p) = =V,

1 — s =  ~ =
oo(A ) = W(W@ Do\ G — G — 0u B + EVG),
2
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where E, q1 and @3 are given by

Blt) = —% Z BB ()0 has(t) — F3(8),

a(t.€) ——zZ( 19003, Tog 30) + 0, 1(0) ~ FORL) ) €
@t E) Zhaﬁ )éals,

Here o, B € {1,2}, F = F'(t)0;, + F?*(t)0y, + F3(t)0s, and 5(t) = det(gap)-
Proof. Within our choice of co-ordinates, we begin with the following decomposition
(33) _Ag - g(F7 Vg) - w2 = Dt23 + ZE<t>Dt3 + @(t Dt/)u
where @J(t, Dy) is
Q<(t, Dy) == > _ h*(t) Dy, Dy,
a,B
' L9810, 1g 6(¢) + &y, he? F(t)hi(t) ) D 2
—iy S ()0, 10g 0(t) + 0y, W7 (t) — F()hg(t) | Diy — .
a,B
It should be noted that the total symbol o(Q“)(t, &) of Q“(t, Dy) is given by
o(@Q)(t,€) = @(t.€) + @t &)

It follows that we can construct a first order, classical, pseudo-differential operator
A%(t, Dy) such that

(34) =D, — g(F,Vy) = = (Dyy +iB(t) — iA2(t, Do))(Dy, + iA3(t, D),

by equating ([3.3)) and (B.4]). This yields the following equation, up to a smoothing
operator

(3.5)  A%(t, Dy)? + i[Dyy, A%(t, Dy)] — Q=(t, Dy) — E(t)A%(t, Dy) = 0.

The standard pseudo-differential calculus allows us to write (3.5]) equivalently in terms
of symbols associated with the relevant operators (ones which involve some action on
functions defined over M) as follows, up to a smoothing symbol

Z 3” (AR)D]0(A7) = 0, 0(AF) = 0(Q¥) = E(t)o(A7) = 0.

where v € N" denotes some multi-index. Collecting homogeneous terms of degree 2
and then 1 yields the first two terms of the Borel expansion for the symbol of the
pseudo-differential operator A%(t, Dy). These terms are

Ul(AQP{'):_Vq’\éa
1 — _ — =
oo(Ap) = —Qﬁ(vgf\/% DG — G — 0,V + ENVB).
2

It should be noted that o;(A%) = 0 only if ¢ = 0 (which corresponds to the zero
section). Thus, it follows that A%(¢, Dy) is an elliptic operator. Furthermore, by con-
struction, o1(A%) and 0¢(A%) are homogeneous symbols, as are the residual symbols

~417¢
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0;(A%) for j < —1. Therefore A§(t, Dy) is a first-order, elliptic, classical pseudo-
differential operator. Within the following section of the proof, it is shown that
A% (t, Dy) coincides with AY p up to a smoothing operator. This is done by first
considering the region {0 < t3 < T'}. The authors in [34], exploited ([3.4]) in order to
write ([B.2]) as a system of forward and backward heat equations:

(Dty + iAulé)uf =, uf|t3:o =/,
(Dy, +iE — iAf)v = w € C=([0, T); D'(R?),

where ugp,v € C([0,T]; D'(R?)). Since o1(A4%) < 0 for & # 0, the following heat
equation is well-posed

Opv + Afv — Ev = —iw,

and thus v € C°°([0, T] x R?). Thus, restricting the forward heat equation to {t3 = 0}
implies that, up to a smoothing operator

A;J,Ff = 8t3u|t3:0 = AR(t, Dt’)u|t3:0
Consequently, we have that
o(Ag p)(t,€) = o(A7)(L,€).
OJ

In addition to establishing the above lemma, we require a lemma that we can use
to link Ng), and Ay . The following lemma elucidates said link as it shows that Ng),
is a left, elliptic pseudo differential parametrix of Ay . Once again, we consider the
elliptic Dirichlet boundary value problem (3.2).

Lemma 3.3. The Dirichlet-to-Neumann map Ay p and Ngy, satisfy the following
operator equation

(3.6) [ = N§ A o+ 0,

where W~ denotes the class of smoothing operators. In particular, N§,, € \11;1
an elliptic pseudo-differential operator.

Proof. We prove the above lemma by integrating by parts (3.2]) against the Neumann
Greens function GY,(x,y)

—usta) = [ Gl Agusdng () + [ ()G, 2) = Gy, 2)0us(2) din(2)

oM
—Auf(Z)dng(F(Z)G%(%Z))dMg(Z)+w2/MUf(Z)G°XJ($>Z)dMg(Z)-

The divergence theorem yields

—ug(z) = /M G5, 2) Aguugdpiy (=) + /a sl Gy, 2) = G2 ()

+ /M 9:(F(2), Vgus) G5y (2, 2)dpg(2) — / up(2)GR(x, 2)F(2) - vdpn(2)

oM
[ ()G 2 (o)
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Employing the prescribed Neumann boundary conditions on G%;, we conclude

w@) = [ Gl )=o)

Furthermore, restricting * € 0M and invoking the prescribed Dirichlet boundary
condition from (B.2) using our definition involving the trace (B.1I), we have that

f@) = | G, 2)AG p f (2)dun(y),

oM
= [ Nt + [ O ke i)

Since the Neumann eigenfunctions are smooth, the rightmost integral in the above
expression consists of a smooth Schwartz kernel and thus gives rise to a smoothing
operator. That is, we have

I'= NoyNgp+ 0
Finally, since A% . € ¥/, is an elliptic operator, we conclude that Ng),, € vt O

Using Lemmas and we can prove the following theorem by iteratively de-
termining the terms in the Borel summation associated with the parametrix N,
modulo smoothing terms.

Proposition 3.4. Let z,y € OM such that x # y and w* € C \ spec(—AL). In an
open neighbourhood of Diag := {(x,z) € OM x OM}, we have that

H{(z)

w 1 — gz F,l/
N3M<x7y) = %dg('ray) T 1Ogdh<x7y> + (47'(' ) 10gdh<x7y)

16z (0 (o)~ (o)
Ly <F($) M) RS (),

4m " expzH(y)|n

where Ry, (z,y) € C¥(OM x OM) for a € (0,1), and F!l denotes the tangential
component of F' and x denotes the Hodge star operator.

+

Within the above expression for Ng,,, we obtain a clear image as to the structure of
the singularity in z,y € M near the diagonal (where z = y) as well as the singularity
in w? € C )\ spec(—A%) for w? near \;. For the sake of clarity, we will include an
outline for the proof of Theorem [3.4l Since we have already determined the nature
of the leading order singularity in w, all that is left is to reveal the nature of the
singularity of the leading order terms for x near y on OM.

Proof of Proposition[3.4 There are infinitely many additional terms in the asymp-
totic series of N3, these are formed via an iterative argument on the level of symbols.
However, for our purposes, we only need the first two elements of the kernel expan-
sion and thus, we only need the first two symbols in the Borel expansion of o(Ng,,).
Upon deriving o_1(Ng,,) and o_o(N§,,) An expression for the asymptotic series of the
Schwartz kernel is given by the fourier transform of o_1(Ng,,) +0-2(Ng,,). To begin
this iterative process, we view the operator equation (3.6]) on the level of symbols.

(3.7) 1 = o(Ngy)#o (A p)(z, )+ 57,
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where # denotes the standard composition of symbols in correspondence to the com-
position of pseudo-differential operators. Furthermore, we write o(N§,,)(t,£') in
terms of the following asymptotic series, whose existence is guaranteed by Borel’s
lemma

a(Ngy) (@,8) ~ > o j(Njy) (1 €), o (N (1, €) € S
j>1

Equation (3.7) becomes the following in accordance to the formula for the #-product
1—2 o(Ngy)Dio(Ag ) + 577

where v € N” denotes a multi-index. In the first iteration, we have that for a smooth
function y and R € R with x(¢') =0 for |{'| < R and x(¢') =1 for |¢| > 2R

x(€')
o1 (AY p)(t,€)

We can further iterate for the second term by forming the following equation

1= 0_1(Nga)(t, €)or(Ag p)(t,€") + o1 (Nag ) (£, § ) oo (A5 p) (2, €),
+ 0o (Njp) (. 6)01 (A p) (8, €) + Vero1(Ny) - Dvor(Ag p) + Sig

We now equate terms of symbol order —1 to obtain the following equation

0 = o1 (Ngar) (8 €)a0(A p) (E,€) + 02(Noa ) (£, € ) o1 (Ag ) (£, €)
+ Voo 1(Ngy) - Deor(Ag p).

So, we choose 0_5(Ng,,)(t,&') as follows

x(€')
o1 (A p)(t,€)

Thus, we have that the Schwartz kernel of the dM-restricted Greens function, when
evaluated at the center of the h-geodesic disc T 1, up to U3, when written in local
co-ordinates is given by

1 o o
= ( / T (N (0,€)dE + / e (N0, s’>d§') .

This results in the desired singular expansion for the boundary-restricted Greens
function fixed at a central point z*. It can then be extended via a series of estimates
derived in [37] to N, (z, y) for x # y, but suitably close (See [36] for full calculation).

O

1= 0 1(Ngy) (8 €)or(Ag o) (8,€) + Sig == o-1(Ngy)(4,€) =

o_o(Ngy)(t, &) = — (p-1(t, €)oo (AL £) () + Vep_1 - Duor (A £)) -

Finally, we note that Proposition [[.Tlfollows as a trivial consequence of Proposition

B.4 and relation (B.1])

3.3. Schwartz kernel estimates. Within this section, we investigate G, near x*,
in the local coordinates given by (2.1]). We introduce several integral operators related
to the terms on the right-hand side of (L2)). First, we consider a weighted variant of
the normal operator

» (s y
(3.8) L.f = /D (s 1 a2ty — 52)2)1/2d
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acting on functions on the disk D. It is known that L, is a self-adjoint operator; see
for instance Section 4 in [37]. Moreover, by [41], it follows that

21 1/2
(39) Lo (K, '(1—[¢))2) =1, K,= g/ <cos o+ Slz 9) do.
0

By (4.4) in [37], it was shown that u(t') = K;'(1 — [¢/|*)~"/2 is the unique solution

to Lyu = 1 in H'/2(D)*. Next, we introduce the following operators

Riogaf(t) :==a /D log ((t1 — s1)* + a®(t2 — 52)2)1/2 f(s")ds,

N (tl — 81)2 — a2(t2 — 82)2
Rooof(t) := a/D (b —51)? T a2(ty = 32)2f(8 )ds',
0

y FY0)(t; — s1) + aF?(0)(ta — s2)
RFaf( ) / ((tl - 81) +a2(t2 - 82) )1/2

Rraf(t' —a/f

Remark 3.5. In [37], it was shown that the operators Ry, and Ra, are bounded
maps from H?(D)* to H*?(D). Repeating the arguments shows that this is also
true for Rp,.

f(s"ds',

Note that these lemmas are proved in |36, 37]. We state them here for the conve-
nience of the reader.

Lemma 3.6. We have the following identity
[ i) odinly) = <La(e) + £ Ao(t),

where x = 2°('), (') = v(2°(t)), for some A, : HY/?(D;ds')* — HY*(D;ds') with
operator norm bounded uniformly in €.

From now on, we will denote by A. any operator which takes

A.: HY2(D;ds')* — HY?(D;ds'),

whose operator norm is bounded uniformly in €.
Lemma 3.7. The following identity holds

(H) = 0.(F.0)) [ logds(a,)o()din(y)

£,a

= e’ loge(H(a")—0,¢(2")) Rio(t') +&*(H (") = 0,$(a")) Riog a0 (') +2* log e A0 (1),
where x = x°(t') and O(t') = v(x=(t')).
Lemma 3.8. The following identity holds

1., (- (o)~ (o)) o
| = &(k1(2") = Fa(7")) Roo,a0(t) + > Ac0(t'),

where x = z°(t') and v(t') = v(2(t')). Recall that k1(z*) and ke(x*) denote the
principle curvatures of the boundary OM at x*.
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Lemma 3.9. The following identity holds
exp,.
[ e (PV0 2 ) = <Rl + 2 Al
Iea | eXpm;h(y> In
where x = x°(t') and 0(t') = v(z°(t')).
Finally, we need to know the behaviour of the final component on the right-hand

side of equation (L2) as the parameter w converges towards the spectrum of —AX%.
eigenvalue of —A]".

Proposition 3.10. Let Ay be a simple eigenvalue of —Ag and let Vi be its neigh-

bourhood which is open, bounded, and does not contain any other eigenvalue of—Aj.
For A\ € Vi, let

(3.10) Ry,»: C*(OM) — D'(OM)
be the operator defined by the integral kernel

R (z,y) — RNz, y),
then

||R>‘k7>‘||H1/2(3M)*r—>H1/2(8M) = O(|>\k — )\|)

Remark 3.11. Due to Proposition Bl for any fixed z, y € OM, Rg’;u(x, y) is well
defined.

Proof of Proposition[310. Throughout the proof, we write © < y or y = x to mean
that + < C'y, where C' > 0 is some constant. The dependencies of C' will be clear
from the context. By x ~ y we mean that + <y and z 2 y.
For ¢ € HY/2(OM)*, we have the following estimate
| (R ) = R ) o) (v
oM

< U a1 (ary,
H1/2(0M)

where
e Ak = V(@) (uge?, )
U@ =2 0 0,

ik
and (-,-) denotes paring between H'/* and H'Y?. Let us consider the following
Neumann boundary value problem

{(—Ag +1)u=0 on M,

3.11
( ) o,u =1 on OM.

The corresponding Neumann-to-Dirichlet map is defined by
N HY2(OM)* — HY*(0M),
Ny = u’|onr,
where uY is the solution to (B.I1). Using Green’s identity, we obtain
)\] ('U/]7 uw)LQ(M,e¢d/J,g) = — / Agu‘](x)uw(x)e(b(x)dﬂg(x)
M

— [ @A @) i) + el ).
M



16 M. NURSULTANOV, W. TRAD, J. TZOU, AND L. TZOU

Therefore,
<Uj€¢|8M777Z)> = (A — 1)(uj>uw)L2(Mve¢’dug)'
Then,
Aj—1
Ux) = (A — A) (wj, u®) e etdpg) Ui (7).
;<)\] )\k)<)\ _)\) J L2(M,e®dpg) “j
Let us set
Z )\ 2\ u], )L2 Me¢duq)u](x)
J#k
and
L(z) = Z A — 1 (ujauw>L2(Me¢d )uj<x)7
= 5= Ay = A) o
so that

Ur) = (A = A) (Ii(x) + L2(2))
By the spectral theorem, we know that
- 1
(_Aﬁ - )‘) 1u¢' = Z N — )\(ujauw)LQ(M,ed’dug)uj(x)'

J

j=1
Hence,
I(x) = (Id = PY(=Ak — 3w
where Id is the identity operator and P is the spectral projection to {uy}. Therefore,
”Il”Hl(M) S va“w”B(M,eabdug) + HuwHLQ(M,ed’dug)'

Furthermore, using the divergence theorem, we compute
(3.12) 0= / (—Aguw(x) +u? (2))u? (2)e? @ dpgy ()
M

= vauw”%Q(M,ed’dug) + HuwH%Q(M@d’dug) - <€¢N’l/}7w>7
which implies that
[l vy S VPN, ).

Next, we estimate Io:
[ 2|l oy = Vo La |l 2arev ) + 12l L2(0e2dpy)

S <Z <()\j f);\kk)_()\lj)_ )\))2 Aj+ (()\j _(i\kk;()\lj)_ )\)>2> E (25, 0") L2 g

i#k
Therefore,

||12||H1( (Z )\3) u],u LQ(M,ed’dug) S ||uw||L2(M,e¢dug)

j#k

Here, as a consequence of Weyl’s law [43|, we used that \; ~ j 3. See also [g] for
weighted Laplace operators. Due to (3.12]), we derive

12l ary S V(€N ),

Ul any S 1Ak = AV (PN, ).

and hence,
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Since —1 ¢ spec(—AY%), it follows that A is a bounded operator from H'/2(OM)* to
H'Y2(OM), see for instance [9]. Therefore, we conclude

[Bxes®llmnrzany < NUErny S 1 = Al 2 oan--
This completes the proof.

4. PROOF OF THE MAIN RESULT

In this section, we prove our main result. We first begin with auxiliary lemmas
which will be used subsequently. The following lemma is well-known in spectral
theory. We state it here for the reader’s convenience.

Lemma 4.1 (Glazman Lemma). Let A be a lower-semibounded self-adjoint operator
in a Hilbert space (H, (-,-)) with corresponding closed sesquilinear form a and form
domain D(a). Then, it holds

N(X\, A) =sup{dimL | L subspace of D(a) s.th. a(u,u) < Mu,u) foru € L\ {0}},
where N (X, A) is the spectral distribution function.

The proofs of the following two lemmas are based on proofs of Lemma 3.1 and
Theorem 3.2 in [40], respectively.

Lemma 4.2. Let A € R and v € H'(M) such that —Alu = \u. Let xg € OM. If
Ulp, (o) = 0 and Oyu|p o oy = 0, then u = 0 identically on M. (Recall that we
consider € being smaller than injectivity radius.)

Proof. Let us extend M to a compact connected smooth Riemannian manifold M

such that M \ M is compact with non-empty interior and M \ M NM = Bp(xg,e).
Let u be the extension by zero of u to M. Let F be any smooth extension, up

to the boundary, of F' to M so that we get a new weighted Laplacian —AF Since

U g, (0.0) = 0and dpu [, -y = 0, it follows that u € H'(M), moreover —Agu = \u.

Since w | M T 0, the unique continuation arguments imply that u = 0 identically
on M. 0

The previous lemma can be used to derive the following strict monotonicity prin-
ciple, which will be used later.

Lemma 4.3. Assume that 0 < g1 < &9, then
)\j751 < )\j752, ] € N.

Proof. Since €1 < g9, it follows that D(a.,) C D(a., ), and hence, by Lemma [A.1] we
know that \;., < \;.,. We are now required to show that the previous estimate is
strict.

Let A = A, and 6 > 0 be sufficiently small such that

(A, A+ 0) Nspec(—Al,.) =0, for i =1,2.
We denote
k= ()\ + 6, —AF E2) and L :=span{uic,, -, Uke,}-
Then k£ > j and
(4.1) ey (U, 1) = gy (u,u) < (A4 0) (U, u) L2 (a1,eduy)s for u € L.
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Since I'., 4 \ I';, o has a non-empty interior in OM, by Lemma 2] it follows that if
v € Ker(—=Af;,., — A) then v ¢ L. Therefore, we obtain

(4.2) dim (Ker(—=A},, ., —A) @ L) = dim (Ker (A}, ., —A)) + dimL.

Furthermore, since Ker (=AY, . —A) € D(=A%,, ) and L C D(a.,) C D(a.,),
Theorem 2.1 in [30, Chapter 6] and estimate (A1) give

Qe (U +u,v+ u) < ()‘ + 5) ('Ua U)LQ(M,ed’dug) + ()‘ + 5) (u7 u)LQ(M,e¢dug) + 20’61 (U, u)

< ()\ + 5) ((U, U)LQ(M,e¢d,ug) —+ (u, U)LQ(M7e¢d“g)) + 2)\(?], U)LQ(M,ed>d,ug)
< A+ 0) (04w, v+ U) 2(ar,e0dpy)

for v € Ker (=Af;,., —A) and u € L. Therefore, by Lemma ET] it follows
N (A+6, —Aﬂiml) > dim (Ker (—A]\FMMI -AN)al),
and hence, by ([£.2),

N (A + 6, —Aljip.,) = dim (Ker (=A},., — A)) + dimL.
Then
N (A =AYize) =N (A+6,-AY,.,) — dim (Ker (=AYjpc, —A) = k> 5,
so that A\; ., < Aj.,. OJ

Since D(a.) C D(ay), it follows that A, . is bounded from below by \; and decreases
as € — 0, by the last lemma. Therefore, we can define the following limit

)‘j,O = lgr(l] )\j@.
Next, we show that {\;};en coincides with the sequence of eigenvalues of —AX:
Lemma 4.4. For any j € N, the equality \;jo = \; holds.

Proof. For € > 0, we know that D(a") C D(a.). Therefore, by Lemma [T \; < \;..
Recalling our definition of A; o, we conclude that A\; < A;, or equivalently

N, —AR) > #{o: Ao < AL A > 0.

Therefore, to prove \jo = \;, it suffices to show that if A\ € spec(—AL) with multi-
plicity [, then X appears in {\;o};er at least [ times.

Let \ € spec(—AL) and [ be its multiplicity. Then there exists k € N such that
A < Agaq and

Mo—t41 ==X = A

Therefore, there exists ag > 0 such that N(A+ «, —AL) = k for any a € (0, ap). For
any « € (0, ag), we aim to find a small € > 0 so that N(X +a, —Af,;, ) = k.

Let x. € C*°(M) denote a smooth cutoff function such that

1 forxze M\ B,(z*, 3¢),
o) = \*g( )
0 for x € By(z*,2e)

and
IVyXell2(aretdn,) — 0,for e — 0.

Counsider the set of functions

La = {U1X5a o aukX5}-
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Since {u;}¥_, are linearly independent in L? and u;x. — u; in L?, it follows that
{ujxe}g?zl are also linearly independent in L? for sufficiently small & > 0, so that
dim(L.) = k. The definition of x. implies that L. C D(a.) and
a(u;Xe, ujxe) = alu;, u ),
(wjXe, qua)LQ(M,e¢dug) — (uy, uj)LQ(M,ed>d,ug)a
as € — 0. Therefore, for a € (0, o), there exists £ > 0 such that

a(u,u)

<A+« for u € L,
(U, u)LQ(M,ed’dug)

which implies that N(A 4+ a, —Af,, .) = k. Therefore, spec(—Af,, ) N (A A+ ) is
not empty. Moreover, since \; < A, ., we conclude

{)‘k—H—LEa T )\k,a} - Spec(_AJ\FMm,e) N ()‘a A+ a)'
Since «q is an arbitrary sufficiently small number, we conclude that \ appears in
{A\jo}jen at least [ times. This completes the proof. O

Next, we show that the eigenfunctions of —Aj,. - and —AJ are close to each other
in the following sense:

Lemma 4.5. Assume that )\; is a simple eigenvalue of —AX. Then there exists
C > 0 such that

| (w5, 1.2) 2 (retduy) | > C

for sufficiently small € > 0.

Proof. Recall that {uy}ren forms an orthonormal basis on L?(M, e®dy,), so that we

can express
uje(x) = Z Cr U
keN
Assume that the lemma is false, which means that there is a sequence of positive
numbers {g; };en such that
(4.3) g — 0, ¢l =0,

as | — oo. Since \; is simple we can choose a > 0 such that \; +a < Aj41. Let us

define
o &l
Wije = E Cilug.

kA
Then

. . — = P L AElg, .
(w]7517 w]@z)LQ(M,eMug) = (u],el CjUj, Uje — €5 UJ)LQ(M,eM;Lg)
I £l £l £l
= (Wjep Wje) 120 e0dug) = 2(Wiers G UG L2 (M etdug) T (G185 GUG) L2 (01 0y
and hence,
(wj7€l7 wjﬁl)LQ(Mved)dﬂg) = <uj’€l’ uj,s;)LQ(M,e¢d,ug) _'_ 0(1)
as [ — oo. Similarly, we obtain
N _ N ) ) _ N ) El,, . Ny g, &, .
(4.4) a” (Wjewie,) = " (Uje Uje) — 2a (ujvezacj uj) +a (Cj Uj, €5 uj)
_ £1\2 _
= )\jsl (Uj,el, uj,el)LQ(M,ed’d,ug) - )\j (Cj ) = )‘jsz (Wj,su Wj,sz)LQ(M,ed’dug) + 0(1)
as | — 00. Since A\, — A; as [ — oo, this implies that

aN(w]}El? wjvel) < ()‘j + a)(wj,ﬁn wjvel)L2(M7e¢dﬂzg)
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for sufficiently large | € N. Let us show that

(4'5) Wjey ¢ Span{ula U >uj}
for sufficiently large [ € N. Assume this is not true. Without loss of generality, we

assume that (4.5)) is false for all [ € N, otherwise consider a subsequence. Due to the
definition of w, ., this implies that

Wje, & span{us, -+, u;_1}.
In this case, we would have
N
0" (W,es Wie,) S Ajo1(Wjieps Wie ) 12(M et duy)-

Since \; is simple, this contradicts to (£.4]). Therefore, (£.5]) holds.
We now let u € span{us,--- ,u;}. Then

(4.6) a™ (W), +u,wic, +u)

< ()\j + Oé)(wj,q, Wj,el)L2(M,e¢’dug) + )\j (U, U)L2(M,e¢dug) + QQN(Wj,ep U),
for sufficiently large [ € N. Let us estimate, the last term of the right-hand side. Let
Xe, be the function described in the proof of Lemma [4.4] then

ElN

Wiy U) = aN(ujm, u) — ¢ a (uj, u)

a(

= aN(uj,éw stu) + aN(u]}El’ U= Xﬁzu) - leaN(uja u) = aN(u]}El? Xézu) + 0(1)
as | — co. Since u;., € D(—A},;,.,) and ux. € D(a,,), it follows that

N
a (uj,Ezv Xezu) = )‘jﬁz (ujﬁu Xf-?lu)LQ(M,eMug) = )‘j,€z (wjﬂv u)LQ(M,eMug) + O<1)7
as [ — oo. Therefore,

a(

Wjer ’LL) < ()‘] + a) (wj75l’ u)L2(M7€¢dﬂg)'
Therefore, (L0) gives
M

a (Wi, + U, Wy, +u) < (N + @) (Wye, + U, wWie, + U) p2(a1eduy)s

for sufficiently large | € N. Due to (£3H) and Lemma [Z1] we obtain
N\ +a, AY) > 5+ 1.
This contradicts to A\; +a < Aj41. O
Now, we are ready to prove the main result.

Proof of Theorem[L.3 Let V; C C be an open neighbourhood of A; which does not
contain any other eigenvalues of —AX. Since \; is simple, Theorem [ implies that,
for sufficiently small € > 0, \;. is the only eigenvalue of —A},. _in V;. For w € V;
and x, y € OM, Proposition [[T] gives

" 1 . H(x)
(9M('r7y) :%dg(.’lf,y) t— AT logdh('ray)_'_ logdh('rvy)

+Lth, (F”(:c> M)

4w "exp;t(y)|n
u;(z)u;(y)
+ N — o2

J

9z(F,v)
47

eV 4+ Ryji(x,y).
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From Green’s identity, we know that

e = (Aje — w?) /M G, y)uj(y)dpg(y) + /F G4 (2, y) O (y)dun(y).

€,a

We choose w? = \; . and restrict the last identity to I'. ,, to obtain
Nie
(4.7) [ 6N @t i) = o.
Fs,a

Next, we will use the coordinate system given by (2I). We denote

(') == uj(2°(tr, ata)),  S(t) = d(a°(t1, at2))
and
Ve = Oyuje, V() = v (2% (t, aty)).
Note that in these coordinates the volume form for OM is given by
(4.8) dun(y) = ag®(1 4+ £2Q.(s))ds; A dss,
for some smooth function (). whose derivatives of all orders are bounded uniformly in

vV Aje .
e. Therefore, if we put the expression for G, into (L7) and use Lemmas B.6H3.9]
we obtain

(4.9)
1 U t/ Y
0 :%ELQQN)Q + alf:‘Q% /bej(sl)'ag(sl)e(b(s )dS,

1 ~ * * ~

- 552(H(1’*) — 0,¢(27)) Riog,ale + 16—7T€2(/€1(37 ) = Fa(2")) Roc,ale
1 1

+ 4—52Rp,a175 + 2R, — 4—52 loge(H (z*) — 0,0(x*)) Ry 0. + € log e AT,
s T

where R¥ : C°(D) — D'(D) is the operator given by the kernel
aRgy (25 (L1, aty), 2°(s1, asy))

for w € Vj, and A. : HY?(D;ds')* + HY%(D;ds’) is an operator with the norm

bounded uniformly in €. From now on, we will denote by A. any operator which

takes H'/2(D;ds')* + H'/?(DD;ds’) whose operator norm is bounded uniformly in e.
Let us denote

RYNie = e? R — 2 R)d

1
EEZ(H(x*) — 0,9(27)) Riog,a

1 1 .
+ 16—7Ts2(/<;1(:c*) — K2(2"))Roo o + Eé@RF,a + eQRgfw(:c*, T*VRy, + €*log e A..

By Lemma 5.1 in [37], we know that

R. = —ﬁez loge(H(x") — 0,¢(2"))Rra —

= O(eloge),

HY2(Dyds’)*—H/2(Dsds’)

| Ry = B30 R

and hence, (£9) becomes

(1)

1
4.10 — L0, + ag2—2
(4.10) 0 5-cLale +ac .

/ i;(s)5.()e?ds' + R.b. + RY=5,
D
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Assume that
(4.11) / i;(s))5.(s))e?ds' = 0.
D
Then, recalling (L)), we get
/r u; (@) (x)e” @ dp (z) = O(").

Using Green’s identity, we derive
(Nje = A (g, wje) L2 evdpy) = /M (A uj(@)uje(x) — uj(@) Al uj o (2))e? P dpy (x)

—— [ ) e)e ) = O,

Then, by Lemma (5, it follows
M = Ayl = 0.
Therefore, by using Proposition B.I0 and recalling Remark B.5 we estimate
IR+ RY M| popyes oy = O(*log e).

Since L, is invertable as an operator from H'/2(D)* to H'/?(ID), see Section 4 in |37,
it follows that

2
L.+ ?W (Re + RMAe) : HY2(D)* s HY(D)

is an invertable operator. Therefore, (4.10) and (4.11]) imply that . = 0 on D, and
hence, d,u;. = 0 on I'. ,. Then, by Lemma [£.2] we would have u;. = on M, and
hence Ao = 0. This contradicts to A\;. > A; > 0. Therefore,

/ ﬁj(s')f)a(s’)eé(sl)ds' # 0.
D

Therefore, we can define

~ ’Ua

Ve i) ds

Then, ([AI0) becomes

1 ~ a;(t) T
0= —cL. +as®——— + (R. + RY M) 9.
5¢ V. + ae )\j_)\j’€+( + )@/)
Let us hit both sides by 2L, to obtain
- LY. 2 ~
(4.12) 0 =t + 2mae—2"0 4 ZEL (R 4 RY M) 4.
)\j — )\j,e £
Since
HL;l (R€ + R)\j’)\j’e) ‘H1/2(D)*»—>H1/2(D) = O(e”loge),
relation (£.12)), implies that
~ 1
(4.13) [0l 12y = ——0(e).
EPYEDY
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This will be used later. Now, we multiply (£12) by ﬂje‘g and integrate over D to
derive

(La'[iy), wye?) | 2m

0 =1+ 2mae + (L (R + RYM) o, e,
)‘j — )‘j,s £

Equivalently, we write

- 9 B -
)\j,e — )‘j = 27TCL€<L;1’11]', &jed’) + ?ﬂ-()\] — )\J"e)(L;l (Re + R)\j’)\j’s) 1/157 ﬂjed’).

Let us put (£12)) into the equation above to obtain

(414) )\j@ - )‘j = 27TCL€<L;11~L]', fbj6¢> - 47T2(I<L;1 (Ra + RAj’Aj’E) L;l?jj, ﬂj6¢>

42

o2

Taking into account (4.I3)), the last identity implies that
)‘j,s — )\5 = O(E),

N = N (Lt (Re + RYMe) L1 (R + RN Ae) Ve, aje%.

so that Proposition B.10] gives

|RY — 0("),

H1/2(]D))*,_>H1/2(]D))
Hence, we can put RY%< into e2log e A. term in the definition of R.. Further, from

(#13]), we obtain

~ - 1
(Lo ReLy Retpes e} = -0 (< log"e).

Therefore, equation (LI4]) gives
Nje =\ + 2mea(L; iy, ﬂje(’z) —An?a(L'R.L; 'y, ﬁje% +O(*log®e).

Recalling the definition of R. and the boundedness of A, : H'/2(D; ds')* — H'Y/?(D; ds')
we obtain

)‘j,s - )‘j :27T8a/ L;lﬂj(gl)ﬁj(s/)edg(s/)ds/

D
+e?logean (H (z*) — 0,¢(x*)) (L, Ry oL, 0, 11;e%)
(4.15) + e%ar(H(x*) — 0, d(x*)) (L, Riog.aly 11y, %)
- 526% (k1 (2") — ko(a")) (L7  Roou L iy, i6°)

- €2a7T<L;1RF7aL;11~L]’, fbj6¢>
- 5247T2aR3§M(:E*, VL 'Ry LMy, ﬂjeq;)
+O(e*log?e).

We recall the definitions of ;, é and use Taylor series, to obtain

/Lalﬁj(s’)ﬁj(s’)e‘{’(sl)ds':/Lalﬁj(s’)uj(a:(esl,a632))e¢(z(€sl’a552))ds’
D D

= / L;lﬁj(s') (uj(x*)eqb(””*) + e(c181 + c289) + R} (55')) ds’
D
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where R} is the reminder term of the Taylor series for ﬂje‘g near zero and c¢q, ¢y are
appropriate constants. Using (4.4) in [37], we derive

/ L;lﬁj(s')ﬂj(s')eé(sl)ds’ = / (u;(z*) 4 e(brsy + basa) + R3(es”)) ¥
D D
x Lyt (uj(x*)e®™) 4 e(cis1 + case) + Ry(es’)) ds’

where R3 is the reminder term of the Taylor series for @; near zero and by, by are
appropriate constants. Next, we note that

[ L wEsds =0, IREme = 06,
D
for 7 =1, 2. Therefore, the penultimate identity gives
[ L)) s = sl e [ 1))+ O
D D
= T Jug(") Pt + O(e?).

Since u; is smooth on M, it follows that @;(t) — @;(0) = Opa/2(c) as € — 0.
Additionally, we recall that R; 4, Rig.4, and R , are bounded operators from H 1/ 2(D)
to HY/2(D)*. Therefore, using (4.4) in [37], we write

(Ly Buog.aLy 'y, 1y€%) = (Riga Ly iy, L [i1¢”])
= Juj (") ?e” ) (Rigg.a L 1], L [1]) + O(e).

Further, using ([3.9), we obtain
(Riog.aLy Viiy, Ly '[itje?])

2 2 2\1/2
e 2ab@) O 1 log ((t1 — s1)° +a*(t2 — 52)°) '
= |u;(z*)|"e K2 /D (1- |5l|2)1/2/ﬂ) (1—[¢]2)1/2 dt'ds’ + O(e).

Similarly, we collect expressions for (L' Ry . L, i, @1;6%), (Roo.o L7 005, L7 [iij9]) and
(Rpo Ly a;, Ly 0;e?]) below
(L Rrally 5, 06%) = aluy(a) o) [ L@ [ L@ + 06
D D

4Am%a
K2

Juj (2)[Pe”) + O(e),

a

KZ

a

N2 20 o2
X / ! / (s = 51)" — a”(tr — 52) ! dt'ds’ + O(e),
p (1—] D

SI2 Jo (t — 51)2 + a2(ts — 52)2 (1 — [¢/]2)1/2
and finally (see page 10045 in [36]),

(R i 1 (g6 = fug(a") e )2 x

a

(RraLg iy, L ae’]) = O(e).
Using the identities above and (4.I5) we complete the proof. O
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