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To Jonas Kubilius on his 80" birthday

1. THE ORIGINS, DESCARTES’ THEOREM

In 1637, R. Descartes wrote on page 373 of his "géométrie",
« On connoist aussi de cecy [équation polynomiale] combien il peut y avoir de vrayes
racines, & combien de fausses en chasque Equation. A scavoir il y en peut avoir
autant de vrayes, que les signes + & — s’y trouve de fois estre changés; & autant de
fausses qu’il s’y trouve de fois deux signes +, ou deux signes — qui s’entresuivent. »
This is the famous "Descartes Rule" which D. E. Smith and M. L. Lathan translate
as follows in [De].
"An equation can have as many true roots (i.e. real positive) as it contains changes
of sign from + to — or from — to +; and as many false roots (i.e. real negative) as
the number of times two + signs or two — signs are found in succession."
Following John Wallis in his treatise of Algebra (1685), the translations of Descartes
add in a footnote that the result was already known to Harriot as early as 1631.
Not being able to verify this claim, we believe that Descartes is the discoverer of
his Rule. A modern statement could read as follows.

Theorem 1. Let A\, A2, ..., N\, be n positive increasing integers, and let ay,as, - . .,
an, be n nonzero real numbers. Then the number of strictly positive real distinct
zeros of

P(X) =) a;X%
j=1

is less than or equal to the number of sign changes in the sequence ai,as,...,a,.
Changing X into —X, we see that the number of strictly negative distinct real

zeros is less than or equal to the number of sign changes in the sequence (—1)May,
(=1 *as, ..., (1) a.

As the number of sign changes in a sequence of length n is at most n — 1 and
since X = 0 may well be a real zero of P (if \; > 0), we get the following corollary
which we will use later on.

Corollary 2. Let 0 < A1 < Ay < -+ < Ay, be given integers and a1,as,...,a, be
real nonzero numbers. The polynomial

P(X) =) a;X%
j=1

has at most 2n — 1 distinct real zeros.

Date: on December 5, 2002.
Key words and phrases. Integral geometry, real roots.

1



2 CHRISTOPHE DOCHE AND MICHEL MENDES FRANCE

The most precise result is due to Sturm (1829), see [AG] p. 22. Let P be a
polynomial of degree n with nonzero discriminant. Consider the sequence P,

By(X) = P(X), P(X) = P(X)
Pk_g = —Pk (mod Pk—l); k 2 2.

The number of real roots of P between a and b is equal to the excess of sign changes
of Py(a), Pi(a),..., Py(a) compared to these of Py(b), Py (b),..., Pn(b).

2. AVERAGES

In the 1930’s several authors started to investigate the problem of estimating
the expectation on average of the number of real zeros of a random n degree
real polynomial. See for example [BP] and [LO1, LO2|]. By a very cunning trick
these last authors manage to prove that the probability that Y +X7 has more
than 25(logn)? real roots is at most 12logn/n. The probability that it has fewer
than alogn/logloglogn is less than A/logn. But the first real breakthrough was
completed by Mark Kac [Kacl, Kac2] when he established that if the coefficients
aog,a1,...,a, are real independent random variables with standard normal distri-
bution (Gaussian) then the expected number of real roots is

N(n) = %logn +0(1)

as n increases to infinity. He actually gives an explicit formula

N(n) =~ /m \/ L DR,

) (2 —1)2  (£2nf2 —1)2
which we shall discuss later when we survey the 1995 geometric proof of A. Edelman
and E. Kostlan [EK]. In his papers, M. Kac also studies the expected average
number of real roots when the coefficients of the random polynomial are distributed
according to different probability laws. In particular, he notes that if they are
uniformly distributed on [—1,+1] or equally distributed on the finite set {—1,+1}
then again

N(n) ~ %log n.
At this point one should mention the two articles of B. F. Logan and L. A. Shepp
[LS1, LS2] in which it is established that if the characteristic function of the prob-
ability law is exp(—|z|*), 0 < a < 2, then the expectation of the number of real
zeros is ~ ¢(a)logn where % < ¢(a) < 1 seems to be a decreasing function of a.
In particular ¢(2) = 2 (Kac’s result) and if @ = 1, then the probability law is the

Cauchy law
1 dx
P(E) = —/ 1o
T JE + x

and

8 [ re %
1) =— ——— dzx =0.7413. ..
(1) 7r2/0 z—1+2e2 "

whereas ¢(2) = 2 = 0.6366 . .. In [Kac3] the author draws the graph of the density
of zeros for a given n

1 1 (n+1)22n
t— ;\/(t2 — 1)2 - (t2n+2 — 1)2 _pn(t)
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and shows that it has two peaks around ¢ = +1 of height 27:/5(1 + 0(1)) which

illustrates the fact that as n increases to infinity the real zeros tend to concentrate
around =+1, see figure 1.

HoOoN Wb

Fic. 1

This observation is in complete agreement with a result of P. Erdds and P. Turan

[ET] according to which for large n the complex zeros of a large family of n degree

polynomials are essentially located in the close vicinity of the circumference |z| = 1.
More precisely for all polynomials

PX)=14+a: X+ - +a, X"

with |a;] € (j71,7) all the zeros lie in the annulus 1 — \/Lﬁ <zl €1+ ﬁ with
the possible exception of O(y/nlogn) zeros. Furthermore, within the annulus the
arguments of the zeros are essentially uniformly distributed.

3. THE ERDOS-OFFORD PAPER

In a beautiful but difficult and highly technical article [EO], P. Erdds and
A. C. Offord establish the following

Theorem 3. Among the 2" polynomials

e
j=0
they all have
2
Z logn + o((logn)*?loglogn)
s
real zeros except for at most o(2"(loglogn)~'/3) polynomials.

This is of course independent of Kac’s theorem. Neither of these results imply
the other.

4. THE EDELMAN-KOSTLAN APPROACH

In 1995, A. Edelman and E. Kostlan [EK] found a very simple proof of Kac’s
theorem : the main tool is an extension of Buffon’s needle problem [Bu]. In this
paragraph we propose to give the sketch of Kac’s theorem following A. Edelman
and E. Kostlan.
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Theorem 4 (Kac). Let
n
- . xJ
P(X)=> a;X
i=0

be a real n degree polynomial with independent random coefficients according to the
standard normal distribution law

L[5 e
PI'{G/]' < 5} = \/—2_71-/ G_Et dt.

The expectation of the number of real zeros is
1 /+°° 1 (n + 1)2¢2n "
) o (2 —1)2 (202 —1)2

1

n2

N(n)

2 2
= —logn+0625...+ —+0O ( ) [Edelman—Kostlan].
s ™

The main tool is the following theorem.

Theorem 5. Let v be a rectifiable curve drawn on the n-sphere

n
S" = {(1‘0,...,1’n) € Rn+1‘21'§ = }
=0
A random great circle
n n
2
D 4w =0, ) aj=1
j=0 j=0

intersects 7 on average in L|y| where || is the length of .

Proof. (Using Barbier’s trick [Ba]) Suppose v is a "small needle" of length ¢ drawn
on S™ i.e. a small portion of a great circle. The expectation of the number of
intersection points of v with a random great circle is £(y) = ¢(£) where ¢ is an
unknown function. Now if v is the union of two needles v; U v, forming a larger
needle, yet small again then

ol + L) = @(l1) + o(la)

since the expectation £(.) is linear. The above equation implies ¢(¢) = ¢f for some
constant c.
If v is a broken line composed by k needles 7y, ...,y then again by linearity

k
() =D plt))
j=1
and therefore
k
EM) =cY tj=chl.
j=1
By a limiting process (which is not so obvious!) we see that if  is an arbitrary
rectifiable curve on S™ then £(7) = ¢||.

Choose in particular for v a great circle. Clearly £(y) = 2 and |y| = 27 so that
¢ = 1/m. This establishes Theorem 5.
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Now we complete the proof of Kac’s theorem. Consider the curve I' in R*+!
defined by

o = 1
I = t
r{ay= 1
T, = t", te R

Projected on S™ we obtain

a:0=: 1/(§%t2j)1/2
_ i) /2
Tp = t"/(;%tf) .

Intersecting v by a random great circle is equivalent to counting the number of real

zeros of
n
)
E a;t’.
Jj=0

By the above theorem we know that this is %|7| Kac’s theorem is therefore re-
duced to computing the length of v and this is trivial and leads to the integral
representation of N(n). It is then left to estimate the integral. O

The reader may have guessed that A. Edelman and E. Kostlan obtain many
other results with their technique. For example, given (n + 1) rectifiable functions
fo, fi,- .., fn, the expectation of the number of zeros of

> aifit)
=0
is

1 +0o0 ,
— t)|| dt
[ ol

where

fi(t)
(S rm)”
k=0

Remark due to M. Kac: The careful reader may have noticed that the statement
of Kac’s theorem involves independent standard normal distributions of the coeffi-
cients a;:

I/ @1 =32 73 (0) and () =

1[5 ip
Pr{aj<£}:E e 2" dt

whereas the proof uses the uniform probability on the sphere S™. In the first case
the expectation of the number of real zeros is

1 101012
/ Z(a)e =9 day .. da,
R’n

M) =Gy
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where Z(a) is the number of zeros of

n

¢
E a; X
=0

and
n

i = (3 a2) "

Jj=0

and in the second case the expectation is

Nz(n) = m /Sn Z(a) do

where do is the normalized uniform measure on S™ The claim is that N;(n) =

NQ(TL)
Indeed,
N() 1 /+00 _%rz/ Z()d d
i(n)=—— e a) do,.dr
(2m)n/2 o Sn(r) "
where do,. = r"~!do is the measure on the sphere Y7 27 = r?. Therefore
Ni(n) = 1 / Z(a)do = Na(n)
IS TEION A

since

n 400
721;)1()8/2 / rn=le=3 gr = 1.
m)" 0

5. RELATED PROBLEMS

With Kac and Erd&s-Offord we have a quite good knowledge of the average
number of real zeros. But we are left with the difficult problem of estimating the
optimal number of real zeros given that the coefficients of the polynomials are
restricted to some conditions.

For example, D. Boyd [Bo] shows that real polynomials with +1 coefficients have
at most ¢log? n/loglogn zeros at 1.

I. Schur [Sc|, G. Szeg6 [Sz] and P. Erdés and P. Turan [ET] establish that n
degree polynomials with coefficients 0,+1 have at most cy/nlogn real zeros. See
also [BE]. P. Borwein, T. Erdélyi and G. Kés have since shown in 1999 that the
optimal bound is ¢y/n [BEK].

Many other problems come to mind concerning real zeros of real polynomials,
some of which may be difficult. For example, find all £ for which there is a polyno-
mial of degree n

Xn: + X7
j=0

having exactly k real zeros.
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6. PREFIX POLYNOMIALS

Let 77, a; X7 be a real series. We call n degree or n'" prefix polynomial the
polynomial

n

X J
E a; X7,
=0

The number of real zeros of the n'" prefix polynomial will be denoted Z(a,n).

The results of Kac and Erdgs-Offord may suggest the following definition. A real
infinite sequence a = (a,,) is said to be MR (mimics randomness) if as n grows to
infinity

2
Z(a,n) ~ —logn.
T

A less stringent condition would be

1N
NZ a,n ~—10gN

in which case we would have a weak MR sequence.

The problem we address here is to know whether MR, (resp. weak MR) sequences
exist. At the time of writing we only have very limited answers to the question.

A very first remark is that an ultimately periodic sequence is not MR neither is
it weakly MR. Indeed, suppose p is the period of the tail of a. For all sufficiently
large n, say n > ng, @p4p = an. Let n > ng. Then n has the unique representation
n = { + kp where ng < ¢ < ng + p. The n'" prefix polynomial is then

l+kp
P.(X) = ZaJXJ + > a X
j=l+1
L+p £+2p L+kp
= A(X)+ Z G,ij+ Z G,ij+"'+ Z anj
j=t+1 J=t+p+1 j=l+(k—1)p+1
L4p
= AX)+ ( > anJ')(1+XP+---+X’“P)
j=t+1
1 — x(k+Dp
= AX)+ B(X)W
_ AX)(1 - XP) + B(X)(1 — Xk+Dr)
- 1—Xp '

The real zeros of P, are the same as the numerator’s apart maybe for X = +1.
The numerator is a polynomial which contains at most twice the number of nonzero
terms of A and B; this number is bounded by 2/+2p+2 < 2ng+4p+2. The corollary
of Descartes theorem then implies that the number of real zeros is Z(a,n) < 4ng +
8p + 3. Therefore Z(a,n) is bounded independently of n. O

So, if MR sequences exist, they must be somehow more complex than ultimately
periodic sequences.
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The exceptional n degree polynomials of the Erdés-Offord Theorem (Theorem
3) are unfortunately too numerous to serve as the basis of a proof of the exis-
tence of MR sequences. Nevertheless, it does give some information. Indeed to-
gether with the Borel-Cantelli Theorem it is easy to see that there exists a se-
quence ng ~ expexpexp K* such that for almost all sequences a in {—1,1}",
Z(a,nK) ~ %lognK. In particular,

lim inf Za,n) < 2 < limsup Zla,n),

n—oo logn T nooo logmn
The absurd rate with which the sequence nj increases can be improved by using
result of Maslova [Mas]. Consider the measure

o) _1,2
e 2%

dp = H (— daj>
iZo V2

defined on RY. She computes the variance

/R 12(a.n) ~ BE(Z(@,n)f du ~ ; (1 _ %) log

from which it follows from the Beppo Levi principle that for all 6 > 0 and for all

K146 2 .
sequences nyx ~ e , p-almost all @ are such that Z(a,nk) ~ = logng. Proving
that lim inf = lim sup would then establish the existence of MR sequences.

Not being able to obtain definite results neither by probabilistic methods nor
by ergodic methods, one can try to construct a MR sequence. The difficulty is
to control the number of real zeros of polynomials. The idea could then be to
consider sequences g for which we do have some information concerning the zeros,
and then to hope to prove that they satisfy Z(a,n) ~ % logn. The results we obtain
are unfortunately not sufficiently precise. We shall nevertheless present them here
[DMF], [Do].

To every integer n > 0 we associate the sum s(n) of its binary digits. The
Thue-Morse sequence is defined by e, = (—1)*(™ and it is an easy matter to verify
that

2" —1 n—1 _
Y axt=T] (1 —ij).
k=0 7=0

The real zeros of this polynomial are obvious, namely +1 with multiplicity n and
—1 with multiplicity n — 1. The number of real zeros is therefore 2n — 1. In other
words, if £ is the Thue-Morse sequence

2
Z(E,2"—-1) = log(2™" — 1 O(1
62— 1) = 25 08" = 1)+ 01
and as a consequence
N 2
lim sup (&, N)

Noso logN 7 log2
Unfortunately, ﬁ > % so that we can already conclude that ¢ is not MR, even
though much more complex than an ultimately periodic sequence. It is actually

not even almost-periodic in the sense of Bohr and Besicovitch. We shall come back
to that later.
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The Thue-Morse sequence is far from being MR. And indeed, it is possible, but
not easy at all to compute the number of real zeros of the prefix polynomials of the
Thue-Morse sequence [DMF].

Theorem 6. Let € be the Thue-Morse sequence.
1. If n € N is even, Z(g,n) < 2. More precisely:
Ifn=0 (4) and e, = 1 then Z(g,n) = 0.
Ifn=2 (4) and e, = 1 then Z(g,n) = 2 and both real zeros are negative.
Ifn=0(2) ande, = —1 then Z(g,n) = 2 and the real zeros are of different sign.
2. If n € N is odd, let us note v(n) the 2-adic valuation of n + 1.
Then Z(g,n) = 2v(n) + (=1)*M+1g, .

We now state two simple consequences.

Corollary 7.

n—1

1 11
lim — Z(g, k) = —-
LS DIECURS

This result underlines once more how far this sequence is from being MR.

Corollary 8. For every a € [0, @] there exists a subsequence ny, = k(1=% 108 2)" " +o(1)
such that Z(g,ny) ~ alognyg. In particular, choosing « = 2/, ny, ~ E(1—"E2) " o(1)
and Z (g, ni) ~ 2 logny.

In the search for a MR sequence we introduce the extended Thue-Morse se-
quences. Let g1, ¢s, ... an infinite sequence of integers, g, > 2. Define the sequence
of polynomials

Qn(X) =146, X +062, X%+ + 0, 1,, X!
where d; ; = £1. It is easily verified that

o0 o0
H Qn(X9192:-9n) = Zngj
=0

n=0

where €; = £1. For the special choice g, =2 and Q,(X)=1-X,n =1,2,3,...
we recover the Thue-Morse sequence. And incidentally, if the g,,’s are arbitrary and
all the d; ; are +1 then

IT Qu(xo-o) = -3
n=0

Extending a result in [Do] and choosing for Q),,(X) polynomials for which the num-
ber of real zeros is equivalent to 2log(gn1 — 1) (for g, — oo this is possible
according to the Erd@s-Offord Theorem 3) one would then be able to show that
there exist infinite sequences g € {—1,+1}" such that
7 <timint Z2 < 2 <amy £
This is a slight improvement of a previous remark in that here one asserts that the
liminf is strictly positive.

All this is quite frustrating and in order to confirm one’s feelings it may be
useful to have some numerical evidence. We have arbitrarily chosen to test some
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1,5
1,25

100 200 300 400 500 600 v

Fig. 2

well-known +1 infinite sequences. The first one is the sequence of odd primes p,
reduced (mod 4) and indeed up to the degree n = 600 it seems to behave a la MR.

The second sequence we tested is (—1)19°7) which also seems quite convincing,
see figures 2 and 3 where we plotted

1 N
N Z(a,k
2;\[10g_7\fk2: (Q )

e—1

against NV < 600.

1,25
1

100 200 300 400 500 600

Fic. 3

7. A LAST REMARK CONCERNING MR SEQUENCES

If, as we guess, MR sequences really do mimic randomness, then we should expect
that they behave as such, and that in particular their spectral properties should be
close to that of random sequences.

Given a real or complex infinite sequence a = (a,), we define the correlation
sequence vy,

N-1
o1 _
Ya(k) = Jim — ZO Tnan ik, k €7
n—
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provided the limit exists. A beautiful result of Bochner’s and Herglotz’ [Kat] asserts
the existence of a measure A, (the spectral measure) such that

1
valk) = / 2\ ().
0

For a centered random sequence, A, (dt) = dt i.e. 7,(0) = ||a||* (the Marcinkiewicz
semi-norm) and v, (k) = 0 for k # 0.

One would guess that this is the rule for a MR sequence. For an almost-periodic
sequence, A, is the sum of Dirac measures and so such a sequence is probably not
MR. For the Thue-Morse sequence, A is a continuous measure, purely singular
(see [Mah], [Kak]) and so once again this underlines the distance the Thue-Morse is
from being MR.. As for the extended Thue-Morse sequences, the situation is more
complicated: if the g,’s are uniformly bounded, A. is continuous purely singular
except for 2 trivial cases where A. is the Dirac measure 6. If however g, — oo,
one could hope to get a spectral measure A. somehow smoother than in the case
of bounded g,,.

APPENDIX. COMPLEXITY

F. Cucker and M. F. Roy discuss the problem of computing real algebraic num-
bers and their complexity [CR]. They show that the complexity depends on the
"norm" of the polynomial (3 g a?)!/? where the a; are the coefficients, and on the
number of real zeros, and of course on the degree of the polynomial. We shall not
develop their theme here. See also the references in [CR].

Another possible way to define the complexity of a real polynomial could be as
follows.

In previous articles (see for example [MF]) the second named author introduced
the notion of entropy of a rectifiable finite curve I'

10%
&¢C

where L is its length and C, the so-called perimeter is the length of the boundary
of the convex hull of T'.

Fig. 4

Now consider a real polynomial P(X) and its graph I'. If A and B are two points
on T, denote by L(A, B) the length of the arc AB on I' and let C(A, B) be the
perimeter. We define the entropy
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We now introduce another notion of entropy vz (P).
If Q(X) is any real polynomial of degree at least 2, let Z*(Q(X)) be the number
of distinct real zeros of Q(X). Define

Yo (P) = sup log Z*(P(X) —aX —b).
a,beR
v1(P) describes the complexity in terms of the shape of the graph. »(P) depends
on the number of distinct real zeros of a related polynomial.

Theorem 9. On has
71 (P) < 72(P).

The proofis actually quite trivial since by a theorem of H. Steinhaus 2L(A4, B)/C(A, B)
is the average number of intersecting points of the arc AB with a "random" straight
line [St, Sa], and since sup, ycr Z*(P(X) —aX —b) is the maximum number of such
intersections. It is easily seen that for a 2-degree polynomial the two entropies
coincide.

This approach leads to a curious inequality which we now discuss. Let us consider
an arbitrary rectifiable map f : [a, f] = R. We have just seen that

2 [P , *
m/a mdtgsﬂaz (F(X) - aX — b)

where C(a, ) is the perimeter of the graph of f. Quite obviously
Cla, B) <208 —a+ fur — fm)

where
fm = sup f(x)
z€[a,f]
' = inf z).
f Lo B]f( )

On the other hand,

3 3
/\/1+f’2(t)dt>/ |f'(t)] dt

so that
B
Lo ()] dt

sup 27 (X) = aX =) 2 S e v =)

Replace f by Af where A > 0 is a parameter which tends to infinity. The inequality
now reads

B pr
Jo [f' @)t
sup Z*(f(X) —aX —b) > =2 ———.
a,b ( ( ) ) 2(fM_fm)
Finally let us specialize f, @ and §. We choose a = 0, § = N and f continuous on
[0, N] affine on each interval Jn,n +1[, n =0,1,...,N — 1.
Z*(f(X) —aX — b) now represents the number of sign changes of the sequence
n — f(n) —an —b. We then arrive at the following result
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Theorem 10. Given f:{0,1,...,N} — R. There exists a couple (a,b) such that
the number of sign changes of the sequence f(n) — an — b is larger than

N-1

Y If(n+1) = f(n)
n=0 .
2 max |f(k)— f(0)]

0<k, (<N

We started out with Descartes’ rule of signs and we conclude with a result on
sign changes.
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