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OSCILLATORY TRANSLATIONAL INSTABILITIES OF SPOT PATTERNS IN THE
SCHNAKENBERG SYSTEM ON GENERAL 2-D DOMAINS

J. C. TZOU!, S. XIE**

ABSTRACT. For a bounded 2-D planar domain €2, we investigate the impact of domain geometry on oscil-
latory translational instabilities of N-spot equilibrium solutions for a singularly perturbed Schnakenberg
reaction-diffusion system with O(g?) < O(1) activator-inhibitor diffusivity ratio. An N-spot equilibrium
is characterized by an activator concentration that is exponentially small everywhere in €2 except in N
well-separated localized regions of O(e) extent. We use the method of matched asymptotic analysis to
analyze Hopf bifurcation thresholds above which the equilibrium becomes unstable to translational per-
turbations, which result in O(e?)-frequency oscillations in the locations of the spots. We find that stability
to these perturbations is governed by a nonlinear matrix-eigenvalue problem, the eigenvector of which is a
2N-vector that characterizes the possible modes (directions) of oscillation. The 2N x 2N matrix contains
terms associated with a certain Green’s function on €2, which encodes geometric effects. For the special
case of a perturbed disk with radius in polar coordinates r = 1+ o f(0) with 0 < e € 0 < 1, 6 € [0, 27),
and f(6) 2m-periodic, we show that only the mode-2 coefficients of the Fourier series of f impact the bifur-
cation threshold at leading order in o. We further show that when f(0) = cos 26, the dominant mode of
oscillation is in the direction parallel to the longer axis of the perturbed disk. Numerical investigations on
the full Schnakenberg PDE are performed for various domains 2 and N-spot equilibria to confirm asymp-
totic results and also to demonstrate how domain geometry impacts thresholds and dominant oscillation

modes.

Keywords: Hopf bifurcations, small eigenvalues, localized solutions, domain geometry

1. INTRODUCTION

The stability and dynamics of spatially localized spike and spot patterns in activator-inhibitor reaction-
diffusion systems has been the subject of many studies. These patterns deviate significantly from the
uniform state and arise in parameter regimes well beyond the Turing stability threshold, and cannot
be well-described by amplitude equations obtained from weakly nonlinear theory [37, [5, [13]. Motivated
largely by the 1998 review article [39], numerous studies have focused on the so-called semistrong in-
teraction regime [I8] in which the activator-inhibitor diffusivity ratio ¢2 < 1 is asymptotically small.
Farly works developed matched asymptotic and geometric singular perturbation techniques to charac-
terize the existence, dynamics, and stability of localized patterns in this regime [15] [16], 19} 18] 26, [57] of
the Gray-Scott and Gierer-Meinhardt systems.

Slow drift dynamics of quasi-equilibrium spot patterns have been computed both asymptotically and
numerically for one-, two-, and three-dimensions (see, e.g., [19, b5, 44, 4, 8, B1], 50, 47, 3|, 64, 46]). It
is shown in such works how the drift dynamics are impacted by combinations of advection, interaction
with domain boundaries and other spots, domain heterogeneities, and/or curvature. While these works

have focused on the abovementioned semistrong regime, effects of surface curvature and domain growth

1School of Mathematical and Physical Sciences, Macquarie University, Sydney, NSW, Australia; tzou. justin@gmail . com.

2School of Mathematics, Hunan University, Changsha City, Hunan, China; xieshuangquan2013@gmail.com.
*Corresponding author.



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

OSCILLATORY TRANSLATIONAL INSTABILITIES IN GENERAL 2-D DOMAINS 2

on pattern formation have also been studied in other regimes; see, e.g., [41] 34, 306, 2, 35]. This work,

however, will focus on the semistrong regime.

Instabilities of spot patterns can occur both in the spot profiles (amplitude instabilities) as well as
in the spot locations (translational instabilities). Monotonic (in time) amplitude instabilities come in
the form of competition or overcrowding instabilities leading to spot annihilation [14, 45| [I0], or self-
replication instabilities [14, [15] 38, B0, 31] leading to additional spots. For the former, it has recently
been shown for the 1-D Gierer-Meinhardt and Schnakenberg systems that such competition instabilities
are subcritical [28]. Monotonic translational instabilities of equilibrium spot configurations lead to a
rearrangement of spot locations, and may trigger amplitude instabilities in the process. Recently, slow
monotonic translations instabilities were analyzed in [29] for spots in ring equilibrium configurations of
the two-dimensional Schnakenberg model. Analysis of these instabilities are often more intricate than
that for amplitude instabilities due to the asymptotically small eigenvalues associated with translation
instabilities [60} 26 [56].

Results for oscillatory amplitude instabilities of one-dimensional spot patterns have been established for
various reaction-diffusion systems; see, e.g., [17, [16, 57, 30, O, 21} 52| 47]. This instability is typically
associated with a pair of complex eigenvalues that remain O(1) as ¢ — 0. In [54], a weakly nonlinear
theory is developed to characterize oscillations beyond the linear stability regime and determine whether
the Hopf bifurcation is subcritical or supercritical. In two dimensions, [58, 60, 61, 62], 63] established the
existence of stability to oscillatory amplitude instabilities, while [49] determined an anomalous scaling
for the Hopf stability threshold. Recently, Hopf bifurcations for amplitude instabilities were determined
for the three-dimensional Gierer-Meinhardt model [23].

Hopf bifurcations leading to temporal oscillations in spot locations, particularly in dimensions greater
than one, have not be analyzed as in-depth as oscillatory amplitude instabilities. In one dimension, [9} 59]
obtained Hopf stability thresholds for oscillatory drift instabilities of spots in the Gray-Scott model, and
established the O(g?) scaling of the associated eigenvalue. Oscillatory instabilities in spot widths, referred
to as breathing pulses, were analyzed for three-component systems in [20, 25, 24]. In [66], oscillatory
motion of multiple spots were investigated for an extended three-component Schnakenberg model, where
multiple modes were excited slightly beyond the Hopf bifurcation. In two-dimensions, [65] determines
oscillatory translational instabilities of a one-spot equilibrium of the Schnakenberg reaction-diffusion
system [43] on the unit disk. The symmetry of the disk, however, meant that the results shed very little
light on effects of domain geometry. Furthermore, as the analysis was specific to a one-spot pattern on
the unit disk, it did not account for effects that arise from spot interactions.

In this paper, we perform the analysis on a general bounded 2-D planar domain 2 and analyze how its
geometry impacts the properties of the instability. In particular, we demonstrate that asymmetries of the
domain shape lead to preferred directions of oscillation at the onset of instability, which then saturates
into orbits that are far from circular. This is in contrast to the behavior observed in [65] for the unit disk.
There, it was shown that the Hopf bifurcation of an equilibrium spot at the center of a unit disk was not
associated with a preferred direction of motion, and subsequent spot trajectories about the center were
nearly circular. We also further generalize the analysis of [65] to the case of multi-spot equilibria, and
deduce how spot orientation affects the mode of oscillations.

For simplicity, we will consider the now well-studied Schnakenberg reaction-diffusion model (see Appendix
for how the original model was rescaled to obtain the form below) for activator v(x,t) and inhibitor

u(x,t) concentrations
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v =e2Av — v+ 2B+ w?, t>0, x:<x1>€§2, (1.1a)
€2

Tur = Au~+ A — e 2uw?, t>0, xe, (1.1b)

Opv=0 and d,u=0, xe€0N, (1.1¢)

where 0,, denotes the normal derivative on 9€2. Recently, a generalized Schnakenberg system was used
to model the initiation of root hair growth in a specific plant cell [I], [7, [6]. One particular feature of
this model is a spatially dependent coefficient on the nonlinear reaction terms of representing the
distribution of a catalyzing plant hormone.

We briefly comment on the parameters in . The parameter € < 1 is the small diffusivity of the
activator and leads to solutions for v that are spatially localized. The parameter A > 0 is the inhibitor
feed rate, which we assume to be both spatially and temporally constant. We also assume that it is O(1)
with respect to e. The impact of A on the stability of single- and multi-spot patterns has been studied in
detail in [31] and [32], the latter in the context of a spatially-dependent A(x). The constant parameter
B > 0 is the activator feed rate, and is also assumed to be O(1). We note that the ¢2B term in was
dropped [31] due to the analysis only proceeding to O(e). We retain this term in since our analysis
in proceeds to O(g?). This parameter, however, does not appear in any of the stability results.

Finally, the Hopf bifurcation parameter 7 is a measure of the rate at which the inhibitor responds to
perturbations in the concentrations of the activator and inhibitor. As 7 is increased, an increasingly
sluggish response of the inhibitor leads to oscillatory instabilities via Hopf bifurcations [27]. In this
paper, we focus the regime 7 ~ O(¢72/|loge|). In particular, we formulate a matrix-eigenvalue problem
to identify a critical 7* ~ O(1/|loge|) such that an equilibrium spot pattern is unstable to an oscillatory
translational instability when 7 exceeds e ~27*.

The outline of the paper is as follows. In we asymptotically construct an N-spot equilibrium
solution of the Schnakenberg PDE(L.I]). In contrast to the O(1) construction presented in [31], we require
correction terms up to O(e?) in order to facilitate the subsequent stability analysis. In we analyze
the stability of the N-spot equilibrium to oscillatory translation instabilities. We derive a 2N x 2N
complex matrix-eigenvalue problem of the form Pa = Aa that characterizes the Hopf bifurcation of a
translational perturbation of a one-spot equilibrium. The Hopf bifurcation threshold for 7 is obtained by
requiring that the 2V x 2N matrix P have a pure imaginary eigenvalue A\, which yields the frequency of
oscillations. The eigenvector a will yield initial directions along which spot oscillations occur. Effects of
domain geometry are encoded in the entries of P, which involve the quadratic terms of the local behavior
of Helmholtz Green’s function G, (x;xg) satisfying (see [40] for a derivation of (L.2b])

AG, — pG, = —6(x—xj), x,x;€Q, OhGL=0, x€dQ, (1.2a)

1
Gu ~ =g -log|x — x| + Ru(x53 %)) + VR (% %5) |, - (% = %)

_ "

1
87T’X — x]?log |x — x| + = (x — xj)THuvj(x -Xx;), as x = x5, (1.2b)

2
and

1
G ~ Gu(xiixj) + VxGu(xX)) |y, - (X — %x3) + §(x —x)H, (x — %), as x = x;, (1.2¢)
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OSCILLATORY TRANSLATIONAL INSTABILITIES IN GENERAL 2-D DOMAINS 4

where H,. and H,, are the respective 2 x 2 Hessian matrices, R,(x;;x;) the regular part of G, (x;x;)

evaluated at the location of the singularity, and ViR, (x;x;) | its gradient. These quantities depend

Xex.
on the geometry of the domain (and also on p) and thus cannot bje obtained from a local analysis. With
the exception of special geometries such as disks and rectangles, they must be computed numerically.
We note that the subscript 4 in G, R, and H,, denotes the dependance of the latter on the coefficient
of the zeroth-order term in . In the subscript u, which acts as a placeholder in ((1.2)), will be

replaced by parameters that arise in the stability analysis.

In §3] we reduce our 2N x 2N eigenvalue problem result to the case of N = 1. We compare the resulting
eigenvalue problem to the one derived for the special case of one spot inside the unit disk in [65]. We
use this comparison to highlight extra terms in the analysis that arise due to asymmetries of domain
geometry. In we analyze how perturbations of the unit disk break the symmetry and give rise to two
distinct thresholds corresponding to two distinct modes of oscillation. We show that the lower of these
thresholds, and therefore, the preferred mode of oscillation, is determined by the mode-2 coefficient of
the Fourier series of the perturbation. In we perform detailed numerical investigations to confirm our
theoretical results for both the 1- and N-spot cases by solving the full Schnakenberg PDE . In these
computations, we consider domains that are high in symmetry (e.g., half disk, unit disk, rectangles) as
well as those that have little symmetry (e.g., rectangular domains containing circular holes).

2. EQUILIBRIUM AND STABILITY ANALYSIS

In this section, we investigate the impact of domain geometry on the preferred initial direction of oscil-
lation of the oscillatory translational instability of N-spot equilibrium solutions to ([L.1)). We begin with
a brief construction of the equilibrium solutions before performing the stability analysis.

2.1. N-spot equilibrium. For completeness, we begin with a very brief outline of the construction of
an N-spot equilibrium; more details can be found in, e.g., [3I]. In the inner region near the j-th spot

centered at x = x;, we have the inner variables

14 cos 0,
X =X +eyj, yj:<yj>:pjej, ejz< J), (2.1a)

Y2; sin 0;

ue ~ Unj(pj) + €Uz (y;) s ve ~ Vojlp;) +e2Va;(y;) (2.1b)

where the O(e) terms in are absent under the assumption that each spot is stationary in time.
Note also that the leading order spot profile is radially symmetric; the asymmetry due to the geometry
of the problem is captured at O(g?). Substituting into and collecting leading order terms, we
obtain the following core problem for the radially symmetric functions Up; and Vjp;,

Apjvbj — V[)j + UOjVOZj =0, Aijoj — U()jVOZj =0, pi > 0 (2.2&)
Vo;(0) =Up;(0) =0, Vo — 0 and Up; ~ Sjlogp; + x(S;), as pj — oo, (2.2b)

for some constant S;, the so-called strength of spot j [3I], and the nonlinear function x(S;) to be
computed numerically. In (2.2a), A, = 0,,,, + pj_lapj denotes the radially symmetric Laplacian in the
polar coordinates (pj,6;). Numerical solutions of (2.2)) are depicted in Fig. 2 of [31] for various S},
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including the nonlinear function x(Sj). We assume that S; < 4.3 so that each spot is stable to the local
(mode-2) self-replication instability (see §3 of [31]). The divergence theorem on ({2.2) yields

218, :/ Uo;Veyy dy - (2.3)
R2

In the outer region, the e ?uv? term in (I.1b) behaves in the distributional sense as a sum of delta
functions located at each x; with weight 27S; as given in (2.3) As such, the leading order equilibrium
solution wu.(x) satisfies

N
Aue+A:27rZSj6(x—xj), xe€Q; Ohue=0 on x €N, (2.4)
j=1

with solution given by

ue(x) ~ =21 Y ;G (x;x5) + 4, (2.5)

where by the zero-integral condition on G below, the constant @ is the average of uw over ). Integrating
(2.4) over Q and applying the divergence theorem yields the solvability condition

N
2y 55 = AlQ, (2.6)
7=1

where || denotes the area of the domain Q. In (2.5), G (x;x;) is the modified Neumann Green’s
function satisfying

AG(m)(X;xj) =—0(x —xj)+ 1

a x,x;€Q, 9,G™ =0, xedn; /G(m)(x;xj)dX:O,
Q

(2.7a)

Gm ~ —%log|x — x|+ jo ) 4 VR§j ) (x —x5) + §(X — xj)TH§j )(x —Xxj) as X = X;, (2.7b)

where Rg-?l) is the regular part of G(™(x;x;) evaluated on the diagonal, VR§-T) = VxR™(x;%;) |

X=Xj

is its gradient, and H j(Jm) its Hessian matrix. For x; # x;, we have that

m m 1 m
G (x; %) ~ Gl(j ) 4+ VG’ﬁ.i ). (x —x;) + i(x - xi)TH](.Z. )(x —X;), as X — Xj, (2.7¢)

where Gg-T) = G (xj;%;), while VGE.T) and H J(Zn) are the gradient and Hessian terms of G(™)(x;x;) at
x;, respectively, in the Taylor expansion. Principal Result 3.4 in [31] gives the equation of motion dx;/dt
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of the j-th spot in terms of the gradient terms VR;?I) and VGET) with ¢ # j. The condition dx;/dt = 0
for all j =1,..., N yields the 2N equations for the equilibrium strengths S; and locations x;

S; VR +ZSVG(’” -0, j=1,...,N. (2.8)
i#j

The equations (2.6 and (2.8) constitute 2N 4 1 equations for Sj, x;, and @. To determine the remaining
N equations that fix the parameters of an N-spot equilibrium, we match the far-field behavior of the
Jj-th inner region (2.2b)) to the leading order terms of the local behavior of the outer solution ({2.5) near

x;, yielding the N nonlinear equations

1
(27rg(m)1/ + IN) s+ vx = vue, v=— <1, (2.9a)
loge
with
R €
G(m) . . Sl 1 X(Sl)
g(m) = 2‘1 ( ) , s = R e = , X = ,
(m) N SN L X(Sw)
o .. oG, R
(2.9Db)

where Z,, is the m x m identity matrix. Equation (2.9 along with (2.6)) and (2.8) determine the spot
strengths S;, the spot locations x;, along with u that define a leading order equilibrium N-spot configu-

ration.

The O(e?) correction terms Us;(y;) and Va;(y;) satisfy the system for y; € R?,

ijVQj — ng +B+2U0j‘/0j‘/2j —‘rVDszgj =0, Ay]-UQj —2U0jVE)jV2j —VOQjUzj =0, y; € R2. (2.10&)

The far-field condition for Us; come from the quadratic terms in the local behavior of u. near x;, while
that of Vajcomes from the outer solution v ~ £2B in the outer region. That is, from u, in (2.5) and local
behaviors of G(™ (x;x;) in [2.7)), as x — x;,

S m 1 m
Ue ~ —2T [log|x - x5 +5; R( ™y SjVRg-j ). (x —x;) + iSj(x - xj)THJ(j )(x— X;)

+ZG§T)Si+ZSiVG§-i) (x — x;) ZS (x — x;) TH](-?)(x—xj) +u.
i#] i 25

All terms not involving (x — x;) are matched at O(1), yielding (2.9). Terms linear in (x — x;) sum to
zero due to the equilibrium condition , which is why the inner expansion has no O(e) term,
while the quadratic terms are matched by the far-field of Us;. With the inner polar coordinates p; and
e; as defined in , we have the far-field conditions
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(m)

Uyj ~ —mpie; H;™ ey, Vaj = B, as pj — 00, (2.10Db)

where the 2 x 2 matrix H; is defined as

N
1M =N s, (2.10¢)
=1

This completes the construction of the N-spot equilibrium solution to ([1.1]), with the inner solution given

to O(g?) by (2.1)) along with (2.2)), (2.10a)), and (2.10b)). In the outer region, the leading order equilibrium
for w is given in ([2.5)), while v, ~ 0.

2.2. Stability analysis. With |¢[, |¢| < O(1), we perturb the equilibrium solution

u~ ue + e+ ce. v~ e+ Mo+ e, (2.11)

which yields the eigenvalue problem

NG = 206 — b+ Qupved + V3, TAY = Agp— 5% [2ucved + v20] | (2.12)

In (2.11)), c.c. denotes the complex conjugate of the term immediately preceding it.

In the inner region, we let ¢ ~ ¥;(y;) and ¢ ~ ®;(y;), where

\I’j ~ \I/(]j + 8\1’1]‘ + 82\I/2j R (I)j ~ <I>0j + 5(1)1]' + 62q)2j . (213)
Since drift velocities of spots in quasi-equilibrium patterns are O(e?) (see e.g., [31]), we assume that

A ~ O(g?) and that A ~ O(1) when 7 is at or near the Hopf bifurcation threshold. Substituting (2.13))
into (|1.1]) and collecting leading order terms, we have for Wy; and ®;

B, Do,
Ay, ( %; ) + M; ( %; ) =0. (2.14a)

where

M= [ TPV VG (2.14b)
! —2U0;Vo; Vi

We observe that any linear combination of dy,,Vo; and 9y, Vo; satisfies the first equation in (2.14al),
while any linear combination of d,,Uy; and 9,,,Up; satisfies the second. That is, the perturbation is the

translation mode given by
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a1q
(I)Qj = a]TVyj Vb]’ = apj‘/oj(a?ej), \IJOJ' == ajTVyj U()j = 8ﬂj Uoj(a?ej); aj = < L ) . (214C)

In (2.14c), the possibly complex vector a; determines the nature of the oscillations of the j-th spot at
the onset of instability. If a; is real, the j-th spot oscillates along a line passing through the equilibrium
location x; in the direction a;; if a; is complex, the motion of the j-th spot is rotational about the point

x;. From (2.2b)) and ([2.14c)), the far-field behaviors of ®g; and ¥y, are

®g; — 0, Wo; ~ (a]Tej)?, as pj — 00. (2.14d)
j

We contrast with stability analysis of amplitude instabilities; i.e., the self-replication peanut in-
stability (e.g., [31]), competition instability (e.g., [10]), and amplitude oscillation instabilities (e.g., [49]).
These amplitude instabilities all occur on an O(1) time-scale so that A\ ~ O(1), giving rise to a A®y;
in the right-hand side of the equation for ®; in . Furthermore, the competition and amplitude
oscillation instabilities are radially symmetric to leading order with Wq; ~ log p; in the far-field, which
leads to a strong coupling through the inhibitor component in the outer region. On the other hand, the
self-replication eigenfunction is a mode-2 instability with Wg; ~ p;2 in the far-field. The fast decay leads
to a very weak coupling between the different spots. It is therefore a strictly local instability, to leading
order. The translation instability is mode-1 with Wq; ~ pj_l. This decay leads to a weak coupling through
an O(e) outer solution for the inhibitor eigenfunction. In contrast to the local self-replication instability,
we show below that the nature of this weak coupling between the spots must be determined in order to

characterize the translation instability.
The 1/p; behavior of Wy; in the far-field gives rise to a singular behavior in the outer region near x; that

must be matched by the leading order term of v, which is O(e). The regular part of the behavior of ¥
at x; must then be matched by a constant term in the far-field of ¥y;. At O(¢) in the inner region, we

Dy Dy
Ay, ( \h; ) + M; ( ‘Ijlj' > =0. (2.15a)

Since ¥1; must have a constant term in the far-field, we must have

have for ®1; and Wy;,

Py, — 0, Uy ~ kj(v)[logp; + B;(S;)] , as pj = 0. (2.15b)

In (2.15b)), k;(v) is a scaling constant to be found by matching to the regular part of ¢; at the spot
locations. The solution to (2.15) is (see e.g., [50])

Oy = rjOs;Voj Wi = k;0s;Unj (2.16)

where Js,Upj ~ log p; + x'(S}), and x(S;) is the constant that must be computed from the core problem
(2.2). The far-field behavior of Wy; is thus
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Uy ~ kj [logly;| + )] . as |y;| = o0, (2.17)

1 where X;' = X/(S;). Observe that both the dipole term from Wo; as well as the logarithmic term of Wy,
2 must be contained in the singularity structure for ¢ in the outer region.

3 Thus, in the outer region, we let 1 ~ )1, where 1) satisfies

A1 = 7MY, X €N, o1 =0, x €09 (2.18&)

4 with the singular behavior

g x—x) NI R . j=1,...,N 2.18b
Y1~ S; P + kjlog |x — x;| + K; NG| oas x—=xg, j=1., N (2.18b)

5 In terms of the Helmholtz Green’s function of (1.2)) and its gradient with respect to the second variable,
6 we determine 1); to be

N
¢1 = 271'2 [S,-aiTinGAT(x;xi) — IiiG)\.,—(X; Xz)] . (2.19)

i=1

7 In , the coefficient of the zeroth-order term is A7, which takes the place of the subscript x4 in the
g definition of the Helmholtz Green’s function in (L.2). Notice that Vx, G- (x;x;) produces the dipole term
9 of near x; while it also still satisfies the no-flux boundary condition of since the gradient
10 is being taken with respect to the second variable. Its local behaviors near x; and x; # x; are

1 x—x;

Vi, Gar(x;%;) ~ +For, + For,(x— x5)

27 |x — x4|?
)\T( )1 ‘ ’ AT ( ) (2 20 )
X X, ) 102 (X X I 11 . X X, as X X 5 . a

4 i) 108 i 3 2 AT i) > Xi 3

11

Vi, Gar(X3%i) ~ Exrjy + E0rpi (X —X5) , a8 X = X5 # X5 (2.20Db)

12 where we have defined the quantities

(1)
F
F, = < F/Egs ) = VxR (x;%;) |x:xi , Far, = (VXZF)(\,IQ) VXZF)(\72-3> ,

s (2.20¢)

Eﬂjz‘ = Vi, Gar(x55%3) g)\Tji = <VX¢8CE1G/\T(X§XZ') ’x:xj Vix,; 0, Gar (X3 X5) |x:x]-) :

13 The scaling constant ; of (2.15b) is then found by matching the far-field of ¥, in (2.17) to the constant
14 terms of the local behavior of ¥ near x;. Using (2.19), (2.20)), and (1.2]), we match the constant terms
15 in (2.18b) and those contained in (2.19)) near x; to obtain the matching condition
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1 .
Kj |7, + X; + QWRAT(Xj;Xj):| + 2772 kiGrrj, = 27TSja§1F,\Tj +27TZ SiaiTE)\Tji , j=1,...,N. (2.21)
1#] i#]

Here, Gxr;; = Gar(%j;%;). In matrix-vector form, (2.21)) becomes

Kk =Kyra (2.22a)

where we have defined the N x 1 vector k, 2N x 1 vector a, the N x N matrices Gy, and x’, the N x 2N
matrices (V2Gy,) and Ky,, and the diagonal 2N x 2N matrix S

Ry (x15%1) Gar(x15%2) -+ Gir(x15%XN)
K1 al G R
o — Ca= ) G = AT(%Q)XI) A (X2;X2)
RN an
Grr(xn;X1) o Ry (xn;xN)
T T T Si
/ F/\Tl E)\‘rm E)\TlN IS
X1 ET FT : !
X' = » o (VaGyr) = A AT , S=
/ . .
XN T BT SN
>\7—N1 )\TN SN

1 -1
IC)W- =27 ;IN + X/ + 27Tg>\7' (VQQXT)S .

(2.22D)

In (2.22Db), the vectors E,,,; and F,; are gradients of the Green’s function and its regular part, respectively,
defined in (2.20c)). Also, we note that as v — 0, the matrix to be inverted in the computation of Ky, in
(2.22b)) is invertible due to its being diagonally dominant.

The linear system for «; in along with and determine the leading order outer solution
for 1, up to the oscillation directions a;, and the O(e) inner solutions for ¢ and . The Hopf stability
threshold for 7, the frequency of oscillations at onset A, and the direction of oscillations a; will be
determined via a solvability condition at O(g?) for ®y; and Wy;. To proceed, we must first obtain the
far-field condition for Wy; from the linear and |x — x;|log |x — x;| terms in the local behavior of ¢ near
x;. Recalling that 1; is an O(e) term, while x — x; = epje;, we use with and to

compute that as p; — oo,

81 v

1 AT 2
Wy ~ 5S’j)\T(a;fpej)pj log p; + 27p; {Sja;fp []-')\Tj — Hyr, + (1 - ) IQ} —

Kng:Tj - Z [KivaAT(X;Xi) |r£:x]- +Sia?gkrji} €, Jj=1...,N. (223)
i#j

Next, we substitute (2.13)) into (2.12)) while recalling the expansion for u. and v, in (2.1b]), and with
A =¢e2)\g and 7 = £ 279, we collect O(e?) terms to obtain
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Mo®oj = Ay, Paj — o + 2Un; Voj P2 + Vi Ua; + 2 (Uo;Va; + Uz Voy) Roj + 2Uo;Va; Vo

(2.24)
)\07’0\:[10]‘ = ij \Ifgj — 2U0j‘/0jq)2j — ‘/E)Q]-\Ilgj -2 (U()j‘/gj + UQjVE)j) q)Oj — QUOjVQj\I/()j .
1 To write (2.24) and (2.23)) more compactly, we define the quantities
(oD% Dy 0,.Voi
W, = 2 , f; = ) = a?ej Py 701 , w = AoTo
\I/Qj \Iloj 8pj U()j
(2.25)

g — [ AP\ _ 1 [ 200 Voj N = —2(Uo; Va5 + UsiVo;)  —2Vo;Va;
2j = =4, g i= :
: : 2(Uo;Vaj + U2iVoj) 2V Va;

2 Note that A\7 = A\g79 = w so that all quantities related to the Helmholtz Green’s function Gy, will
3 hereafter carry an w subscript. Using (2.14c]) for ®g; and ¥y, we obtain

ijWj + Mjo = -/\/'jflj + fgj R Y S RQ , (226&)
4 with the far-field condition
W 0 =1 N (2.26D)
P~ , a8 p; >0, j=1...,N, )
J [%Sjw log pja;-F + 277&%5]} p;€j J

5 where we have defined the N x 2 matrix (V1G,); and 2N x 2 matrices M,; and Q. ;, and 2 x 1 vector

6 an,

VXGW (X’ Xl) z(_l:xj S18Wj1
vaw (X7 X2) szj S2gwj2
(ViG); = : ; M, = ‘ ;
FT. 7 S [Fu; — Huy + & (1 - 2) I,
g ][ ] J . 8 ( ) ] (226C)
VG (X;XN) zzxj SNgij

agQ,.
Qu; = M, — ]CZ(Vlgw)jv aQj = ( 1 ) = Z;ja.
7 In (2.26a)) and (2.26b) for W, the coupling of the j-th inner region is contained only in the ag; term
8 defined in (2.26¢]). All other terms are local to the j-th inner region.

o From ([2.14), the linear operator in (2.26a)) admits a nontrivial nullspace of dimension at least two. The
10 nonhomogeneous terms of (2.26al) and ([2.26b|) must therefore satisfy an orthogonality condition involving

11 the solution to the homogeneous adjoint problem. Before applying this condition, we observe that W
12 can be decomposed into two components proportional to cos; and sin 6, respectively, as
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Wj = Wcj CcOos 0]' + Wsj sin 9]‘ , (2.27&)

where W; and Wy; are 2 x 1 vectors satisfying

1 1 0,. Vo 200, Vi
Bpspy + —0p; — =5 | Wej + MjW = agj |NG [ 0779 ) 4 PO
( PjPj pj Pj p2> J J J J [ J ( apj U(]j W apj UOj

J

(2.27b)

1 1 9. Voj A00y. Vo

Opip: +—0p —— | Wgj + MWy, =ag; | N P+ e ,
(pgp] ;P ,0?) ] jWsj J[ J ( 9y, Uj w0y, U
with the far-field conditions
0
Wcj ~ 1 , as pj — 00.
aSjwaijpjlog pj + 2mpjaq,;

(2.27¢c)

0
Wi~ , as pj — 00.
3Sjwazjpjlog pj + 2mpjaq,;

The nonhomogeneous terms of (2.26) must be orthogonal to the nullspace of the homogeneous adjoint
operator, given by

Ay P+ MIP; =0, y;eR% (2.28)

We seek two linearly independent mode-1 solutions to (2.28)) of the form P; = Pgjcosf; and P; =
Pg;sin6;, where P.; and Py; are given by

] o i B,
Pej =Pj(pj)costy,  Psj=Pj(pj)sint;,  Pjlpj) = ( 5 ) (2.29)

and the radially symmetric 15j satisfies

1 1 ~
<8Pjpj =+ ;8,;]- — 2) P] + MTPJ = 0, 0 < p] < 0 (230&)
j g

with boundary and far-field conditions

P;(0) =0, P ~ ( 1/Op' ) , as pj — 00. (2.30b)
j

Note that the normalization condition in the far-field condition of (2.30b)) uniquely specifies lsj, while
the condition at the origin ensures continuity of P.; and P;. To apply the orthogonality condition, we
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multiply (2.26)) on the left by PCT]., s; and integrate over a disk Bpr of radius R > 1 centered at the origin

to obtain

// PCTj,sj [Ay, W + M;W;] dy; :// Pgsjj\/jflj dyj+// Pl.f;dy;. (2.31)
Bgr Br Br

We now compute each of the integrals in (2.31)) in the limit R > 1. For the term on the left-hand side,
we use Green’s identity along with (2.28)) to obtain

2

/ /B Pl [Ay, W, + M;W,] dy; = / [Pl 00, W; — W0, Peji] RdO; . (2.32)
. _

=

For the right-hand side of (2.32)), we use the far-field conditions of (2.27¢]) along with (2.29)) and (2.30Db)

to obtain for the cosine term

2w
/‘9 . [Pz;aijj — erﬁpj ch] Rdé?j ~ T [201]' log R + 262j + Clj] , R>1, (2.33&)
=

while for sine term, we have

2
/9 . [Pfjaijj — W’faijsj] Rd@j ~ T [281j log R + 282j + Slj] , R>1, (2.33]3)
=

where we have defined

1
clj = §Sjwaj1 , coj = 2mag;i , 515 = §Sjwaj2 , 895 = 2mag;2 - (2.33¢)

For the second term on the right-hand side of (2.31]), we use ([2.25) for f5; and perform an integration by
parts to obtain

//B Pz;fgj dyj ~ TI'CLlijj lOgR + Walj)\g [—Tok‘gj + klj] R
R

(2.34)
//B szfgj de ~ Wagijj logR + 7ra2j>\0 [—Tokzj + klj] s
R
where kq; and ko; are defined by the integrals (see [65])
kij = /0 Vo Pripsdpy koj = /0 [Uoj — x3] (Pajps) dp; (2.35)

Note that ki; and ko; are both functions of S; through their dependence on Vj, and 151j, as well as Uy,
]52j, and x;, respectively. For completeness, we reproduce plots of k1; and ko; versus S; in Fig
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Sj S;
(a) kij (b) kg

FIGURE 1. Plots of (a) k1; and (b) kg; as defined in (2.35)). Note that a spot with strength
S; 2 4.31 is unstable to a self-replication instability.

To compute the first term on the right-hand side of (2.31]), we seek to rewrite A;f; in terms of the linear

operator Ay + M; so that, upon multiplication by PZ;S]-

divergence theorem. To proceed, we use ([2.25)) to compute

and integrating over Bgr, we may apply the
B . Voj 1\ Vo,

./\/’jfl = /\/j(alj CoS Gjapj + ag; sin Hjapj) U = /\/'jaj . Vyj . (236)
05 j

Expanding (2.36)), we have

/\/}‘fl _ —Uyja; - vijQO2j — 2Vh5a; - vy]‘ (UOjVOj) ) (2.37)
Ugjaj . Vyj V()j + 2V2jaj : Vyj(UOjVOj)

Next, we add and subtract terms to each component of (2.37) to obtain full derivatives of UngOZj and
2U0jV0j‘/2j and find

Nt = [ 78 Vs UaVe) — 2y Uy, (2ValogVoy) + Vs - Vi, Usj o+ 2U0iVosag - Vi, Vai ) g 5
J aj - Vy, (Uz;Viy) + a; - Vy,(2Va;U0;Vo;) — Viyay - Vy,Usj — 2Un;Voja; - Vy, Va;

Passing the operator a; - Vy, through the system of Uy; and V5; in , we observe that

a; - Vy, Uy V) + a; - Vy, (2V2;U0; V) = —Ay,a; - Vy, Va; +a; - Vy, Vaj,

and

a; Vyj(U%VOQj) +a; - Vy, (2Va;U0;V0;) = Ay, a5 - Vy,; Us; .
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We thus obtain from ([2.38) that

V .
-/V’jfl = [ij + M]] a; - Vyjnj; n; = ( UZJ ) s (239)
J
where M is the matrix of the linearized reaction terms defined in . Multiplying (2.39)) by P C] sj
satisfying (|2 and applying the divergence theorem, we have
T T T
//B PjsiNifij dy; = /0 (Pe)sj0p; (3 - Vy,m5) — (a5 - Vy,n;)" 0y, Pejs;) Rdb; (2.40)
R

where each term of the integrand on the right-hand side are evaluated on the circle p; = R. For n;
defined in (2.39), we use the far-field condition for V5; and Us; in (2.10b) to compute

0
J YiTa ( —Qija?Hjej ) Pj
(2.41)
0
8Pjaj - Vy,nj ~ < —Qﬂa?Hjej ) ; p;>1.
Substituting (2.41) and (2.29)-(2.30b) into (2.40), we obtain
//B ng]-/\/]flj dy] ~ —47T2 |:Gj17'[.§-m711) + anHgm,Ql)} ’
) (2.42)

// PUN;f; dy; ~ —dr [ AR 4 g H(m”’)],

where ’Hg-m’p %) denotes the (p, q)-th entry of the matrix ’Hg-m) defined in (2.10c).

Now we substitute (2.33)), (2.34) and (2.42) for their respective terms in the orthogonality condition
(2.31) to obtain for R>1and j=1,..., N,

2cijlog R + 2c9j + c1j = ajiwSjlog R + aji\o [—Tokej + kij] — 47 [aﬂH( 11) %(m,m)} ’

J
m,22>] (2.43)

_.I_
2s1jlog R+ 2s9; + 515 = ajngj log R+ aj2 Ao [—Tok‘gj + klj] — 4w [ajﬂ-[(m 12) +a 'Hg
Observe that, with ¢1; and s1; defined in terms of a;; and a2 in (2.33c)), the log R terms in (2.43)) cancel,

yielding

1
[QSjw + wkoj + 47r7-[§-m’11)] aj1 + 47r7-[§-m’21)aj2 + 4dragi = kijAoaj1 ,
(2.44)
1™ Dy + | E8jw + whyy + 4rHT™ | 4 + dmags = kiyhoas
j 51 5 N WHR2j ™ j @52 TaQji2 = K1jA0052 -
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where ag;1 and agj 2 are the first and second components, respectively, of the vector ag; defined in
, which is the term giving rise to the coupling between the different inner regions. Substituting
for ag; in , we arrive at the 2N x 2N matrix-eigenvalue problem for the oscillation modes a, Hopf
bifurcation frequency Ag and threshold 79 = w/\¢:

1
K;! [w (25 + K2> +47H™ + 47Q,,| a = Aoa. (2.45a)

where S is the 2V x 2N matrix of spot strengths (2.22b]), while the 2N x 2N matrices K1, Ko, H, and
Q. are defined as

kll k21
k‘n k21
Kl = T. s K2 = . s
/{71]\[ k?N
kin kan (2.45b)

7 "
T (m)
W H

Qw = . ? ’ H= ?
N H%”)

In (2.45Db), k1; and ko; are the integrals defined in (2.35)), Q; are the 2N x 2 matrices defined in ([2.26¢]),
and H; is the 2 x 2 matrix defined in (2.10c). Rewriting in terms of previously defined matrices, we

obtain that the final matrix-eigenvalue problem of ([2.45a)) takes the form

K; ' [B(w) — M(w)]a= \a (2.46a)
where the 2N x 2N matrices B(w) and M (w) are given by
1
Bw)=w [(1 - 1/) S+ K2:| +4rH + 4w (V2gw) S, (2.46b)
-1

M(w) =87 (V1G,)" [iIN +x' + 27rgw] (V2Gu) S, (2.46¢)

with the N x 2N and 2N x 2N matrices (V1G,,) and (VQQW), respectively, given by

(ViGw) = (ViGw);  (V1Gu)y -+ (ViGu)y) »
[]:o.n - HwJT 5512 T 5511\7
(VQQW) _ &r [Fuuy — Hw2]T : ' (2.46d)
55N1 []:wN _ HWN]T
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In , S is the diagonal matrix of spot strengths defined in , ‘H is the diagonal block matrix
with each block a linear combination of Hessian matrices of the Neumann Green’s function weighted by
spot strengths (see (2.10d)), (V?G.) is a block matrix involving second order derivatives of the Helmholtz
Green’s function and its regular part (see (2.20d)), (V1G,) and (V2G,,) are N x 2N matrices involving first
derivatives of the first and second arguments of the Helmholtz Green’s function G, (x;X¢), respectively
(see and ), Iy is the N x N identity matrix, x’ is the diagonal matrix whose j-th diagonal
entry is x/(S), while G, is the Green’s interaction matrix The diagonal matrices K; and Ky are defined in
; the terms along the diagonal are the nonzero constants defined in that must be computed
numerically. The (z, 7)-th entry or block in each matrix when i # j accounts for the interaction between
the ¢-th and j-th spot. This leads to the following Principal Result:

Principal Result 2.1. Consider an N-spot equilibrium of system that is stable to large eigenvalues
and also to monotonic translational instabilities. Then, as T is increased past 7, /€2, a Hopf bifurcation
will result as a complex conjugate pair of eigenvalues crosses the imaginary axris at +ie2\; into the right-
half plane. The k-th Hopf bifurcation threshold 7;, and corresponding frequency j\jk are determined in
terms of roots of the two transcendental equations

Re {det (B(m;k) — M(idy) — ij\jkIgN)} ~0, (2.47a)

Im {det (B(z‘djk) — M(idy) — iAo N)} —0, (2.47D)

where W, = fquk, and Ty is the 2N x 2N identity matriz. The 2N x 2N matriz B(iwy), containing
terms involving second derivatives of G and G, is defined in , while the 2N x 2N matriz M (idy),
containing terms involving zero and first order derivatives of G, is defined in . The k-th mode of
oscillation corresponding to the Hopf bifurcation at T = 73,/ is given by the 2N -vector &y, the nullspace
of the singular matriz B(iwy) — M (iwy) — iz\kLon. That is, the direction of oscillation of the j-th spot is
given by the 2-vector é,gj), composed of the 25 — 1 and 2j entries of ai. The stability threshold T = 7 of
the N-spot equilibrium is given by 7 = 7% /&2, where 7* = miny, 7, with corresponding angular frequency
525‘% and mode &*. The direction of oscillation of the j-th spot at onset is the 2-vector a*\9), composed
of the 25 — 1 and 2j entries of a*.

We make one remark on the direction vector 4*() of Principal Result If 4*U) is real, then at onset,
the j-th spot oscillates about the point x; € Q along the direction a*(). If 4*9) = Re(a*\¥)) + ilm(a*()),
the trajectory of the k-th spot at onset is that of a rotated ellipse centered at x; with angle of rotation
and minor and major axes determined by the 2 x 2 matrix (Re(a*?)) — Im(a*"))). We give numerical
examples of both types of oscillation in

3. SINGLE-SPOT ANALYSIS

In this section, we consider the special case of the eigenvalue problem when the pattern consists of
only N = 1 spot. We compare our result to that given in [65] for the special case of the unit disk, showing
that we recover its result from when NV =1 and (Q is the unit disk. In doing so, we highlight the
extra terms that arise in the eigenvalue problem due to asymmetries of the domain that were absent in
the analysis of the unit disk. We also perform an analysis of a perturbed unit disk and show how the
perturbation affects the bifurcation threshold, corresponding frequency, as well as the preferred direction
of oscillation.
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1 In the case of a single spot of strength S, the only terms that remain in (2.46]) are the (1,1) entries and
2 blocks of the matrices in the formula. Then the small eigenvalue problem for N = 1 is ([2.46|), where the
3 2 x 2 matrices B(w) and M (w) are given by

1 m
Blw)=w Kl - u) ot ’m} o+ ArH{] + 4 (Foy — Ho]"
. (3.1)

M(w) = 8128 [i +X/(S) + 27 R, (x1; xl)] (Vwa(x; X1) \x:xl) (VXRw(X; X1) |XZX1)T .

4 Recall that VXR(m)(x;xl) |x=x,= O since x; is an equilibrium location of the one-spot pattern. In
5 highly symmetric geometries such as rectangles and the unit disk which, the zero of V4 R(™ (x5X1) |x=x;
6 coincides exactly with that of VxR, (x;x1) |,_,,. That is, the gradient of the regular parts of the
7 Neumann and Helmholtz Green’s functions vanish at the same value of x;. In these geometries,
8 the matrix M (w) vanishes while the Hessian matrices H ﬁn)
9 The eigenvalue problem then decouples to form

and H,, along with F,,, can be made diagonal.

kit Lo | (1= 1) S k| Zo + 4 [HO 4 700~ g00] 5y = Mg
v 1 1

1 m
kRt sw (1= =) S 4 ko | To +4n H1(1 22 4 F2) _ 2D 8% ay = M\ay,
v 1 1

)

10 where H ﬂn’j 7 and Hcsjl] ) are the (4, 7) components of the Hessian matrices H gn and H,, of the Neumann
11 and Helmholtz Green’s functions, respectively. The dominant mode of oscillation would either along the
12 (1,0) or (0,1) directions depending on which pair of Hessian terms in (3.2)) yields the lower Hopf threshold

13 7.

14 In even more symmetric geometries such as the square and unit disk, the latter of which we analyze in
15 detail below, H {T) and H,, are multiples of Zy so that (2.46)) reduces to the scalar problem given by

1 m
w [(1 — ,,) S+ km] + 47 [H{l M FLD H&J)} S —kido =0, (3.3)

16 In such geometries, the vector a indicating the direction of spot oscillation at onset becomes arbitrary,
17 and there is no preferred direction of oscillation.

18 Observe from (2.21) with N = 1 that the coincidence in the zeros of Vx R(x;X1) |x=x, and VxR, (x;x1) |
19 implies that k1 = 0. With k1 = 0, the additional extra G, term in the outer solution for the eigenfunc-
20 tion 71 in (2.19)) vanishes, while the O(g) term is also absent in the inner expansion for the eigenfunctions

21 ¥y and V4. As such, we may attribute the presence of these two terms to the asymmetry of the domain.
22 Their effects are encoded in the matrix M (w) in (3.1)).

23 In the next section, we consider (3.3)) for the case of the unit disk and show that it is equivalent to the

24 eigenvalue problem derived in [65].

X=X1
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3.1. The unit disk. We first require the Hessian terms of the Neumann and Helmholtz Green’s functions,
Hl(;n’n) and Ho(}l’l), respectively, along with ff};l), the gradient with respect to the source location of the

gradient of the regular part of the Helmholtz Green’s function.
We begin with computing }"U(Jll’l). In polar coordinates x = (z,y) = p(cosf,sinf), [10] gives the series

solution for the Helmholtz Green’s function G, (x;x¢) satisfying ([1.2) with source at x¢g = (xo,y0) =
po(cos by, sinby) as

Gulp0: o, 00) = 5K (il = xol) = 5-Aolo(visp) = = 3 cos(n(0 — o) Anlu(viop),  (3.9)
n=1

where |x — x| = \/p? + pZ — 2ppo cos(0 — Oy) and A,, = K/ (v/w)I,(v/wpo)/I,(y/w) for n = 0,1,.... In
, I,(2) and K,,,(2), m = 0,1,..., denote the modified Bessel functions of the first and second kind of
order m, respectively. To compute Fb(ull’l) in , we first obtain R, (x;xg) from the definition in
along with the small argument asymptotics of Ky(z)

1 w o w w
Ru(p,0; po,00) = o —v—log\ng 1 (—log |x — x| +1—7—10g\§> |X—x0|2]

— %Aofo(ﬁp) — i; cos(n(0 — 00)) AL, (Vwp). (3.5)

In (3.5), v is Euler’s constant. We next use (3.5 to compute F,,, the gradient of the regular part with
respect to x evaluated at x = xg. We have

w 1 w
V(i x0) = - (~loglx = xal + 5 — 7~ log 42 (x - x0)

2
Vw

o

Aol (vwp)eg — \f) Z cos(n( — 00))AnI, (vVwp)es, (3.6)
n=1

where ey = (cos#,sinf)”. Setting x = xg in (3.6)), we obtain

w0 (o]
F,, = VxR, (X;X0) |x=x,= —\WF E cnAnl) (vwpo)ey, (3.7)
n=0

where ¢, = 1/2 (¢, = 1) when n =0 (n > 0). Observe in (3.7 that setting xo = 0 results in the gradient
being 0, since xg = 0 is the equilibrium location of the spot.

Finally, to compute .7-]811’1) in (3.3]), we use (2.20c| take the gradient of the first component of (3.7)) with
respect to xg using Vy, = €9,0,, + pg lego Jp, to obtain
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Va ) = —egycos002 3" e 52D 1 () + Inwp)f;fwapo)]

n=0

+P0 Smeoiz In(vwpo) I, (Vewpo), (3.8)

where 9/90 = (—sin#, cos ). Taking the limit as pg — 07 in (3.8) yields

Fat _ 0w [Kie) | Ke)] (1
(fﬁ’”)‘m}%v = s e o) 39

As expected, the second component of (3.9) is zero since the matrix F,, must be diagonal due to the
symmetry of the disk. It remains now to compute the Hessian term of the Neumann Green’s function,
H 1(;n,11) and that of the Helmholtz Green’s function, Hy, (1, 1).

The Neumann Green’s function G("™ (p) satisfying (2.7)) with source at the origin is given in polar coor-
dinates by

G :——1 r_3 3.10
(p) ogp+ -~ o (3.10)

From (3.10) and (2.7b]), we obtain that Hﬁn’n) = (2m)~!. The Helmholtz Green’s function Gy (p)

satisfying (|1.2)) with source at the origin is given in polar coordinates by

Gulp) = 5= [Ko(ion) = T I(v)| (311)

Using the small argument asymptotics of Ko(z) and Ip(z) in (3.11), we obtain from (1.2b|) the Hessian

term

1 Vw 1—x w K| (y/w)
g — = |~ v*&¥ - T - 220\ E)
w1 T [ 4 log 2 4 w} A I (Vw) (3-12)

With Hﬁn ) = (27)~! and using ) for le ) and (3.9) for .7-"0(}1’1), we obtain from ([3.3)

2+ w [log (6752‘/5> -~ II({{((\/\/%)] - Aok”; what (3.13)

Setting Ao = iA; and replacing w with iA\r7p in (3.13), we recover the complex equation given in (4.51)
of [65] for the Hopf stability threshold 7y and corresponding bifurcation frequency Aj.
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3.2. The perturbed disk. In this section, we compute the leading order correction to the Neumann
and Helmholtz Green’s functions when (2 is the perturbed disk with boundary parametrized by (z1, z2) =
(14 0f(0))(cosb,sinf) with e < 0 < 1 and some function f(6) periodic over the interval [0,27). We
use this calculation to obtain analytic insight into how domain geometry impacts the preferred direction
of oscillation at the onset of instability. Since f can be expressed as a Fourier series, and the leading
order effects of the perturbation are linear, it suffices to perform the calculation for individual modes
f(@) = cosnf with n = N. Analysis of perturbations of sinnf can can be recovered by replacing
0 —0—m/(2n).

We show in the following analysis that the n = 2 mode impacts the bifurcation threshold, oscillation
frequency, as well as oscillation mode at O(c). We then use this analysis to briefly show that the n # 2
effects enter only in higher orders 0. We thus focus our calculations on the n = 2 case for which the
perturbed disk 2 is slightly elliptical in shape with the major axis aligned along the x; direction. For
n = 2, we show that the mode of oscillation along the zi-axis is the first to become unstable as 7 is
increased. That is, we show that the threshold corresponding to the (1,0) mode of oscillation is smaller
than that for the unit disk, and that the threshold of the (0,1) mode is larger than that of the unit disk.

The effect of the boundary perturbation on the localized variable v(x) is exponentially small. As such,

we need only expand

u ~ ug(p) + oui(p,0), (3.14)

and compute the boundary conditions for u; in terms of ug. Proceeding, we find that an outward pointing

normal vector on 0f) is

n=(1+0f(0)ey—of'(0)e). (3.15)

In polar coordinates, the homogeneous boundary condition Vu - n = 0 becomes

of B

Substituting (3.14)) into (3.16)) and expanding to first order in o, we obtain the boundary conditions

uop(1) =0, ui,(1,0) = —F(O)upp(1). (3.17)

We begin with the expansion of the Neumann Green’s function G(™) ~ G(()m) + aG§m), where G(()m) is
the solution given in ({3.10|) for the unperturbed unit disk {29 with source at the origin. From (3.17)), the
boundary value problem for G is then

AGH) =0, Gy)(1,6) = /()

1pp y G1 on = 0, (3.18)

Qo

3]

with regularity at p = 0. When f(0) = cos 26, the solution to (3.18]) is
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m 1
Gg )(p,H) = —%pQ cos 26 , (3.19)

or G1(x1,72) = (27) (23 — 22) in Cartesian coordinates. To leading order in o, we therefore have that
the Hessian matrix H l(gn) in (3.1)) is given by

m 1 1{-10

where the leading order term in (3.20) is computed from the Neumann Green’s function of the unperturbed

disk given in (3.10]).

For the Helmholtz Green’s function G, of (1.2a)), we expand G, = Gy, + 0G,,,, where G, is the leading
order solution when p > pg given by [10]

o0

Coon(p,8:p0,00) = 5= > MO E (), (Vo). (3.21)
where
Fu(p) = Ka(vp) — Kb(Vw) L (Vaop) [ T, (V) (3.22)

We note that (3.21) is equivalent to (3.4) when p > pg. While (3.4) has the singularity extracted
analytically from the sum, (3.21)) is more convenient to work with when x is not near x¢. From (3.17)),
with f(6) replaced by cos 260 and ug,,(1) replaced by Guypp |p=1, the boundary value problem for G, is
then

1
AG,, —wGy,, =0, Gup(1,0) = —%Re

n=—oo

> e"<"2>9”"90F:<1>In<mo>] SR )

In (3.23)), we have used G, in (3.21) to obtain the boundary condition at p = 1. The solution to (3.23))
is then

Gu, (p,0;po,00) = —

L |y ’ Lo_s(v/&p)
N [ > cos[(n—2)0 — nf] Fn(l)In(x/cUpo)M] . (3.24)

nN=—0o0

We now compute the contributions of the domain perturbation to the quantities fo(jf’k) and Hgfk) ,

kE=1,2, of (3.2). We first compute the correction to F,,, the gradient of the regular part evaluated at

1

xo. Since Gy, contains no singularities, we use Vx = g0, + p~ €,y to obtain

g = VG, |x=xo= €g, c0s 200 A(po) + €p, sin 260 B(po) , (3.25a)
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1 where

o0

A =50 30 Bl )

B(po) = —2“1@/)0 _z_: (n— Q)I%F;/((j)ﬁ)fn(\rpo) n—2(v/wpo) -

(3.25b)

2 The leading order correction to JF,, is given by lim, o+ ( ong(l) ong(2) ), where g and g are
3 the first and second components of the vector g defined in (3.25a)). We next use the fact that for |z| < 1,

4 we have

z ~0,1
L) )~ 41 T
0(2?) else
% n=02 (3.26)
In(2)In(2) ~ { 2 n=1
o(z3) else
5 We thus obtain that
) 1 FJ/(1) F{(1) 1 0
1 (1) 2 )= _-— 0 L . 2
0+ ( Vo8 Vg ) 5V [1’2(\@) "ol lo 4 (3:27)
6 From (3.9) and (3.27)), we obtain the two-term expansion in o for the matrix F,, in (3.1)
w [Kl(Vw) Ki(yw) vw [ FJ(1) F/'(1) 1 0
Fop o~ —— |20 1 Ty — oY= 0 1 , 3.28
T | T6e) T Ee P s (e T e Lo -1 (325

7 where the leading order term of (3.28)) was computed in (3.9)).

s Finally, for the correction to the Hessian term H,, of (3.1), we set (p,6) = (po,0o) in (3.24) and let
9 p— 07 to obtain

VB[ R RO B )
s ,(/0) T L) T e ) T 529

G, (%0;%0) ~ — ] — x5

10 yielding the two-term expansion for H,,
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bt f}

[ Fér s FI'(1) N Fé/(1)}<1 0 >’ (3.30)

I (Vw)  L(vw)l\ o -1

1 where the 1eading order term in 0)) corresponds to that for the unperturbed unit disk computed in

2 (12). In and (3.30)), the functlon F,(p) is defined in (3.22)).

3 We now substitute ) for H - ) for F,,, and - for H,, into (3.2). We perturb the
4 eigenvalue g = z()qo + J)\Il) and the stability threshold 79 = 79 4+ 071 so that w = A\g79 = wp + own,
5 where wp = A1, 7p and w1 = (A, 7o + A, 71). The calculation below will show that 71 < 0 for the (1,0)
6 oscillation mode while 71 > 0 for the (0,1) oscillation mode, implying that the preferred direction of

7 oscillation is along the major axis of the perturbed unit disk.

8 From (3.2)), we obtain the leading order eigenvalue problem (3.13)) for wp and Aj, corresponding to the
o unperturbed problem, while at O(¢), we obtain the two uncoupled equations for w; and Ap,

w1 [loge78 + %logum - W} + wo [;w; —le(\ﬁ)]
1

_ \/(AT() Fl//(l) Fé/(l) _ ikll)\jl — lewl a
e s B

o [log 57+ Jogen - IO 4 29 )|

FI'(1 FI(1 k11, — k
VWo [[/ (1) 5 (1) ] _ ik — koo (3.31b)

T T e T ve) s

10 where the function Q(z) is defined by

1P H ) [Ki(2)o(2) + Ko(2) 1 (2)] .
Q) =35, (Io(z) - L(2))? ' (3:31c)

11 The signs in (3.31al) correspond to that of the (1,0) mode of oscillation, while the signs of (3.31b))
12 correspond to that of the (0,1) mode. Rearranging (3.31a) and (3.31h))

10gi+ 5 10g wo — mﬂté—on(WH?]—ik?h
1
- O )
T [1’1<m>+fa<m> . (3:322)
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eve 1 Ki(\/CT) 1 ]{}21 ik’n)\[l
w1 10g7+§10g(,<)0 7—{—5—&)0@(\/7)'{'? _T
2 [T, (o) T T(v/e)

1 Noting that w; = i(Ar, 7o + A1, 71) is pure imaginary, we equate the real and imaginary parts of (3.32]) to
2 obtain

K1 (vwo)

ﬁ - on(\ﬁ)}

PSSy Qo o R - 16) )
- FFR {” L’l«@ " Ié(\/Fo)H » (3.332)

1
— ()\11720 + )\[0721)Im {2 log wy —

; ; ki 1 ki1 A
(A, 7o + A, 71)Re 1 + 5 —woQ(Vwo) p — oh
ST() S

=g VB | i) 6

3 where, in (3.33b)), we have used (4.52b) of [65] to obtain that the leading order threshold 7y satisfies the
4 relationship

e 1 Ki(ywo) ko k11
log— + =1 — L = 5 = . .34
Re{og 3 TR T ) TS S7 (3:34)

5 Observe that 79 ~ 1/|loge| < 1. In (3.33), the top (bottom) sign corresponds to the (1,0) ((0,1))
6 oscillation mode. Solving for the quantity Ar, 7o + A7, 71 in (3.33a]), we obtain

T4+ 1Re { o [k + ALY
Im{ log wo — [;/((\ﬁ - on(\ﬁ)} |

(Anfo+ A7) =@ = (3.35)

7 We note that there are no parameters on the right-hand side of , as the numerical value for wy was
8 given in (4.52c) of [65] as wy = 3.02603687i and shown to be independent of parameters of the original
9 PDE system . Substituting in this value for wy we obtain w; ~ F1.7046. Next, from , we
10 solve for Aj, to obtain

e (R B e e )

11 Notice that as ¢ — 0, since 7p ~ 1/|loge|, A;; ~ @&1]loge|. That is, A\;, has the same sign as @w; as € — 0,
12 where @ was defined in (3.35).

13 Finally, with 71 = (@1 — A1, 70)/A1,, we use (3.36]) for A7, to obtain
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o L L NV OO R

Noting that the spot strength .S, the leading order threshold 7y, and leading order frequency A, are all
positive while k17 < 0 from Fig. |1} we use wg = 3.02603687: and the upper signs in and to
find that 71 ~ —(10.323)S570/(|k11|A1,) < 0 while 71 ~ (10.323)79/(|k11|A1,) > O for the lower sign. We
thus conclude that, for the perturbed disk with radius r = 1 + o cos260 with 0 < ¢ < 1, the preferred
mode of oscillation is along the major axis, with corresponding threshold 7 ~ 79 4+ o7y less than that for
the unit disk. The threshold corresponding to oscillation along the minor axis is larger than that for the
unit disk. Furthermore, since @; < 0 for the (1,0) mode, the frequency of oscillation is less than that for
the unit disk. Likewise, w; > 0 for the (0,1) mode so that the oscillation frequency along that direction
increases with the perturbation of the unit disk.

A perturbation of the form f(0) = ag cos26 + by sin 20 can be written as f(0) = Cycos(20 — ¢), where
Cy = /a3 + b3 and cos ¢ = ay/Ca, sin ¢ = ba/Cy. This simply constitutes a counterclockwise rotation of
the perturbation by ¢/2. In this case, the direction of oscillation is along the line that makes an angle
¢/2 with the z; axis.

We now briefly comment on the effect of perturbations of the form f(6) = cosmf for m # 2. The m =1
perturbation constitutes a translation of the unit disk by o in the x; direction along with an O(c?)
deformation away from circular geometry. That is, the parametric equation for this perturbed disk is
1 = o+ (1 +029(0))cosf and zo2 = (1 + o2g(0))sind with g(0) = (1/4)(1 — cos20) + O(c?). The
geometry deformation to leading order is thus effectively a mode-2 perturbation with negative coefficient.
From the above analysis, the m = 1 perturbation thus selects the (0, 1) oscillation mode as the dominant
mode. We emphasize, however, that this is an O(0?) effect in contrast to the O(c) effect of the m = 2
mode. A similar argument asserts that the effect of f() = sin@ is also O(c?).

When m > 3, the leading order correction Gi(p,6) to the Neumann Green’s function in would be
replaced by an O(p™) function, which has a zero Hessian at the origin. It therefore does not contribute
to the eigenvalue problem (3.3). For the Helmholtz Green’s function, we have that Ip,(z) ~ 2™l for
|z] < 1 so that I,(2)Ip—m(2) ~ 2% where a = |n| + |n — m| > |m| while I,,(2)1I},_,,(z) ~ 2% where
o= |n|+|n—m—1| > |m —1|. From (3.26), we observe that modes m > 3 do not contribute towards

Fu, in (3.28) and H,, in (3.30).

Since the leading order corrections to the Neumann and Helmholtz Green’s functions are linear in the
perturbation f(6), we arrive at the following Principal Result for the dominant mode of translational
oscillations for a single spot inside a perturbed unit disk:

Principal Result 3.1. Consider a one-spot equilibrium of system , where €1 is a perturbed unit
disk with radius r(6) given in polar coordinates by r(0) = 1+ of(0) with 0 < ¢ € 0 K 1, 0 € [0,27),
where f(0) is a 2m-periodic function. Let T,q = 7o/c% be the Hopf bifurcation threshold for the slow
oscillatory translational instability when o = 0 (i.e., for the unit disk), and let ag = 7! 02Trf(9) cos 26 df
and by = w1 027Tf(0) sin20 df. Then when at least one of as and by is nonzero, the Hopf bifurcation
threshold will be less than T,q, and the dominant mode of oscillation at onset will be along the line that
makes an angle ¢/2 with the x1-azis, where cos ¢ = ag/\/m, sing = bg/\/m. Furthermore, the
corresponding bifurcation frequency will also decrease. When ay = by = 0, the bifurcation threshold (to
leading order in o) will remain unchanged from T.q.
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While we have not performed the corresponding analysis for a near-square rectangle with edge lengths
L and L + o for ¢ € 0 < 1, our analysis for the perturbed disk predicts that the preferred oscillation
direction in a rectangle would be in the direction parallel to the longer edge. We show a numerical
example of this scenario, along with several others illustrating our single- and multi-spot theory, in the

next section.

4. NUMERICAL VALIDATION

In this section, we numerically validate our theoretical result by solving the full time-dependent
PDE system using the finite element solver FlexPDE 7 [22]. For single- and multi-spot equilibria
of on various domain geometries, we verify both the Hopf bifurcation threshold 7 = ¢~2#* for the
onset of oscillatory instabilities as well as the direction(s) of oscillations, where 7* is the minimum of all
7 satisfying the complex eigenvalue problem .

Before we describe our results, we first outline our procedures. Initial N-spot equilibrium states for which
we test stability are obtained by initializing an N-bump pattern in with 7 set well below any Hopf
thresholds. We then evolve until the time t is sufficiently large that changes in solution are no
longer observed; observe that steady state solutions of are unaffected by the value 7. Using this
equilibrium solution as an initial condition, we trial various of values of 7 to test stability; we say that
the numerical (or “exact”) value of the Hopf bifurcation threshold is 7 if no oscillations are observed
when 19 < 7y — 0.005 and oscillations are observed when 79 > 7y + 0.005.

To compute 7 from the matrix-eigenvalue problem, , we require quantities associated with the
Neumann and Helmholtz Green’s function of and , respectively, for the domains ) that we
consider. For the unit disk and rectangle, analytic formulas for both are given in [10]. For the half disk,
we simply employ the unit disk formula with the method of images to obtain the reflective boundary
condition on the straight segment of the half-disk. For the more complex geometries, we employ the
finite element solver from MATLAB’s PDE Toolbox. In the implementation, we solve a regular equation
for G(™) — Gfree with nonhomogeneous Neumann conditions, where G is the desired Green’s function in
Q and G is the corresponding free space Green’s function. Finally, the equilibrium locations x; and
corresponding spot strengths S; are obtained by simultaneously solving the 3N + 1 system of nonlinear

equations , , and .

We make the following remarks on the numerical simulations that follow. Firstly, because there are as
many as 2N distinct pairs of solutions (w, ):1) to the nonlinear system , we were were not always
able to find all thresholds when the number of spots N was sufficiently large. We make a note of this
below where relevant. In all cases, however, the smallest threshold we found corresponded to the most
unstable mode as observed numerically in the PDE simulations. Secondly, since the parameter B in
does not appear in the eigenvalue problem of Principal Result we have set B = 0 in all numerical
simulations. Values of the other parameters are given in each of the examples below.

4.1. Hopf bifurcation of a single spot. In this subsection, we investigate the Hopf bifurcation of
small eigenvalues of a single spot solution to ([L.1]) in three different domains 2. The examples are:
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(1) Q2 is a perturbed unit disk with radius

r=1+4+0f(0); 0 €0,2r), o=20¢;
1 (4.1)

fo) = 1 [0.1 cos 0 + ag cos 20 + cos 30 + cos 40] .

In one numerical simulation, we take as = 0.1, while we take ap = —0.1 in the other simulation.
We confirm our prediction of for the impact of the as coefficient on the dominant mode of
oscillation.

(2) Q is a half-disk with radius 1 (Fig. ). The predicted Hopf threshold is 7* = 0.0712 while the
numerical result was found to be 7y = 0.072.

(3) Qis arectangle of width 2 and length 1 (see Fig. @ The predicted Hopf threshold is 7* = 0.0615,
while the numerical threshold was found to be 7y = 0.062.

(4) © is an asymmetric, non-simply connected domain consisting of the same rectangle as that in
Fig. |§| with two differently sized holes in the shape of disks (see Fig. . All boundary conditions
are reflective. The predicted Hopf threshold is 7 = 0.065 while the numerical threshold was found
to be 75 = 0.0615.

In each of the figures below showing snapshots of the solution for the localized activator component at
various points in time, blue (yellow) regions denote small (large) values, while the red arrows indicate
the direction of motion of the spot(s) at the given instant. We note that since the strength of the spot
is a function of its location, spot-splitting may occur during the course of oscillations. In the multi-spot
solutions, spot annihilation events may occur when spot distances decrease due to oscillation. We exclude
illustrations of these phenomena and focus only on the oscillatory dynamics.

Example 1. In this example, we verify the calculations of on how the perturbation of the disk
impacts the dominant mode of oscillation. For the perturbed disk of with a2 = 0.1 > 0, Fig.
shows the oscillations of the spot at onset as well as in long-time. In particular, we observe that the (1,0)
oscillation mode (i.e., the horizontal mode) is the dominant mode, consistent with the result of

In Fig. B] we set az = —0.1 < 0, leading to vertical oscillations of the spot. That is, we observe that
when ag < 0, the (0,1) oscillation mode is dominant, consistent with the result of We emphasize
that the only difference between Figs. |2| and |3|is the sign of the as coefficient in . Furthermore, we
note that |ag| is relatively small in comparison to the coefficients of the cos 30 and cos46 terms, and yet
it is the coefficient that dictates which mode of oscillation is preferred. This is due to the fact that the
effect of the cos 20 perturbation enters at leading order in o, while those of higher modes enter at O(o?).

Example 2. In left portion of Fig. 4l we show the unstable oscillations of one spot in the half disk
when 7 exceeds the Hopf threshold. On the right, we plot the z; and x5 coordinates of the spot-center
as a function of time; observe that the initial oscillations at onset are only in the x;-direction. Indeed,
the predicted Hopf thresholds are 7 = 0.0712 for the (1,0) oscillatory mode and 7 = 0.1072 for (0,1)
mode. The lower threshold for the (1,0) mode indicates that it is the dominant mode of oscillation,
which is what is observed numerically. The saturation of the oscillation amplitudes indicates that the
Hopf bifurcation is supercritical, with the initial horizontal oscillations leading to a periodic orbit with
nonzero x1 and xo components. Determining the path of this orbit and how it is impacted by the domain
geometry is beyond the scope of this paper.

In Fig. b for the half-disk, we demonstrate the convergence with respect to & of the predicted values
of the Hopf threshold 7 (Fig. and corresponding bifurcation frequency A; (Fig. to their exact
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FiGURE 2. Example 1 — Hopf bifurcation of a single spot in a perturbed disk of the form
with as = 0.1 > 0. In the top half, we indicate with arrows the direction of spot
motion at the particular time. In the bottom half, we plot the x1; and x5 coordinates of
the spot location as functions of time. For increasing time, the horizontal oscillation mode
emerges as dominant. The other parameters are S = 4, ¢ = 0.01, and 79 = 0.084.

values obtained from numerical computations. The blue error bars indicate the range in which the exact
threshold falls. We note that all quantities plotted in Fig. [5| have been scaled by e72; as such, the
figures show that the error in the unscaled Hopf thresholds and frequencies scale as O(¢?|loge|) when &
is sufficiently small.

Example 3. In the left portion of Fig. [6] we show Hopf oscillations of a spot in a rectangle of height
1 and width £ = 2. In our numerical simulations, we adjust the value of the feed-rate A in in
inverse proportion to £ so as to keep the spot strength S = (27) "1 A|Q| constant. This is done in order to
ensure that as the domain size |Q] is increased, the spot strength S does not exceed the self-replication
threshold of ~ 4.3. The dominant mode of oscillations is in the direction of the longer dimension, similar
to what was shown for the perturbed disk of On the right, we plot the 1 and x5 coordinates of the
spot center. The initial growth of amplitude oscillations saturates, suggesting that the Hopf bifurcation
is supercritical. In contrast to the case of the half-disk, long-time oscillations occur along a straight
horizontal line due to the symmetry of the rectangle.

In Fig. 7} we plot the predicted (red, green) and numerical (blue bars) Hopf bifurcation thresholds versus
the length ¢ of the rectangle of unit height. The blue error error bars indicate the range in which the exact
threshold falls as determined from PDE simulations. The two predicted thresholds correspond to the
(1,0) (horizontal) and (0,1) (vertical) oscillation modes. When ¢ = 1, the two thresholds are equal due
to symmetry. As £ increases, the asymptotics results predict that the (1,0) mode is the first to destabilize
as 7p is increased, in agreement with the oscillations parallel to the longer edge in the rectangle of Fig.

@l
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x10

FiGurE 3. Example 1 — Hopf bifurcation of a single spot in a perturbed disk of the form
(4.1) with az = —0.1 < 0. In the top half, we indicate with arrows the direction of spot
motion at the particular time. In the bottom half, we plot the x1 and x5 coordinates of
the spot location as functions of time. For increasing time, the vertical oscillation mode
emerges as dominant. The other parameters are S = 4, e = 0.01, and 79 = 0.084.

x10*

— ]

—

0 . . g . . . I | o

-0.3 02 -0.1 0 01 02 03 04 05

Ty, T2

(a) coordinates of spot center vs. time (b) long-time orbit path of spot

FIGURE 4. Example 2 — numerical simulations performed for a single spot on a half-disk
with 79 = 0.0725, € = 0.01 and S = 4. (a) The coordinates of the center of the spot, where
the blue (red) curve is the xj-coordinate (x2-coordinate). At onset, the oscillations occur
only in the z; direction as predicted by (1,0) being the dominant mode. For increasing
time, oscillations in the x5 coordinate appear, eventually settling to a periodic orbit with
nonzero x1 and xg components. (b) The spot is shown in its equilibrium position with a
superimposed trace (in red) of the its long-time orbit path.

30
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FI1GURE 5. Example 2 — comparison of Hopf thresholds and corresponding frequency for
e = 0.04, 0.02, 0.01, 0.05, 0.025. The blue error error bars indicate the range in which
the exact threshold (obtained from PDE simulations) falls. The agreements in the Hopf
stability threshold (a) as well as the corresponding frequency (b) between the predicted
value and PDE simulations improve with decreasing ¢.
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FIGURE 6. Example 3 — numerical simulations performed for 7y = 0.063, ¢ = 0.01 and
S = 4. On the left, we show oscillatory motion of the spot center as 7y exceeds the Hopf
bifurcation threshold. Red arrows indicate the direction of motion. On the right, we plot
the coordinates of the center of the spot, where the blue (red) curve is the z1-coordinate
(xg-coordinate). The saturation of the oscillation amplitudes indicates that the Hopf
bifurcation is supercritical, with the initial horizontal oscillations leading to a stable orbit

with only a nonzero x; component.

We observe that both the Hopf threshold and the corresponding frequency decrease with increasing #.
Indeed, as £ — oo, we expect a zero eigenvalue corresponding to translational invariance in the -
direction. For this infinite strip, the only Hopf bifurcation is in the zs-direction.

Example 4. In Fig. we break the symmetry of the rectangle of Example 2 by removing two
circular holes of different sizes. The feed-rate A is set so that the strength of the spot is S = 4. The
break in symmetry causes the spot center to shift away from the (1,0.5) location, and leads to long-time
oscillations that occur along a curved path. The initial oscillations at onset, however, are still along a
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FiGURE 7. Example 3 — thresholds for one spot in a rectangle of unit height and width £.
When ¢ = 1, the thresholds corresponding to the (1,0) (horizontal) and (0,1) (vertical)
oscillation modes are equal due to symmetry. When ¢ increases, the dominant mode of
oscillation is the one parallel to the longer edge of the rectangle.

1 nearly horizontal straight line (reflected by a real eigenvector of (2.46))), while the bifurcation threshold

7* is also very close to that of Example 3.

x10*
1=22626 229 25

0.5-

0 0.5 1 1.5 2
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FIGURE 8. Example 4 — numerical simulations performed for 7y = 0.063, € = 0.01 and
S = 4. On the left, we show the oscillatory motion of the spot center as 79 exceeds the Hopf
bifurcation threshold. The red arrows indicate the direction of motion at the particular
instant in time. On the right, we plot the coordinates of the spot center, where blue curve
is the x1-coordinate and red curve is the xo-coordinate. The holes in the domain break
the symmetry of the rectangle and long-time oscillations that occur along a curved path.
The oscillations at onset, however, are along a nearly horizontal straight line, which is
reflected by a real eigenvector of .

3 4.2. Hopf bifurcation of multiple spots. In this subsection, we investigate Hopf bifurcations of
4 small eigenvalues of N-spot solutions to (1.1) along with the ensuing dynamics. While for a given N,
5 multiple equilibrium configurations of spot locations and strengths are possible, we focus on the following

6 configurations:
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(5) A ring of N equally-spaced spots concentric with the unit disk (see Fig. [L0), and a line of N
equally-spaced spots along the width of a rectangle of height 1 and width 5 (see Fig. . Com-
parisons of stability thresholds are plotted in Fig. [0] against N. We observe excellent agreement
between asymptotic and numerical values.

(6) Two spots in an asymmetric domain consisting of the same rectangle as that in Example 3 with
five holes in the shape of disks. All boundary conditions are reflective. The holes create a barriers
between the two spots. The predicted Hopf threshold is 7* = 0.0891, while the threshold found
from PDE simulations is 7; = 0.0887.

Spots in symmetric N-spot equilibrium configurations all have equal strength S given by S = ﬁ;rlﬂ\' In
the asymmetric domains of Example [f] spot strengths are generally unequal and must be determined by
a numerical solution of the nonlinear system (2.6)), (2.8]), and (2.9)). In the figures containing snapshots
of solutions, the red arrows indicate the initial direction of oscillation at onset of instability. Arrows of

different sizes indicate the relative amplitudes of oscillation between the different spots.

Example 5. In this example, we investigate dominant oscillation modes of symmetric N-spot equilibria.
In particular, we show that our theory correctly predicts the switching of dominant modes as N is
increased. In Fig. [9a we plot two bifurcation thresholds for an N-spot equilibrium arranged in a ring
concentric with the unit disk (see Fig. [10). The blue curve corresponds to the radial mode of oscillations
characterized by in-phase oscillations in the radial direction. For N < 5, the red diamonds denote the
thresholds for the (near)-tangential mode in which spots oscillate (approximately) along the tangent of
the equilibrium ring. As this threshold is lower than that of the radial mode, we expect that this mode
emerges first as 7y is increased. This is indeed observed in the first row of Fig. The symmetry of even-
numbered configurations allows this mode to be exactly tangential; for odd-numbered configurations, the
spots undergo an elliptical orbit of high aspect ratio. An example of such an orbit is shown in Fig.
for the three-spot pattern. This elliptic orbit at onset is consistent with the fact the eigenvectors a*
of the eigenvalue problem for the three- and five-spot configurations are complex with imaginary
components small in comparison to the real components. Theoretical radii of these ring configurations
were obtained from Eq. (16) of [29], and were used to initialize the simulations.

For N > 5, the purple squares of Fig. denote the next lowest threshold (above that of the in-phase
radial threshold) that we were able to find in the nonlinear system . For such N, the radial mode
is the lower threshold, in which case we expect that this mode emerges first as 7y is increased. This is
seen in the second row of Fig. The black x’s in Fig. [9a] denote the value of 7y at which the first
Hopf bifurcation was encountered in our PDE simulations of . The agreement, including the switch
of dominance from the non-radial to radial mode of oscillation at N = 6, is excellent.

To provide intuition for this switch of mode-dominance from near-tangential oscillations when N < 5 and
in-phase radial oscillations, we briefly discuss the instability of a single spot on a circular sector of angle «
oriented symmetrically about the vertical axis. That is, the region of the circular sector is parametrized
in polar coordinates (r,0) as 0 < r < 1 and angle 7/2 — a/2 < 0 < 7/2 + /2. By symmetry, the two
modes of oscillation admitted by the eigenvalue problem are the (1,0) mode (the near-tangential
mode) and the (0, 1) mode (the radial mode). From (2.46)), we find that the near-tangential (radial) mode
is dominant when o g 27/5.48 (o > 27/5.48). That is, the dominant mode tends to be in the direction
in which the boundary interaction is weaker. This is consistent with our findings for the dominant mode
in the perturbed disk (Principal Result , and provides intuition for the switch in oscillation mode
observed in Fig. when the number of spots exceeds 5. We remark that comparing mode dominance on
the circular sector is tantamount to comparing the relative dominance between the near-tangential mode
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FIGURE 9. Example 5 — Hopf bifurcation thresholds for N-spots in a (a) unit disk and
(b) rectangle. In (a), “(near)-tangential” refers to the mode in which spots oscillate in
a direction tangent (N even) or nearly tangent (N odd) to the equilibrium ring, while
“next lowest found” corresponds to the next lowest threshold (above that of the in-phase
radial mode) that we were able to find in solving . The prediction that the in-
phase radial mode is dominant for N > 5 is corroborated by the numerical simulations in
Fig. Similarly, in (b), the threshold plotted for the “next lowest found” is the lowest
threshold we were able to find above that of the in-phase vertical mode. The emergence of
the in-phase vertical mode as the dominant mode for N > 6 is observed in the numerical
simulations of Fig. In (a) and (b), the x’s indicate the value of 77, the Hopf bifurcation
value found from PDE simulations.

and the in-phase radial mode of an N-spot ring pattern in the unit disk. The circular sector comparison
only captures two of the 2N modes of oscillation. That is, it only guarantees that the near-tangential
mode is preceded by the in-phase radial model when N > 5; it is not sufficient to show that the in-phase
radial mode is the dominant mode when N > 5, nor is it sufficient to show that the near-tangential mode
is the dominant mode when N < 5. Full results for the N-spot ring pattern on the unit disk can only be
ascertained by solving the 2N x 2N eigenvalue problem of .

We comment here on the difference in the nature of oscillations at onset between when the dominant
eigenvector(s) of is complex versus when it is real. To illustrate this, we show in Fig. the
early-time orbit paths of the three- and four-spot ring patterns. The dominant eigenvectors of the three-
spot equilibrium corresponding to the same Hopf bifurcation threshold are both complex, leading to the
elliptical orbits at onset shown in Fig. In contrast, due to the additional symmetry of the four-spot
equilibrium, the dominant eigenvector of is real, leading to orbit paths at onset that are exactly
straight.

In Fig. we show the orbits corresponding to the two dominant complex eigenvectors of for the
three-spot ring pattern in the unit disk. Since both eigenvectors correspond to the same Hopf bifurcation
threshold, the orbit shown for the three-spot ring pattern in Fig. is a linear combination of these two
modes. The eigenvectors have six entries, with each pair of entries corresponding to the orbit of each of
the three spots about their respective equilibrium locations. The spots are numbered counterclockwise,
with spot number 1 being the one whose equilibrium position lies on the x; axis. The first two entries
of both eigenvectors are both real, resulting in straight orbits for spot 1 in both Fig. and The
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FiGURE 10. Example 5 — spatial configurations of N-spots in a unit disk and their initial

€y €y

oscillation directions at onset for € = 0.01, S = 4. For N = 2,4, the oscillations are
along a direction tangential to the ring on which the spots are located. The N = 3,5
configurations lack the symmetry to undergo perfectly tangential oscillations. For these
configurations, the eigenvectors of are complex, indicating that the spots follow
an elliptical orbit at onset. For N = 6,7,8, the emergence of radial oscillations as the
dominant mode for N > 5 is predicted by Fig. @

-1 -0.5 0 0.5 1

(a) early orbit of 3-spot pattern

(b) early orbit of 4-spot pattern

FiGURE 11. Example 5 — contrasting the early-time orbits of three- and four-spot patterns
after instability onset. Parameters the same as that of Fig. (a) The paths of the three
spots are curved, consistent with the dominant eigenvectors of being complex. (b)
Due to the additional symmetry of the four-spot pattern, the dominant eigenvector of
is real, leading to orbit paths at onset that are exactly straight. The orbit paths in
(a) are a linear combination of two oscillation modes that correspond to the same Hopf
bifurcation threshold. The two modes are shown in Fig.

35

1 linear combination of these two straight orbits results in the elliptic orbit for this spot in Fig. All

2

other entries are complex, so the orbits of spots 2 and 3 are both elliptic. The high aspect ratio of these
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elliptic orbits is due to the fact that the magnitude of the real parts of entries three through six of both
eigenvectors exceed that of the corresponding imaginary parts by factors of ~ 1.5-8.5.

2R
NI

g 0 g 0
7 b K\
-1 -1 :
- -1 -0.5 0
X1 X
(a) an eigenmode of 3-spot ring pattern (b) an eigenmodes of 3-spot ring pattern

F1GURE 12. Orbits corresponding to the two dominant complex eigenvectors of
for the three-spot ring pattern in the unit disk. Both complex eigenvectors correspond
to the same Hopf bifurcation threshold, and are real in the first two entries. As a result,
the both orbits of the spot with equilibrium position on the x; axis are in a straight line.
The elliptic orbit of this spot in Fig. is a linear combination of the vertical path of
the mode in (a) and the horizontal path of the mode in (b). Entries three through six of
both eigenvectors are complex, resulting in elliptic orbits in both (a) and (b) of the two
remaining spots. The ellipses have high aspect ratio due to the magnitude of the real part

of each entry being ~ 1.5-8.5 times larger than that of the corresponding imaginary part.

A switch in mode-dominance analogous to that shown in Fig. for the unit disk is also observed
for N-spot patterns with spots equally spaced along the center line parallel to the longer edge of the
rectangle. In Fig. Ob] the blue curve denotes the thresholds for the in-phase vertical oscillation mode in
which all spots oscillate vertically in-phase (last row of Fig. . For N < 5, this threshold is preceded
by a horizontal mode in which the spots oscillate horizontally and out-of-phase with their neighbors (red
diamonds). For N > 5, we plot the next lowest threshold (above that of the in-phase vertical mode) that
we were able to find in (purple squares). The black x’s denote the value of 7y at which the first
Hopf bifurcation was encountered in our PDE simulations of . We highlight the coincidence of the
two thresholds at N = 5; indeed, when N = 5 in a rectangle of unit height and length 5, the symmetry
dictates that the two thresholds equal the ¢ = 1 threshold of Fig. [7] As such, the oscillations observed
in the fourth image of Fig. is a linear combination of the (1,0) and (0,1) modes of a single spot in
the unit square.

This example illustrates what was concluded in for a single spot in a perturbed disk - the dominant
mode of oscillation appears to be along the direction(s) in which there is more separation between spots
or between a spot and the boundary. We also observe in these two scenarios that, when possible, the
even mode was the dominant mode of oscillation. That is, each dominant mode can be replicated by a
single spot in a correctly chosen domain with pure Neumann boundary conditions; i.e., a circular sector

of angle 27 /N for the N-spot ring in the unit disk, and a rectangle of unit height and length £ = 5/N.

Example 6. In this example, we show the full generality of our stability result (2.46|) in which the
Hessian terms of the Helmholtz and Green’s functions were computed from a finite elements methods. Fig.
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FiGURE 13. Example 5 — spatial configurations and their initial oscillation directions
at onset. There is a transition of the oscillation direction at N = 5. For N < 5, the
oscillations are along the horizontal direction, while for N > 5 the oscillations are following
the vertical direction. All profiles have one eigenfunction at the Hopf bifurcation except
the case of 5-spot, where two eigenvectors are found, indicating that the initial oscillation
have two directions. The parameter values are S = 4 and ¢ = 0.01.

shows two spots in a non-simply connected domain. While the threshold does not deviate significantly
from that of one spot in a unit square, mode of oscillation as illustrated in the figure is rather different.
The oscillation of the left spot is influenced by the orientation of the two nearest holes and has a vertical
component as a result. The right spot is isolated in a smaller region and thus undergoes an oscillation of
significantly smaller amplitude in comparison to the left spot (as indicated by the size of the arrows). A
weak coupling still appears to be present, however, as the directions of oscillation still have remnants of
the even mode of oscillation observed in the absence of the barriers.
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FicUure 14. Example 6 — numerical simulations performed for 79 = 0.09, € = 0.01. The
strengths for the left spot and right spot are approximately 4 and 3, respectively. On the
left, we show snapshots of the two-spot profile at different times, along with the direction
of motions indicated by the red arrows. The disparity in the sizes of the arrows convey
the significantly smaller amplitude of oscillation of the right spot in comparison to that
of the left. On the right, we plot the coordinates of the spot centers, where (x1,y;) refers
to the coordinates of the center of the left spot, while (z2,y2) refers to those of the center
of the right spot.

5. DISCUSSION

Through a formal asymptotic analysis, we have derived a 2IV x 2N complex matrix eigenvalue problem
yielding the Hopf bifurcation threshold along with frequency and mode of oscillation for the slow os-
cillatory translation instabilities of N-spot equilibrium solutions to the Schnakenberg reaction-diffusion
system with insulating boundary conditions. This result is valid for general, flat and bounded two-
dimensional domains, and is a generalization of that derived for a single spot in a unit disk in [65].
This general result requires a more intricate analysis that accounts for domain asymmetries as well as
spot-spot interactions.

For N = 1, we showed that the matrix eigenvalue problem for bifurcation threshold and frequency reduces
to the complex scalar problem derived in [65] for the unit disk. We then extended this analysis to that for a
perturbed unit disk with radius in polar coordinates r = 1+ f(0), 6 € [0,27), ¢ < 0 < 1, where f(0) is a
27-periodic function. We found that, at leading order in o, only the coefficients ap = 7 OZW f(0) cos 20 do
and by = 7! fOZ” f(0)sin20 dh change the eigenvalue problem at leading order in o. If as = by = 0,
the bifurcation threshold will remain unchanged at leading order. When they are not both zero, the
bifurcation threshold (along with corresponding frequency) will decrease, and the preferred direction of

oscillation will be along the line that makes an angle ¢/2 with the x1-axis, where cos ¢ = as/+/a3 + b3

and sin ¢ = by/+\/a3 + b3.

This result states, in essence, that the dominant oscillation mode of a single spot in a perturbed disk
is along the direction in which the strengths of the restoring forces from the boundary are the weakest.
An analogous conclusion can be drawn from observing the dynamics at instability onset of symmetric
N-spot configurations in the unit disk and rectangle. Here, restoring forces originate from the boundary
as well as from spot interaction forces. In Example 5, we observed two examples on the unit disk and
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rectangle in which the dominant oscillation mode changed when N exceeded some critical number. For
spots arranged in ring configuration on the unit disk, the dominant mode changed from near-tangential
to radial when N > 5. For spots arranged horizontally along the center line parallel to the longer edge
of a rectangle, the dominant mode changed from horizontal to in-phase vertical. This changed happened
precisely when the inter-spot distance at equilibrium was exceeded by the height of the rectangle. In
both cases, spots individually oscillated toward and away from their nearest neighbors when inter-spot
distances were relatively large, but did so in-phase in the orthogonal direction as inter-spot distance
was decreased, preserving their ring (in the case of the unit disk) or line (in the case of the rectangle)
configuration.

While the same intuition provided by the three above cases can be applied to other symmetric configura-
tions to determine mode dominance, it is likely to be less useful for N-spot equilibria on non-symmetric
domains, such as those considered in Example 6 of §4. In such domains, we must rely on the eigenvalue
problem , which we showed in §4| accurately predicts all dynamics at onset of instability.

While is valid for arbitrary domain geometry, it would be interesting to investigate how various
other heterogeneous effects impact the stability threshold as well as the spot dynamics at onset. For
example, [64] employs a hybrid asymptotic-numerical method to reveal novel dynamics and bifurcations
of spot solutions when in the presence of a strongly localized feed-rate or small holes in the domain
through which chemicals can leak. Heterogeneity can also come in the form of surface curvature. In
this case, the integration of microlocal techniques into our asymptotic framework would be necessary to
accurately compute Hessian terms of relevant Green’s functions in the matrix eigenvalue problem. These
techniques were first employed to compute linear terms of Green’s function expansions for the purposes of
predicting spot dynamics on curved surfaces in [47] and [48]. Lastly, the small eigenvalues of spot clusters
has not yet been analyzed. These clusters may form in the presence of a spatially dependent advection
term in the PDE, or, as was analyzed in [33], a spatially varying potential in the Gierer-Meinhardt model.

While we performed our analysis on the Schnakenberg model, a similar analysis would be possible for other
activator-inhibitor reaction-diffusion models such as the Gray-Scott (GS) and Brusselator models. The
latter shares with the property that the equilibrium solution for the inhibitor is determined in terms
of the Neumann Green’s function of (see, e.g., [62] for a 1-D analysis). With the stability problem
also involving the Helmholtz Green’s function satisfying , we expect the eigenvalue problem governing
stability to oscillatory translational instabilities to take a form similar to . The Brusselator model
contains an additional parameter in the core problem (cf. (1.2a) of [42]), though its qualitative effect on
spot solutions has been shown to be minimal. As such, we expect the oscillatory translational instability
of the Brusselator model to behave similarly to that of the Schnakenberg model.

While analysis of the small oscillatory eigenvalues of the GS model would be similar in procedure to
producing an eigenvalue problem of the form , the GS model exhibits some qualitative differences
from the Schnakenberg model. For example, the solution structure for one-spot equilibria of the GS model
contains a fold point. Furthermore, equilibrium solutions of the GS model are determined in terms of
the Helmholtz Green’s function G, of instead of the Neumann Green’s function G of . Given
these differences from the Schnakenberg model considered in this paper, it would be difficult to infer the
nature of translational oscillations in the GS model.

The hybrid method employed in this paper can be extended to compute small eigenvalues of 3-dimensional
spot patterns. For 3-D domains, the slow dynamics of quasi-equilibrium spot patterns along the stability
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FIGURE 15. Long-time orbit path of Example 8. The curved path is due to the holes in
the domain. The spot undergoes a self-replication instability before it is able to settle into
a periodic orbit.

and bifurcation structure of equilibrium configurations were analyzed for the Schnakenberg model in [50]
and more recently for the Gierer-Meinhardt model in [23].

It would also be interesting to study the weakly nonlinear behavior of the spot dynamics beyond the
linear stability regime. Such a theory has been developed in [54] for oscillatory amplitude instabilities
in one-dimension. In Fig. we showed the long-time orbit path of a single spot inside a half disk
when 7 was slightly above threshold. The curved path is qualitatively different from the horizontal path
that we observed for the rectangle in Fig. [6] indicating that the long-time orbit is a function of domain
geometry. Another illustration of this is seen in Fig. which shows a long-time orbit path of Example
8. In this instance, the spot undergoes a self-replication instability before it is able to settle into a
periodic orbit. It would be an interesting analysis to characterize the periodic orbits that are admitted
by a given domain and to investigate their stability. A perhaps easier problem might be to determine
the saturation amplitude of the long-time oscillations of a single spot in a rectangle. In this case, the

direction of oscillation in long time is still characterized by the dominant eigenmode at onset.

Another possible weakly nonlinear study could be performed near a codimension-2 point where the Hopf
threshold for the small eigenvalues is equal to that for the large eigenvalues which lead to amplitude
oscillations. This would first involve finding the value of the feed-rate A at which the two instabilities
coincide at the same Hopf bifurcation threshold, then performing a unfolding of this codimension-two

point near this value of A.

Lastly, it has been well-documented that equilibrium configurations of N-spot patterns in the Schnaken-
berg model correspond to (locally) optimal target configurations in the narrow escape optimization prob-
lem. See [12| 11 50]. Furthermore, [65] and [51] along with [53] establish connections between oscillatory
translational instabilities of single spot patterns with a certain optimization problem of a periodically
oscillating target on a one-dimensional interval and two-dimensional unit disk. It would be interesting
to observe if this correspondence persists for multi-spot patterns and in more general two-dimensional

domains.
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APPENDIX A. SCALING OF THE SCHNAKENBERG MODEL

For completeness, we brief discuss the rescaling of the original Schnakenberg model [43] used to arrive
at the form considered in this paper. The majority of what follows is a reproduction of the brief
discussion in §1 of [31]; we perform here an additional rescaling to scale out the diffusivity of the inhibitor,
which results in the time constant parameter 7 in front of the u; term in .

For constant feed-rates a > 0 and b > 0, the original Schnakenberg model of [43] is
Vi=2AV+b—V+UV?, (A.la)

Uy = D,AU +a — UV (A.1b)
From [31], we let D,, = D/e? with D ~ O(1), v = €2V and u = e 2U to obtain

v = e2Av +e%b — v + w?, (A.2a)
e2uy = DAu+a — e 2uv?. (A.2Db)

In (A.2), we replace u and v with u/ VD and vV/D, respectively, to obtain

v, = e?Av+ 2B — v 4+ w?, (A.3a)
1
552ut = Au+ A — e 2uw?, (A.3b)

where we have defined B = b/v/D and A = a/v/D. Finally, in (A.3b)), we replace £2/D with 7 to recover
the following rescaled Schnakenberg model of (1.1]). The regime considered is 7 ~ O(¢~2|log¢l), which

implies that D, ~ O(¢?|loge|) in (A.1)).
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